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1 INTRODUCTION

1.1 Overview
The classical multidimensional L2-Hardy inequality (in the Euclidean space
R™) asserts that for n > 3

02
Cvulde = P22 1 M gy vu e co (R, (1.1)
R 2 R
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where the constant |n72| Is sharp, V is the usual Euclidean gradient, and |x| =

VXZ 4+ X2,

It has many applications in different areas such as the spectral theory, that
leads to the lower bounds for the quadratic form associated with the Laplace operator,
for instance. It is also related to many other fields, for example, the notable one is the
uncertainty principle. The uncertainty principle in physics is a fundamental concept
going back to Heisenberg's work on quantum mechanics [1, 2] as well as to its
mathematical justification by Hermann Weyl [3]. In the Euclidean setting for all
real-valued functions u € C;°(R™) it can be defined as

(Jom 1Vuldx) ([ 1x1*ul?dx) = "Tz(fRn ul2dx)’, (1.2)

where n?/4 is optimal. Inequality (1.2) is a direct consequence of inequality (1.1).
There are well-known surveys on the mathematical aspects of uncertainty principles
by Fefferman [4] and by Folland and Sitaram [5]. Note that Ciatti, Ricci and Sundari
[6] showed the uncertainty principle can be also derived without the Hardy
inequalities.

One of the interesting extensions of the Hardy inequality is the so-called
Rellich inequality, which was introduced by Rellich [7] which is in the form

w4y n >, (1.3)

n?(n-4)2
fRn |Au|2dx 2 (16 ) f]RTl |x|4
where the constant is sharp. We can refer, for instance, to Davies and Hinz [8] (see
also Brézis and Vazquez [9]) for further history and later extensions, including the
derivation of sharp constants.

There is now a whole scope of related inequalities playing fundamental roles in
different branches of mathematics, in particular, in the theory of linear and nonlinear
partial differential equations. For instance, the analysis of more general weighted
Hardy-Sobolev type inequalities has also a long history, initiated by Caffarelli, Kohn
and Nirenberg [10] as well as by Brézis and Nirenberg in [11], and then Brézis and
Lieb [12] with a mixture with Sobolev inequalities, Brézis and Vazquez in Section 4
[9], [13] with many subsequent works in this direction. On this subject, we refer to
the work of Hoffmann-Ostenhof and Laptev [14] and to references therein.



The pioneers of the subelliptic ideas of the analysis on the Heisenberg group
were Folland and Stein [15], and consistent development of this theory by Folland
[16] had led to the foundations for analysis on the stratified groups (or homogeneous
Carnot groups). Furthermore, Rothschild and Stein extended this result for general
Hormander's operators. Moreover, the fundamental book [17] in 1982 titled Hardy
spaces on homogeneous groups, by Folland and Stein laid down foundations for the
‘anisotropic' analysis on general homogeneous groups, i.e. Lie groups equipped with a
compatible family of dilations. Such groups are necessarily nilpotent, and the class of
homogeneous groups almost covers the whole class of nilpotent Lie groups including
the classes of stratified, and more generally, graded groups.

The study of the subelliptic functional estimates has also begun more than
couple decades ago due to their importance for many questions involving subelliptic
partial differential equations, unique continuation, sub-Riemannian geometry,
subelliptic spectral theory, etc. As expected, for the first time, the subelliptic Hardy
inequality was obtained to the most important example of the Heisenberg group by
Garofalo and Lanconelli [18].

In recent years, the subelliptic functional inequalities and related analysis on
the homogeneous groups have been a topic of intensive research summarised in the
very recent appearing book titled Hardy inequalities on homogeneous groups by
Ruzhansky and Suragan [19]. This book covers the most recent developments of the
subelliptic functional inequalities on the Heisenberg groups, the stratified Lie groups,
the graded Lie groups, and the homogeneous groups. Honourably, 1 would like to
emphasize that some of my works with Ruzhansky and Suragan are also included in
this book, and listed as the contributors for this book.

This PhD thesis is devoted to studying the research developments at the
intersection of two subjects such as Hardy inequalities and the noncommutative
analysis in the setting of the stratified Lie groups (homogeneous Carnot groups).
More broad details of this theme can be founded the recent ‘International
award-winning' book called 'Hardy inequalities on Homogeneous Groups' by
Ruzhansky and Suragan. Topics treated in this PhD thesis as follow:

1 Geometric Hardy and Hardy-Sobolev inequalities on the stratified groups.
In this direction, we study the geometric Hardy and Hardy-Sobolev inequalities on
the half-spaces by the formula

1 W($)?
fH+ Viul®df 2 Zf]m dist(&,0H)2 lu|?dg,

Q-2
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([ wwras—3 [ smopmaturae) = e[ wrag)

where dist(&,0H*) is the Euclidean distance to the boundary and the angle
function

and




W(E):= (T, (X:(5),)? + (Y(5),v))2.

As a result, we prove the conjecture in the paper [20]. Also, we present L? and LP
versions of the (subelliptic) geometric Hardy inequalities in half-spaces and convex
domains on general stratified groups. As a consequence, we have derived the
Hardy-Sobolev inequality in the half-space on the Heisenberg group [21]. Moreover,
the geometric Hardy inequality on th starshaped sets is established in [22].

2 Horizontal inequalities on the stratified groups. In the second direction, we
study the following horizontal version of Hardy type inequalities

JG|VHu(x)|2dx > (N 2_ 2)2 j@%dx,

where | -] is the Euclidean norm and V, is a horizontal gradient. As a result, the
version of horizontal weighted Hardy-Rellich type inequalities was obtained on the
stratified Lie groups as a consequence of this inequality Sobolev type spaces are
defined on stratified Lie groups and the embedding theorems are proved for these
functional spaces. Also, we have obtained the subelliptic Picone type identities, as a
result, we proved the Hardy and Rellich type inequalities for the anisotropic
p-sub-Laplacians. Moreover, analogues of Hardy type inequalities with multiple
singularities and many-particle Hardy type inequalities are obtained on the stratified
groups, [23, 24].

3 Hardy and Rellich type inequalities and the sub-Laplacian fundamental
solutions. In the third direction, we investigate the following type of Hardy
inequalities

Q —2)2 lu()|* dx

jGwHu(x)FZ( ) | ooy

where Q is the homogeneous dimension of the stratified group G and d(x) is the
so-called L£-gauge, which is a particular homogeneous quasi-norm obtained from the
fundamental solution of the sub-Laplacian. As a result, generalised weighted
LP -Hardy, LP-Rellich, and LP -Caffarelli-Kohn-Nirenberg type inequalities with
boundary terms are obtained on the stratified groups. As consequences, most of the
Hardy type inequalities and the Heisenberg-Pauli-Weyl type uncertainty principles on
the stratified groups are recovered. Moreover, a weighted L?-Rellich type inequality
with the boundary term is obtained. We also present Hardy and Rellich inequalities
for the sub-Laplacians in terms of their fundamental solutions on the quaternion
Heisenberg group [25, 26].

4 Weighted Hardy and Rellich type inequalities for general vector fields. In
this direction, we study the weighted Hardy and Rellich inequalities for general
vector fields without a group structure as



Jo W(E)IVxulPdx = [ H(x)|u|Pdx, Yu € C3(Q),
and
Jo W) LxulPdx = [, H)|ulPdx, Yu € C5°(Q).

Here, we establish the weighted anisotropic Hardy and Rellich type inequalities with
boundary terms for general (real-valued) vector fields. As consequences, we derive
new as well as many of the fundamental Hardy and Rellich type inequalities which
are known in different settings [27].

Main results were published in the following journals:

1 Sabitbek B., Suragan D. Horizontal Weighted Hardy—Rellich Type
Inequalities on Stratified Lie Groups // Complex Analysis and Operator Theory. —
2018, -V. 12, - P. 1469-1480. (Scopus, Web of Science, Q2)

2 Sabitbek B., Suragan D. On green functions for Dirichelet sub-Laplacians on
a Quaternion Heisenberg group // Mathematical Modelling of Natural Phenomena. —
2018, -V. 13, - No. 4. (Scopus, Web of Science, Q3)

3 Ruzhansky M. Sabitbek B., Suragan D. Weighted Lp-Hardy and Lp-Rellich
inequalities with boundary terms on stratified Lie groups // Revista Matematica
Complutense. — 2019, - Vol. 32, - Issue 1, - P. 19-35. (Scopus, Web of Science,
Q1)

4 Ruzhansky M. Sabitbek B., Suragan D. Weighted anisotropic Hardy and
Rellich type inequalities for general vector fields // Nonlinear Differential Equations
and Applications (NoDEA). — 2019, - V. 26, - No. 13. (Scopus, Web of Science, Q1

5 Sabitbek B. Embedding theorem of Sobolev type spaces on stratified Lie
groups // Mathematical Journal. - 2016, - V. 16, - No. 3(61), - P. 166-180. (KKCOH)

6 Sabitbek B., Suragan D. Hardy and Rellich type inequalities on the complex
affine group // Eurasian Mathematical Journal. - 2017, - V. 8, -No. 2, - P. 31-39.
(KKCOH).

7 Kalmenov T.Sh., Sabitbek B. On Hardy and Rellich type inequalities for the
Grushin operator // Mathematical Journal. - 2018, - V. 18, - No. 2(68), - P. 133-142.
(KKCOH)

1.2 Homogeneous groups

Let g be a Lie algebra which always assumed real and finite dimensional, and
G is the corresponding connected and simply-connected Lie group. The lower central
series of g is defined inductively by

S»'=96 8y =I[89¢-nl

If the lower central series of a Lie algebra g terminates at 0 in a finite
number of steps then this Lie algebra is called nilpotent. Moreover, if g.,1) = {0}

and g¢y # {0}, then g is said to be nilpotent of step . A Lie algebra G is
nilpotent (of step r) whenever its Lie algebra is nilpotent (of step r). If exp:g - G
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Is the exponential map, by the Campbell-Hausdorff formula for X,Y € g sufficiently
closeto 0 we have

expX expY = expH(X,Y),

where H(X,Y) is the Campbell-Hausdorff series which is an infinite linear
combination of X and Y and their iterated commutators and H is universal, i.e.
independent of g, and that

HX,Y) =X +Y +-[X,Y] +-,

where the dots indicate terms of order > 3.

If g is nilpotent, the Campbell-Hausdorff series terminates after finitely many
terms and defines a polynomial map from V XV to V, where V is the underlying
vector space of g.

Altogether, we have the following useful properties:

Proposition 1.2.1 [Exponential map and Haar measure] Let G be a
connected and simply-connected nilpotent Lie group with Lie algebra g. Then:

- The exponential map exp is a dimorphism from g to G. Moreover, if G is
identified with g via exp, then the group law (x,y) - xy is a polynomial map.

- If u denotes a Lebesgue measure on g, then u o exp™! is a bi-invariant
Haar measure on G.

We refer to [19] for the proof of Proposition 1.2.1.

Definition 1.2.2 [Dilations on a Lie group] A family of dilations of a Lie
algebra g is a family of linear mappings

{6,:r > 0}

from g to itself which satisfies:
- the mappings are of the form

6, = exp(Alogr),

where A is a diagonalisable linear operator on g with positive eigenvalues.
- In particular, 6,5 = 8,6, forall r,s > 0.If « >0 and {6,} is a family of
dilations on g, then so is {4, }, where

6= 0, =exp(a Alogr).

By adjusting a we can always assume that the minimum eigenvalue of A is
equal to 1.

Let A be the set of eigenvalues of A and denote by W, c g the
corresponding eigenfunction space of A, where a € A. Then we have



6, X =r?X for X e W,.
If XeW, and Y € W,, then
5.[X,Y] = [6,X,6,Y] = r**P[X,Y]

and thus [W,,W,] € W,,,. In particular, since a >1 for a € A, we see that
g(j) €Dasj Wy . Since the set A is finite, it follows that gy = {0} for j
sufficiently large. Thus, we obtain:

Proposition 1.2.3 [Lie algebras with dilations are nilpotent] If a Lie
algebra g admits a family of dilations then it is nilpotent.

However, not all nilpotent Lie algebras admit a dilation structure: an example
of a (one-dimensional) nilpotent Lie algebra that does not allow any compatible
family of dilations was constructed by Dyer [28].

Definition 1.2.4 [Graded Lie algebras and groups] A Lie algebra g is
called graded if it is endowed with a vector space decomposition (where all but
finitely many of the V,'s are 0)

g =@, V; suchthat [V, V] C Viy;.

Consequently, a Lie group is called graded if it is a connected and simply-connected
Lie group whose Lie algebra is graded.

Definition 1.2.5 [Stratified Lie algebras and groups] A graded Lie
algebra g is called stratified if V; generates g as an algebra. In this case, if g is
nilpotent of step m we have

g =@V Vi, Vil = Vjua,
and the natural dilations of g are given by

8 (Tiey Xi) = Xiey "X, (Xi € V).

Consequently, a Lie group is called stratified if it is connected and simply-connected
Lie group whose Lie algebra is stratified.

Definition 1.2.6 [Homogeneous groups] Let &, be dilations on G. We
say that a Lie group G is a homogeneous group if:

- It is a connected and simply-connected nilpotent Lie group G whose Lie
algebra g is endowed with a family of dilations {4,.}.

- The maps exp o 6, o exp™1 are group automorphism of G.

1.3 Stratified Lie groups

Definition 1.3.1 A Lie group G = (R™,0) is called a stratified (Lie)
group if it satisfies the following conditions:

(a) For some natural numbers N+ N, + -+ N, = n, that is N = N;, the

9



decomposition R™ = RN x ...x RM is valid, and for every A > 0 the dilation
6,: R®™ - R™ given by

8.(x) = 83 (x, x®, .., xM): = (Ax', 22x @), ..., A7 x()

is an automorphism of the group G. Here x' = x™ € RN and x® € RN« for
k=2,..,r.
(b) Let N be asin (a) and let X;, ..., Xy be the left-invariant vector fields on

G suchthat X, (0) = %|0 for k=1,..,N. Then
k

rank(Lie{Xy, ..., Xy}) =n,

for every x € R", i.e. the iterated commutators of X;,...,Xy span the Lie algebra
of G.

Here, we say that r is called a step of G and the left-invariant vector fields
X4,..., Xy are called the (Jacobian) generators of G. The number

Q = Z£=1 kal Nl = N;

is called the homogeneous dimension of a stratified Lie group G. The second order
differential operator

L=3N_, X2 Ni=N, (1.4)

is called the (canonical) sub-Laplacian on G. The sub-Laplacian £ is a left-invariant
homogeneous hypoelliptic differential operator and it is known that £ is elliptic if
and only if the step of G is equal to 1.

The hypoellipticity of £ means that for a distribution f € D'(Q)) in any open
set Q,if Lf € C*(Q) then f € C*(Q). Itis a special case of Hérmander's sum of
squares theorem.

The fact that the sub-Laplacian on a stratified Lie group G has a unique
fundamental solution & was presented by Folland as follows

Le =6,
where § denotes the Dirac distribution with singularity at the neutral element 0 of

G. The fundamental solution e(x,y) = e(y~1x) is homogeneous of degree —Q + 2
and can be written in the form

e(x,y) = [y~ 0)]*7¢, (1.5)

for some homogeneous d which is called the £-gauge. Thus, the L£-gauge is a
symmetric homogeneous (quasi-) norm on the stratified group G = (R",0, §;), that

10



IS,
- d(x) >0 ifandonly if x # 0,
- d(6;(x)) = Ad(x) forall A >0 and x € G,
-d(x™YH) =d(x) forall x € G.

We also recall that the standard Lebesgue measure dx on R™ is the Haar
measure for G (Proposition 1.6.6 [29]). The left-invariant vector field X; has an
explicit form and satisfies the divergence theorem, see e.g. [29, P. 105-106] for the
derivation of the exact formula: more precisely, we can write

X, =2 +YT Nl (l) ) (2., x 0 1)) O (1.6)
We will also use the following notations
V= Xy, o, Xn)
for the horizontal gradient,
divgv:=Vy - v
for the horizontal divergence,
Lyf:=divg(IVufIP2Vuf), 1<p<o, (L.7)
for the horizontal p-Laplacian (or p-sub-Laplacian), and
x| = Jx'T 2y
for the Euclidean norm on RV,
The explicit representation (1.6) allows us to have the identity
divy (| x|y) - 2 lx,lyxfx,j_%,fl}szlyx'jY|x,lHXjlxll = (1.8)

forall y e R, |x'| # 0.

1.3.1 Divergence theorem

Definition 1.3.2 A bounded open set 2 c G will be called an admissible
domain if its boundary 0.2 is piecewise smooth and simple, that is, it has no
self-intersections. The condition for the boundary to be simple amounts to 9 being
orientable.

We now recall the divergence formula in the form of Proposition 3.1 in [30]:

Theorem 1.3.3 Let 2 c G be an admissible domain. Let f;, € C1(2) N

11



C(),k=1,..,N.Thenforeach k =1, ..., N, we have
I, Xcfidz = |5, fu(Xy, dz). (1.9)
Consequently, we also have
fg Yi=1 Xifidz = faﬂ Yh=1 fi(Xy, dz). (1.10)
By using the divergence formula, analogues of Green's formulae were obtained
in [30, P. 485-487] for general Carnot groups and in [31] for more abstract settings
(without the group structure), for another formulation see also [32].
1.3.2 Green's identities for sub-Laplacians
Theorem 1.3.3 [Green's first and second formulae] Let G be a stratified

group and 2 < G be an admissible domain. Then we have the following Green first
and second identities:

-Let v € CY(Q) N C(R) and u € C2(2) N C1(2). Then
|, (("v)u +vLu)dv = [, v(Vu,dv), (1.11)

where £ is the sub-Laplacian on G and where the vector field Vu is defined by
Pu:= TPt (Xew)X,. (1.12)
-Let u,v € C2(2) N C*(2). Then
J, wLv —vLw)dv = [, (wW(V,dv) — v(Vu,dv)). (1.13)
1.3.3 Engel group
A well-known stratified group with step three is the Engel group, which can be
denoted by E. Topologically E is R* with the group law of E, which is given by
xoy =X +y, %+ Y%+ Y3+ P,xy + Y, + P),

where
1
P = > (x1Y2 — X2)1),
1 1
P, = 2 (x1y3 — x3y1) + . (x2ys — %151 (22 + ¥2) + x,97).

The left-invariant vector fields of E are generated by the basis

12



axl 2 aX3 2 12 a_.le_
. X, 0 x? 0
Xy= 2422 a0
axZ 2 a.X3 12 aX4
0 xq 0
X, = —4+ 21—
3 aX3 2 6x4,
d
Xy =—.
4 aX4

1.3.4 Heisenberg group
Let us give a brief introduction of the Heisenberg group. Let H™ be the
Heisenberg group, that is, the set R?™*1 equipped with the group law

fodi=(x+%y+7y t+T+2XL; Eyi —x)),
where &:= (x,y,t) € H", x:= (X1, ..., Xp), ¥:= (Y1, .., V), and E71 = =& is the
inverse element of & with respect to the group law. The dilation operation of the
Heisenberg group with respect to the group law has the following form

85,(8): = (Ax, Ay, 22t) for A > 0.

The Lie algebra b of the left-invariant vector fields on the Heisenberg group H" is
spanned by

] i) :
Xi'_a_xi-l_zyia for1<i<mn,

9 9
Yi=——2x;— for 1<i<n,
oy Lot - =

and with their (non-zero) commutator
d
(X, Y] = —4 ot
The horizontal gradient of H™ is given by
VH: == (Xl' ""XTL' Yl' . Yn),
so the sub-Laplacian on H" is given by
L:=3", (X2 +Y72).
1.3.5 Quaternion Heisenberg group
Let H be the set of all quaternions x = x, + xyi; + x,i, + x3i3, Where

Xo,X1,X2,X3 € R and 1,i,,i,,i; are the basis elements of H with following rules
of multiplication

13



S R R S T S .. .. L. ...
1‘1 —_ 1,2 —_ l3 —_ 111213 —_ _1, l’llZ —_ _I’le —_ l3, 1,21,3 —_ _lglz —_ l’l'
i3i1 == _i1i3 == iz.

Let x = xy + x,i; + x,i, + x3i3 € H. Then the real part of x is the real number x,
and the imaginary part of x is the point (x;,x,,x3) € R3. Also, the real and
imaginary parts of x are denoted by Rx and Jx, respectively. It will be useful
further to denote the imaginary parts such as

Jix =x1, Jox =x, J3zx=xs.
The conjugate of x is denoted by
X = Xg— X1l — Xyl — X33,
and the modulus |x| is defined by

3

2 — 7 — 2
x| = xx = Xj=0 X}

The Grassmannian product (or the quaternion product) of x and y is defined by
xy = (XgVo — Ix - Iy) + (x3y + yoIx + Ix X Jy),
where
i, i, i3
Jx X Jy = det (xl X, x3>.
yi Y2 Y3

Let H, = H x R*. Then H, becomes a non-commutative (Lie) group with
the group law

(x, t1,tp, t3) © (¥, 71, T2, T3) B B B
=(x+yt;+1—23,(¥x), t; + y, — 23,(yx), t3 + 13 — 233(yx)),

for all (x,t), (y,7) € H,. We note that e = (0,0,0,0) is the identity element of H,
and the inverse of an element (x,t;,t,,t3) € H, is (—x, —t;, —t,, —t3). The Haar
measure on  coincides with the Lebesgue measure on H x R3 which is denoted by
dxdt. Let b, be the Lie algebra of left invariant vector fields on H,. A basis of b,
isgiven by {X,, Xy, X5, X3} and {T;,T,, T3}, where

Xog=——2x — 2x — 2x

0™ ax, 1s 29 39ty
d d d d

X =—+4+2x0— — 2x 2X, —

1 ax1+ 09¢, 39 + 29ty
d d d d

X, =—+ 2x 2x — 2x, —

2 ax2+ 36t1+ 045 1o,



a a d
Xy =——2x,—+ 2x;, — + 2x
3 aX3 2 atl + 1 atz + 0

d
ot;’

and
d
Tie =3 k=123

The Lie brackets of these vector fields are given by

[Xo»Xl] = [X3'X2] = 4T},
= [X1, X3] = 4T,,
= [X2, X1] = 4Ts.

Thus, the sub-Laplacian on H, is given by
. d
=Yoo X = Ac = 4xPA — 4530 (bex Vi) 5 (1.14)

where
A, =33 9 d A=) >
x k=0 axIZC’ an t k=1 ati'

Note that the fundamental solution of the sub-Laplacian on H, was found by
Tie and Wong in [33]. We restate their results in the following theorem.

Theorem 1.3.5 The fundamental solution I"'(¢) of the sub-Laplacian on
the quaternion Heisenberg group M, is given by

2 1
r@©:=r(x,0 = gova fo ey 4o (1.15)

where & = (x,t) € Hy, n = (ny,n,,n3) is a point on the unit sphere S* in R3
with centre at the origin, and do is the surface measure on S2. That is,

LIy = =&, (1.16)

where I7(§) =I'({"" = &) and &, is the Dirac distribution at ¢ = (y,7) € H,.
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2 GEOMETRIC HARDY AND HARDY-SOBOLEV TYPE
INEQUALITIES

In the Euclidean setting, a geometric Hardy inequality in a (Euclidean) convex
domain Q has the following form

2 £ L G
Jo 1Vul?dx = - [, dist(x,an)zdx’ (2.1)

for u € C;°(Q) with the sharp constant 1/4. There is a number of studies related to
this subject [34-39].

The Hardy inequality in the half-space on the Heisenberg group was shown by
Luan and Young [40] in the form

2 2
|x]”+]y|

Jur VaulPd€ 2  fypo =57 ul?dg. (2.2)

t2

An alternative proof of this inequality was given by Simon Larson, where the author
generalised it to any half-space of the Heisenberg group,

Y (X (), V)2 H(Yi(E),v)?
Lﬁ Viul*d§ = 7 e dist (€, 0H™)?

ul*dg,

where X; and Y; (for i = 1,...,n) are left-invariant vector fields on the Heisenberg
group, v is the Riemannian outer unit normal [41] to the boundary. Also, there is the
LP-generalisation of the above inequality

p— 1)p EL KGE@QP + (O e
]HI+

P I L
fH+ |VHu| df = ( p dist(f,@]HIJf)'p

This Chapter is devoted to present the geometric Hardy and Hardy-Sobolev
inequalities on the stratified Lie group and the Heisenberg group, respectively.

The main results of the chapter are as follow:

Geometric L2-Hardy inequality on G*. Let G* be a half-space of a stratified
group G. Then forall g € R we have

I, (00,92
[ Iveuid = ~(g2 + ) | HECCE i

N
XilX;(x),vy
+ﬁf+z dist(x, 0GH) 4" 9%
G =1

forall u € C5°(GY).
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Geometric LP-Hardy type inequality on G*. Let G* be a half-space of a
stratified group G. Then forall 8 € R we have

iz [(Xi(x), )P
g+ dist(x,0G™)P

N
[ D warax = - - nagp= + julPdx
6o

I(X GO\ XX (), v)
the -1 f(m; dist(x, 6G+)) dist(x,0G")

forall u € C°(GY), 1 <p < .

Geometric LP-Hardy inequality on G*. Let G*:= {x € G:(x,v) > d} bea
half-space of a stratified group G. Then forall u € (;°(G), BER and p > 1 we
have

|lu|Pdx,

I IR0 deoR? 9
[, IveulPdx =~ - B + ) | LI

p(dist(x 0G%)
. dist(x,aGryp-1 [H7dx:

|ulPdx

B

Geometric L2-Hardy inequality on a convex domain of G. Let Q be a convex
domain of a stratified group G. Then for g < 0 we have

?]—1 (X;(x),v)?

2 2 Z = 2
L|V6u| dx = —(f +ﬁ)f dist(x, 00)? |lu|“dx

Xi(X;(x), v)
+h j Z distCr, o)
forall u € Cy)°(Q).

Geometric LP-Hardy type inequality on a convex domain of G. Let Q be a
convex domain of a stratified group G. Then for § < 0 we have

I(X; P
.[Z XufPdx = =(p - 1)(|ﬁ|p 1 +'B)J & dlst<(x(;c§)l)p>| |ufPdx

i=
p_

[{Xi(x), V)] Xi(Xi(x),v)
th _1)f Z dlst(x an)) (dist(x,@Q))lulpdx'

forall u € Cy°(Q).
Geometric LP-Hardy inequality on H*. Let H*:= {¢§ € H":(¢,v) > d} be
a half-space of the Heisenberg group. Then for all u € C°(H™) and p > 1 we
have

17



p > —
jHJVH”' df_( D . dist(€, 0H" )P

where W(&):= (T, (X;(§),v)? + (Y;(),v)?)¥/? and the constant is sharp.

Geometric Hardy-Sobolev inequality on H*. Let H*: = {& € H": ({,v) > d}
be a half-space of the Heisenberg group. Then forall u € C°(H*) and 2 <p < Q
with Q = 2n + 1, there exists some C > 0 such that we have

1 1
p— 1\’ WP P o\
(fw'vf’”'pdg_( >) ), @ o '”'p‘“) ZCUW ul? df) ’

where dist(é,0H™): = (¢,v) —d is the distance from ¢ to the boundary and p*: =
Qr/(Q —p).

Geometric LP-Hardy inequality on starshaped sets of G. Let Q be a
starshaped set on a Carnot group. Then forevery y € R and p > 1 we have the
following Hardy inequality

Vi (Z (%), n(O)P
[(Z (x), n(x)P

|f () [Pdx,

P
fQ Vuf Pdx = —(p — D(AyP-1 +7) ]Q OO Pdx
£,(Z() ()

Y ) Wz @), nGo)p T

for every function f € C;°(Q).
2.1 Geometric L2-Hardy inequality on half-spaces
In this section we present the geometric L?-Hardy inequality on the half-space
of G. We define the half-space as follow
G":={x € G:{x,v) > d},
where v:= (vq,...,v,) with v; € RYj, j=1,..,7, is the Riemannian outer unit
normal to dG™ (see [41]) and d € R. The Euclidean distance to the boundary 0G™*
is denoted by dist(x,dG") and defined as follows
dist(x,0G") = (x,v) — d. (2.3)

Moreover, there is an angle function on dG* which is defined by Garofalo as

W) = [Z (G, (2.4)

18



Theorem 2.1.1 Let G* be a half-space of a stratified group G. Then for
all B € R we have

[ov IVgul2dx = Cy(B) [y —28 _ju|2dx (2.5)
gt "G =1 Gt dlst(xaG+)2 '

Xi(Xi(x),v)
th f@z dist(x, 06 L e

for all u € C°(G*) and where C;(B):= —(B? + B).
Remark 2.1.2 If G has step r =2, then for i =1,...,N we have the
following left-invariant vector fields

d
X +Z m 1 amlxmaxT (26)

ox/;
where ay, ; are the group constants (see, e.g. [42, Formula (2.14)] for the definition).
Also we have x:= (x',x") with x' = (x'y, ..., xy,), x" = (x4, ...,x"y,), and also
vi=(V,V") with v/ = (v, ..., vy,) and V' = (v, .. v"y).
Corollary 2.1.3 Let G* be a half-space of a stratified group G of step
r=2.Forall B €R and u € C5°(G*) we have

[ov [Vgu|2dx = Cy () [y —2 _ju|2dx (2.7)
gt "G =" G* dist(x,0G")2 '

ul?
K
tR@v.B) | | Gistcr 960

where C;(8):= —(8%+8) and K(a,v,B):= Y2, TV, afv".

Proof of Theorem 2.1.1. To prove inequality (2.5) we use the method of
factorization. Thus, for any W:= (W,,...,Wy), W; € C*(G") real-valued, which
will be chosen later, by a simple computation we have

0 < Jo+ IVgu + BWu|?dx
o |, o, Xyu) + B(Wy, ..., Wy)u|?dx
= [or |Xru + Wi, .., Xyu + BWyu)|?dx
= f«;+ N1 Xu+ BWiul?dx
= [o+ Z 1 [1Xu)? + 2ReWuX;u + B2WE|u|?]dx
f@+ y UXul? + BWX(u|? + B2 Wi u|?]dx
= Jo+ Zic1 [IXul? = BXW)[ul? + B2WE ul?]dx.
From the above expression we get the inequality

Jo+ Veul?dx = [o. Xily [(BGXGW) — B2W)|ul?]dx. (2.8)
19



Let us now take W; as

_ X))  _ (Xi(x),v)
Wilx) = dist(x,0G*)  (xv)—d’ (2.9)
where
l
S — 2 ’ ' _
X;(x) = ((0,...,1...,0, a§,1)(x ), ...,agxr(x x@ L xT DY),
and

V= (Vy,Vq ., V), V; € RV
Now W;(x) can be written as

N l -
Vi,i + Z?=2 Zml=1 ai(,’r)n(x,' ""x(l 1))Vl,m
Z{:l x@ . v, —d

Wi(x) =

By a direct computation we have

Xi(X;(x),v)dist(x,0G") — (X;(x),v)X;(dist(x,0G"))
dist(x,0G")?

_ X)Xy
T Qist(x,0Gh)  dist(x,0GH)?’ (2.10)

XiWi(x) =

where

. I} l
Xi(dist(x,0G*)) = X; (Zhoy evie + g Ty X5 Vim — )

N ! _
=V + D=2 L1 ag’r)n(x', e, xEDYyy

= (Xi(x),v).

Inserting the expression (2.10) in (2.8) we get

N
(X;(x),v)?
fG+ |Veul?dx = —(B% + B) fm; dist(x, 3G |u|?dx
N
Xi(Xi(x),v)
th f«;; dist(x, 0G*) [ul*dx.

The proof of Theorem 2.1.1 is finished.
As consequences of Theorem 2.1.1, we have the geometric Hardy inequalities
on the half-space without an angle function, which seems an interesting new result on
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G.
Corollary 2.1.4 Let G* be a half-space of a stratified group G. Then we
have

1 |u|?
f(G+ |Veu|?dx > ZIG# mdx, (2.11)

forall u € C5°(G").
Proof of Corollary 2.1.4. Let x:=(x,x®,..,x() € G with x' =

(x'y, .., x'y) and xU) e RNi, j=2,..,r. By taking v:= (+',0,...,0) with v =
(V'y, ..., V'y), We have that

l
N 2 / / _
X;(x) = ((0,..1...,0,a2 (), ..., a{y (', 2@, .., xTDY),

we have
N N
D, Ki@P =) )P =V =1
i=1 i=1

Xi(Xi(x),v) = Xpv'; = 0.

and

Inserting the above expressions in inequality (2.5) we arrive at

|ul?

2 > 2
j@+|VGu| dxz2=F+P ) Gt oare ™

For optimisation we differentiate the right-hand side of integral with respect to g,
then we have

—28-1=0,

which implies

We complete the proof.
We also have the geometric uncertainty principle on the half-space of G™.
Corollary 2.1.5 Let G* be a half-space of a stratified group G. Then we
have

1 1
(for 1Vgul?dx)2(fy, dist(x,0G*)?[ul?dx)? 2 5 [, |ul?dx,  (212)
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forall u € C5°(GY).
Proof of Corollary 2.1.5. By using (2.11) and the Cauchy-Schwarz

inequality we get

J |Vgu|?dx | dist(x,0G*)?|u|?dx
G+ G+

§ 1j 1 .

2% ). distinaeey M9 )

1 2
> — j lul?dx | .
4‘ (GJ+

To demonstrate our general result in a particular case, here we consider the
Heisenberg group, which is a well-known example of step r = 2 (stratified) group.

Corollary 2.1.6 Let H* = {(x;,x,,x3) € H| x3 > 0} be a half-space of
the Heisenberg group M. Then for any u € C5°(H™) we have

dist(x, 0G")?|u|?dx

|21 |2 +]x2 |2
Sy 1VmulPdx = [, =7 |ufdx, (2.13)
where Vy = {X;, X,}.

Proof of Corollary 2.1.6. Recall that the left-invariant vector fields on
the Heisenberg group are generated by the basis

X, = I +2 J
LT 0k, M2 oxy
X 9 2 J
27 Ox, Lox,’
with the commutator
X, X, = —-4-2
[ 1 2] - ax3'

For x = (x4, x5, x3), choosing v = (0,0,1) as the unit vector in the direction of x5
and taking d = 0 in inequality (2.5), we get

X,(x) =(1,0,2x,) and X,(x) = (0,1, —2x,),
and
(X;(x),v) = 2x,, and (X,(x),v)=—2x4,

Xi{(X;(x),v) =0, and X,(X,(x),v)=0.
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Therefore, with W(x) as in (2.4), we have

W2 x|+ )
dist(x,0Gt)2 x2 '

Substituting these into inequality (2.5) we arrive at

2 2
X + |x
f |VHu|2dx2J 1 2' 2| [u|?dx,
H']I+

H+ X3

taking g = —%.
Let us present an example for the step r =3 (stratified) groups. A
well-known stratified group with step three is the Engel group, which can be denoted

by E. Topologically E is R* with the group law of E, which is given by
xoy =X +y,%+ Y%+ Y3+ Pxs + Y, + Py),

where
1
P = 3 (X1Y2 — X21),
1 1
P, = > (x1y3 — x3y1) + 12 (x12y2 —x1y1(x2 +y,) + xz)’12)-

The left-invariant vector fields of E are generated by the basis

a X, 0 X X1X d
X1————2——(—3—1—2)—

T 9x; 2 9x3 2 12 J ox,’
0 x; 0 x? 9
Xp =5+ 240
6x2 2 aX3 12 aX4
a x1 O
X, = — 421 —
3 axg + 2 aX4,
d
X, =—.
4 ax4_

Corollary 2.1.7 Let E* = {x:= (xq,x3,x3,%4) €E| (x,v) >0} be a
half-space of the Engel group E. Thenforall f € R and u € C;°(E*) we have

<X1 (X),V)z‘l‘(Xz (X),'V)z

f[E+ |V[Eu|2dx = Cl(ﬂ) flE"' dist(x,61E+)2 |u|2dx (214)

lul?dx,

B X2V4
+ 3 f]E+ dist(x,0Et)

Where VIE = {Xl,Xz}, V.= (Vl,VZ,V3,V4), and Cl(ﬁ) == _(ﬁz + ﬁ)
Remark 2.1.8 If we take v, =0 in (2.14), then we have the following

inequality on [, by taking g = —%,
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]E

dx.
=4 B+ dlst(x,6]E+)2 [ul*dx

Proof of Corollary 2.1.7. As we mentioned, the Engel group has the

following basis of the left-invariant vector fields

with the following two (non-zero) commutators

2

X3 = [X1,Xz] = 6_x3 + 7@
o

X4- - [Xl’X3] 6X4

Thus, we have

%60 = (102 - (3-5))
% = (01,2,5).

A direct calculation gives that

(X1(x),v) =v, — x_2V3 - (% - xizz) Vg,

X1 (X1 (x),v) = EV“ + =V, =
X, (X, (x),v) = 0.

Now substituting these into inequality (2.5) we obtain the desired result.

2.2 Geometric LP-Hardy type inequality on half-spaces

Here we construct an LP version of the geometric Hardy inequality on the
half-space of G as a generalisation of the previous theorem. We define the

p-version of the angle function by W, which is given by the formula

Wy (x) = (ZiLy (X (), m)IP)P.

Theorem 2.2.1 Let G* be a half-space of a stratified group G. Then for

all B € R we have
24



Wp(x)p

Jgr Ziza IXaulPdx = C2(B.P) Jgv 2ipinagrys 1417 4%
_ N (X)W \PT? XX () V) |
(P =1 Jor Zima (dist(x,aG+)) dist (x,0G*) |ulPdx (2.16)

p
forall u € C(G"), 1 <p <o and C,(B,p):=—(p — V(B> + B).
Proof of Theorem 2.2.1. We use the standard method such as the
divergence theorem to obtain the inequality (2.16). For W € C*(G*) and f €
C1(G™Y), a direct calculation shows that

divg(fW)|ulPdx = — | fW - Vg|u|Pdx
G+ G+
=-p| fW,Veu|ulP~ dx
G+
p—1

< P(for KW, VuPax)? ([ |f P lufPdx) * (2.17)

Here in the last line Holder's inequality was applied. For p > 1 and g > 1 with

% + % =1 recall Young's inequality

aP b4
ab£7+;,for a=>0,b=>0.

Let us set that

p-1

= p_
@i= (o KW, VewlPdx)r and bi= ([, 1fP-iluPdx) "

By using Young's inequality in (2.17) and rearranging the terms, we arrive at

foo 1OW, V) Pdx 2 [ (dive(FW) - (0 = DIFPT) [ulPdx.  (2.18)

i
—
|

We choose W:= I;, which has the following form I; = (0 ...,0) and set

[(X; (), v)[P~*
dist(x,0G+H)P-1

f=8
Now we calculate

. Xi(x), p-1
dive(Wf) = (Vo - IDf = Xif = BXi (3ses)
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XKW \P72 (X))
B 'B(p ) (dlst(x 6@+)) Xi (dist(x,aG"‘))
o (X O \P72 [ XXi0v) (X))
=fp-1) (dist(x,aG+)) (dist(x,aG+) dist(x,aG+)2)

P (X VP72 [ XX KK@m)IP
=fp-1) [(dist(x,a@+)) (dist(x,aG+)) dist(x,6G+)P]'

and

_ e IEK@mIP
e st Coaehr

We also have
(W,Vgu) = (0 50) - (X, ., X, L, Xew)T = X,

Inserting the above calculations in (2.18) and summing over i =1, ..., N, we arrive
at

N N
> 5GP
fGZ XaulPdx = ~(p ~ (P + ) jGZ Tiotce oGy e

_ N (KM P XK@ |
(-1 fG* (dist(x,@G*‘)) dist(x,a«;+)|u| dx. (2.19)

We complete the proof of Theorem 2.2.1.
Remark 2.2.2 For p = 2, since

Veul? = (ZiL1 IX; ulz)2 >3, (Xul?)s, (2.20)

we have the following inequality

Wy (x)P
Jg+ VgulPdx = C;(B,p) [+ m lulPdx (2.21)
N (KM P XX |
(-1 fG* (dist(x,6G+)) dist(x,0G") ulPdx.

2.3 Geometric L%-Hardy inequality on convex domains

In this section, we present the geometric Hardy inequalities on the convex
domains in stratified groups. The convex domain is understood in the sense of the
Euclidean space. Let Q be a convex domain of a stratified group G and let 9Q be
its boundary. Below for x € Q we denote by v(x) the unit normal for dQ at a
point X € dQ such that dist(x,Q) = dist(x,x). For the half-plane, we have the
distance from the boundary dist(x,dQ) = (x,v) —d. As it is introduced in the
previous section we also have the generalised angle function
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n ;
Wy () = (Z |<Xi(x),v>|P> ,
i=1

with W(x): = W, (x).

Theorem 2.3.1 Let 2 be a convex domain of a stratified group G. Then
for f < 0 we have

W(x)?2
fﬂ |\7@u|2dx = C1(B) ffz dist(x,002)?

Bl T g lulPdx, (222)

=1 gqist(x,00)

|ul?dx +

forall u € C°(2),and C,(B):= —(B? + B).

Proof of Theorem 2.3.1. We follow the approach of Larson by proving
inequality (2.22) in the case when Q is a convex polytope. We denote its facets by
{F;}; and unit normals of these facets by {v;};, which are directed inward. Then €

can be constructed by the union of the disjoint sets Q;:= {x € Q:dist(x,0Q) =
dist(x, F;)}. Now we apply the same method as in the case of the half-space G* for
each element €; with one exception that not all the boundary values are zero when
we use the partial integration. As in the previous computation we have

0< f |Vgu + fWu|?dx = f >N 1Xiu + BWiu|?dx
—f z [1X;u|? +2ReﬁWuXu+,82W2|u| ldx

= f YN NXul? + WX [u|? + BEWE |u|?]dx

= f i |X ul? = BXW) [ul® + B2Wi ul?]dx

+B faﬂ L1 WilX; (), m; (o) ul*dTaq, (),

where n; is the unit normal of 9€; which is directed outward. Since F; c 9(; we
have n; = —v;.
The boundary terms on dQ vanish since u is compactly supported in Q. So

we only deal with the parts of d€; in Q. Note that for every facet of 9(; there
exists some 0€; which shares this facet. We denote by Ij; the common facet of
dQ; and 0Q;, with nk|rﬂ = —nl|rﬂ. From the above expression we get the
following inequality

o, |\7@u|2dx>f S [BXW) — B2WR)[ul?ldx (2.23)
iy fon, L WK, (), my (o) ulPdTg, (2).
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Now we choose W; in the form

X, vy)y (X)), vp)
Wi = Titx, 00) (o v)—d

and a direct computation shows that

XuXi()vj) — (Xi(x).v))
dist(x,09Q))  dist(x,00)% (2.24)

XiWi(x) =
Inserting the expression (2.24) into inequality (2.23) we get

(Xi(x),v))?
Jo, Weul*dx = =(8* + B) [, Xics m |ul?dx (2.25)

N XX o, N XV XiC)nn 2 o
+p fQj Zi=1 dist(x,09;) |uldx ’BfFjl Li=1 dist(x,F) lul drﬂ'

Now we sum over all partition elements (; and let n;, = Nelrj,s I.e. the unit normal
of I}, pointing from €; into €,;. Then we get

(Xi(x)v)?
Jo Weul*dx = =(B* + B) [, Zila g5 any 417X

N XiXix)v), 12

_ N (Xi)ViNXiCOmn) o
ﬁZjil fpﬂ i=1 dist(xF ;) lu dFjl

_ (g2 NGO |
- (18 + ﬁ) f_Q Zi=1 dist(x,aﬂ)z |u| dx

N XiXix)v), 12

_ N (Xi)vi—viXXixnj) o

Here we used the fact that (by the definition) I}, is a set with dist(x,F;) =
dist(x,F;). From

[p={x:x-vi—dj=x-v,—d}

rearranging x - (vj —v;) —d; +d; =0 we see that [, is a hyperplane with a
normal v; —v,. Thus, v; —v; is parallel to n;; and one only needs to check that
(v —vy) -nj; > 0. Observe that n; points out and v; points into j-th partition
element, so v; - n;; is non-negative. Similarly, we see that v, - n;; is non-positive.
This means we have (v; —v;) - nj; > 0. In addition, it is easy to see that
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i —vil? =@ —v) - (v —v) =2—2v v,
= 2 — 2cos(a;),

which implies that

(vj —vy) - mj = /2 — 2cos(a;y),

where «;; is the angle between v; and v;. So we obtain

[ IVgulPdx = —(8% + B) [, B, KONy 12,

=1 gist(x,00)2
N XiXi()v)
B Jo Xiza dist (x,00) [ul*dx

i()nj)?
—B Zj<l ZIiV:1 fpﬂ \/1 — cos(aj;) —]l| ul? dar;

dist(x,F )

Here with 8 < 0 and due to the boundary term signs we verify the inequality for the
polytope convex domains.

Let us now consider the general case, that is, when Q is an arbitrary convex
domain. For each u € C;°(£)) one can always choose an increasing sequence of
convex polytopes {€;}72; such that u € C5°(©,),Q; € Q and Q; - Q as j - oo.
Assume that v;(x) is the above map v (corresponding to (2;) we compute

Veultdx = | |Vgul?d
f|Gu|ij|Gu|x

) (X;(x),v ;)2 Xi(Xi(0), vj)
~( +ﬂ)J 2 dist(r, o) M +ﬂf Z dist(x, 00, %

2 Xi(x),v ,)2 i(Xi (%), V]
=- +ﬁ)f2dlst(x 00);)? [ul*dx +ﬁf2dlst(x 0Q);) [ul*dx

2 <Xl(x)vj) N Xi{Xi(x),vj)

Now we obtain the desired result when j — co.

2.4 Geometric LP-Hardy's inequality on convex domains. In this section
we give the LP-version of the previous results.

Theorem 2.4.1 Let 2 be a convex domain of a stratified group G. Then
for f§ < 0 we have

Wp ()P
Jo Tt XulPdx 2 C2(B,p) fﬂmwwx (2.26)

_ N [ KXiG)v) Xi(Xi(x),v) p
-1 fﬂ Zl:l (dist(x,a.(z)) (dist(x,a.(l)) |ulPdx,
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P

forall u € (p°(2), and C,(B,p):= —(p — D)(IBIP~* + B).
Proof of Theorem 2.4.1. Letus assume that Q is the convex polytope
as in the p = 2 case. Thus, we consider the partition €); as the previous case. For

f €C(Q) and W € C*(9;), asimple calculation shows that

divg (fW)|ulPdx
Qj

- f FOW, VwluP~"dx + | f(W,n;(0))[ulPdTq,(x)
Qj 0Q;

p

< p(f, W, VauiPdx) (f, 1P lupdz) @.27)

+[ oI drg, (o).
(’m]-

In the last line Holder's inequality was applied. Recall again Young's inequality for
p>1 g>1 and %+$= 1, we have ab S%p+l;—q, for a>0,b > 0. We now

take q: = ﬁ and

p-1

p

a:= (f, (W, Vgu)|Pdx)? and b:=(fQ |f|ﬁ|u|pdx)

By using Young's inequality in (2.27) and rearranging the terms, we arrive at

fo, KW, VawPdx = [, (divg(rW) = (0 = DIFP ) lulPdx (229)

j
- faﬂj fW,n;(x))ulPdTaq, (x).
We choose W:=I; as a unit vector of the i*"* component and let

_KEG) )P
dist(x, F;)P~1"

f

As before a direct calculation shows that

. X )\ Pt
diveg(Wf) = Xif = BX; (Wafj,)

_ . [{Xi(x),v ) p-2 ' (Xi(x),vj)>
=Fp-1 (dist(xﬁ?j)) Xi (dist(x,azrj)
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— ﬂ( _ 1) |(Xi(X),V]')| p-2 Xi<Xi(x),Vj) . |<Xi(x),vj)|2
- PP dist(x,0F j) dist(x,0Fj)  dist(x,0Fj)?

= B(p — 1) |(L2L22 P72 ()| _ v
- PP dist(x,0F ) dist(x,0F)))  dist(x,0F )P |

and

p p
- _ o |<Xi(x)’vj>|p
£ = 1B e,

We also have
(W VGu) = (0 0) (Xlu Xl-u, ...,XNU)T = Xl-u.
Inserting the above calculations into (2.28) and summing over i = 1, N, we arrive at

[(Xi(x).v))|P
Jo, Zis XaulPdx = =(p = DBF + ) f, B, Sl

(X T (XX (), )
th@ _1)j Z(dlst(x am) (dlst(x,afj)>|u|pdx
(X0, v\
- . Z < pires T)) (X:06),my () ulPdTag, ()

Now summing up over (;, and with the interior boundary terms we have

[u|Pdx(2.29)

(X (x),v)|P
fo s XaulPedx = —(p = V(BT + BTy f, LIy g
_ N [(X: ) v)| XilXi(x),v) p
(-1 Zl:lf (dist(x,aﬂ)) (dist(x,aﬂ)) |uldx
(xvp\P )
BE B b () KGO muGO)ulPdry,
= —(p— = KX@W)IP o p
- (p 1)(|ﬂ|p 1 + ﬁ) Zi=1 f_Q ;iist(x,aﬂ)p |u| dx
_ N (X ()W NP2 (XiXi(x),v) p
(-1 Zi:l fﬂ (dist(x,aﬂ)) (dist(x,aﬂ)) |ul?dx
gy §N IV oy
ﬁZ]<l Zi=1 fFjl !(dist(x,?ﬂ) (Xl(x); n]l(x)>
(X ) v\ P
— (L2 4, ), ()| Ll

As in the earlier case if the boundary term is positive we can discard it, so we want to
show that
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1(X; 00, V) \P (X (), v\
—_ 7 S , , _ | . . >
( dist(x, F;) (X; (x), ;1 (x)) ( dist(x, Tz)) (X;(x),n;;(x))| = 0.
Noting the fact that n; =% and dist(x,F;) = dist(x,F;) on [, we
arrive at
1 [{X; (x), Vi)

(X0, v\ Pt
<dist(x, :F,.>> R v ) B

— V)

_ G, vIP = QG0 )P (X (), va) = 168 G0, v P2 (s (3), ) + 1K ), v P
— (2 — 2COS(“j1))diSt(x’ ff-‘}.)p—l

_ (6@ = 6@ DK )P = G P

= (2 — 2cos(ocjl))dist(x, Tj)p—l > 0.

2 — 2cos(aj;)

Here we have used the equality (a — b)(a?~! —bP 1) =a? —a? b —bP la +
bP~1 with a = |[(X;(x),v;)| and b = [(X;(x),v;)|. From the above expression we
note that the boundary term in Q is positive and S < 0. By discarding the boundary
term we complete the proof.

Remark 2.4.2 For p = 2, since

P p
IVeul? = (T2, [Xul?)? = T, (1Xul?)s?, (2.30)

we have the following inequality

Wy, (x)P
Jo IVeulPdx = C,(B,p) |, m |ulPdx (2.31)

_ N (M@ (XX D | ip
tEP -1 fﬂ Zi=1 (dzst(x,am) (dist(x,am) |uPdx.
2.5 Geometric LP-Hardy inequality with a natural weight

Theorem 2.5.1 Let G* be a half-space of a stratified group G. Then for
all B eR and p > 1 we have

b W ()P
Jor VeulPdx = =(p = DABP + B) [5 smoamry ulPdx (2.32)
L, (dist(x,0G*
+ p(dist( ) lulPdx,

g+ dist(x,0Gt)P1
forall u € C5°(G").
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Proof of Theorem 2.5.1. Let us begin with the divergence theorem,
then we apply the Holder inequality and the Young inequality, respectively. It
follows for a vector field V € C*°(G*) that

[or divgV[ulPdx = =p [ [ulP™1(V, Vou)dx

pl

< (/. |v@u|pdx)p( VI 1|u|pdx)

< Jgr IVeulPdx + (0 — 1) Jg» IVIEIuIPdX-

By rearranging the above expression, we arrive at

D
Jo+ VeulPdx = [, (divgV — (p — D|V[P-1)|u[Pdx. (2.33)

Now we choose V in the following form

|Vgdist(x,0G1)|P~2

V="~ dist (x,0G*+)P~1 Vedist(x,0G™), (2.34)

that is

|Vgdist(x,0GH)|P
dist(x,0GH)P

|V|” L= Iﬁl” '

Also, we have

|Vgdist(x,0GH)|P = |(X,dist(x,dG"), ..., Xydist(x,0GT))|P
= (X1 (x), V), o Ky (), v)IP

= (ZX; (X: (), v) ) = W(x)P.
Indeed, let us show that (X;(x),v) = X;(x,v):
X;(x) = ((0,.1..,0,a2 (x), ..., al% (X, .

N,
a) (', x®, ., xTD), Lal) (¢, x@, ., xT DY),

Ny
(X, (), v)y=v'; + X, ZNl @ (x',x@, ...,x(r‘l))v,g?,

m=1 alm
and

I N l l
(x,v) = 2;2’:1 XV e + 2il=2 Zml 1 x‘r(n) 7(n)'
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X, vy =V + 5, SV a® (!, x@, L x D)W

m=1 ai,m
A direct calculation shows that

, Ve (|Vedist(x, 0GH) P2V dist (x, 0G))
divgV = p , -
dist(x,0G*)P~1
|Vedist(x,0GH)|P~2Vdist(x, 0GH)dist(x, 0GT)P 2V dist(x,dG)

—B(p—1
Alp—1) dist(x,0G*)2(P-D
B L, (dist(x,0G™)) " |Vedist(x,d0GH)|P
7 dist(x,0G*)P1 Alp—1) dist(x,0GH)P
So we get

|Vgdist(x,0G")|P
dist(x,0G*)P

b _p_
divgV — (p = DIVI|P~t = =(p = D(BIP~1 + B)
L, (dist(x,0G™))
dist(x,0G+)P~1 "

Putting the above expression into inequality (2.33), we arrive at
P (Bl (Xi(x) v)?)2
D > _ _ p_l 1= )
j@ VeulPdx 2~ = DUBPT +B) | ~=5omaess

L, (dist(x,0G"))
g+ dist(x,0G+)r-1

|u|Pdx

+B

|lulPdx,

completing the proof.
As a consequence of Theorem 2.5.1 we have the following inequality.
Corollary 2.5.2 Let H* be a half-space of the Heisenberg group H™.
Thenforall u € C°(H*) and p > 1 we have

p-1\P w($)P
Jyg+ 1VyulPdg = (7) Jyg+ asecomsyr (wPdé, (2.35)

where the constant is sharp.

Remark 2.5.3 Note that inequality (2.35) was conjectured in [20, P.
337-338] which is a natural extension of inequality (2.2) in [40, P. 646-647]. Also,
the sharpness of inequality (2.35) was proved by choosing v: = (1,0,...,0) and d =
0.

Proof of Corollary 2.5.2. Let us rewrite the inequality in Theorem
2.5.1 in terms of the Heisenberg group as follows
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[ VaulPde = —(p — DB + B) [, —2O" _jujpas
m+ |VH = H*t dist(&,0Ht)P

L, (dist(§,0HY))
+p leI+ dI;st(E,OH-]IJf)p‘l ulPdg.

In the case of the Heisenberg group, we need to show that the last term vanishes to
prove Corollary 2.5.1. Indeed, we have

Lp(dist(f,aIHI*)) =0,
since

(Xi(§),v) = vy + 2y,v, (Yi(§), V) = vy ; — 2V,
Xi(Xi(£),v) = 0,Y(Y;(),v) =0,
Yi(Xi(§),v) = 2v, Xi (Vi ($),v) = —2v,

where &:= (x,y,t) with x,y €R" and t€R, vi=(v,,vy,v) With v,:=
(Va1s V) a@nd vyi= (vy4,..vy,,). Then we have

i
Xl(f) = (0' 11 ) )0 ) 0; '--;OI 2yl);

n . n
l

Y;(€) = (0,...,0,0,....1,..,0, —2x;).
n

n

So we have

f |VyulPdé = —(p — 1)(|/3|%+,3) W lulPdé
a =~ . dist(¢, OHT)P '

Now we optimise by differentiating the above inequality with respect to S, so that
we have

p 1
—Z _BP-T+1=0,
1B+

which leads to

Using this value of g, we arrive at
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p—1\7° w()P
jH+ VaulPds = ( P ) o+ dist(§, OH*)P [ul?dg.

We have finished the proof of Corollary 2.5.1.

2.6 Geometric Hardy-Sobolev inequalities

In this section, we present the geometric Hardy-Sobolev inequality in the half
space on the Heisenberg group.

Lemma 2.6.1 Let H* be a half-space of the Heisenberg group H™. Then
for p = 2, there exists a constant C, > 0 such that

_ p—1\P |Vydist(§,0H1)|P
Eplu] = fyo VuulPdé — (22) [, P2t juppag

> C, [, |dist(§,0H") [P~y [PdE, (2.36)

for all u € Cg°(H"Y), where dist(§,0H*"):= (&, v) —d is the distance from ¢ to
p-1

the boundary, C, = (2P~ —1)7*, and u(¢) = dist(§,0H") » v(¢).
The Euclidean version of such a lower estimate to the Hardy inequality was
established by Barbaris, Filippas and Tertikas [43].

Proof of Lemma 2.6.1. Let us begin by recalling once again the angle
function, denoted by W,

|Vudist(§,0HT)|P = |(X1(,v), --;Xn(s‘,V), Yi{§,v), ., Y&, v) P
= (B (Xi(©),v)? +(Y;(§),v)*)2
= W(E)P. (2.37)

Note that X;(&,v) is equal to (X;(§),v), see the proof of Theorem 2.5.1. This
expression |Vydist(&,0HM)|P = W(&)P will be used later. For now we will
estimate the following form

p-1\P w($)P
Eplul: = fyo IVuulPdé = (3) fyo semmmp luPdE. (238)
To estimate this, we introduce the following ground transform

W(E) = dist(E,0HY) 7 v(E). (2.39)

By inserting it into (2.38) and using (2.37), we have

Eplul = [, "ledist(s,aH+)‘5deist(f,aH+)v+
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p-1

p
dist(£,0HY) » Vyv| dé

_(r=1\P w ()P : o D
(55) fue i iy st (€, 0H) 7 vl
1

> [,

p-1
dist(¢,0H*) 7

ijldist(f, OH*) Pv +

Vyv
Vydist(£,0HT)

1
- "%1 dist(&,0H*) 7y

p
(W(IP
p

(W (§)IPds.

Thenfor p > 2 and A,B € R™ we have that
|A+ B|? — |A|P = C,|BIP + p|A|P72A - B,
where C, = (2P~! — 1)1, By taking

-1 p-1 %
D HY

V,dist(§, 0H*)

1
A:=P " " dist(6,0H") Pv and B:= dist(¢,dH")

then we have the following lower estimate

Eplu] = j}m (WEIP(A + BIP — |AP)dS

WP
|Vydist (€, 0H")|?

> C, f dist(&,0H)P~1|V,v|P dé
H+

p— 1\
t(Bm) | W@ PITadists, 0 P2 ydist(§, 0H) - TalvlP)ds
Ht
> C, [, dist(§, dH)P~1|V,v[PdE.

In the last line we have used (2.37) and we dropped the last term on the right-hand
side. This completes the proof of Lemma 2.6.1.

Now we are ready to obtain the geometric Hardy-Sobolev inequality in the
half-space on the Heisenberg group H™.

Theorem 2.6.2 Let H* be a half-space of the Heisenberg group H™.
Then for every function u € C°(HY) and 2 <p < Q with Q =2n+1, there
exists some C > 0 such that we have

1

-1\P WP P g
(leI+ VyulPdg — (pT) S+ dist(£,0H+)P |u|pd‘f)p = C(fll-]]+ ulP dg)¥,
(2.40)

where p*:= Qp/(Q —p) and dist(&,0H*): = (¢,v) —d is the distance from ¢ to
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the boundary. Note that for p = 2 we have the Hardy-Sobolev-Maz'ya inequality in
the following form

1

= 1
w * o
(Jie 1Pl = f e %) = € lul ), (241

where 2*:=2Q/(Q — 2).

Proof of Theorem 2.6.2. Our key ingredient of proving the
Hardy-Sobolev inequality in the half-space of H™ is the L'-Sobolev inequality, or
the Gagliardo-Nirenberg inequality. It has been established on the Heisenberg group
by Baldi, Franchi, Pansu in [44].

The L*-Sobolev inequality on the Heisenberg group follows in the form

0—-1
_Q Q
c( f |g|Q—1df) < j IV,ug1dE,
H" H"

for some ¢ > 0, for every function g € W 1(H"). Now let us set g = |u|P (1~1/@,
then we obtain

Q-1
.\ _p@@-1) Qp-1)
e[ rarag) © <[P [t iwatuias

— Qp (p=1)
<[PE= [ e i,
H+

p(Q_l)U |u|P" VPV udg.
Ht

We have used |Vy|u|| < [Vyu|. Then we arrive at

E *
Co([fye [ulP7dE) @ < [ [u]P" PV u|dE, (2.42)

where C;:=c¢ | | > 0. Let us estimate the right-hand side of inequality (2.42).

p(Q-1)
Again we use a ground transform u(§) = dist(f,é‘]l—]l*) P v(f) which leads to

j Il 0P| g
H

p-1
dist(é,0H™) » Vyv

= j |u|P"(1-1/p)
Ht

-1
dist(&,0H") VPV, dist(§,0H)v|dé
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. p-1
Sf [P VP dist (S, 0HY) P |Vyv|dg
Ht
-1 . )
+pT dist(&,0H)P"A-1/P)*-1/p |y, dist(&, dH )| |v|P"A-1/PI+1q¢
Ht+
p—1

- 11 + 12.

In the last line we have denoted two integrals by I, and I,, respectively. Also, for
simplification we denote a:= p*(1 — 1/p)? + 1 — 1/p. First, we estimate I, using
integrations by parts

I, = fH+ dist(&,0HY)* 1|V, dist(&, 0HY)||v|*P/P-DdE

= L[ (V,dist(, 9H), Vydist(§, OH*)) AT

== ]HI+< HAlS (Si ) , Vgals (gx )>|VHdl'St(f,a]HI+)| f
= — [ dist(§,0HH)2V,

VHdist(E,6H+)|v|“p/(p‘1))
1 .
= —;fHJ, dist(§,0H)* x

|Vydist(&,0H)|
(VHdist(E,E)H-]I*')VH|v|“p/(p‘1) _ (VHdist(E,aH-H*'),VH|VHdist(E,6]HI+)|)|v|“p/(p‘1)) dé
|Vydist(E,0H)] |Vgdist(§,0H)|?
1 . Vydist(§,0HY)Vy|v|@P/(P—1)
—— dist(& 0HT)
a leI+ & ) |Vydist(&,0HY)]

< o fye dist(§, 0H ) [v| /DT, v]dg

p—1

— _ﬁf]}]ﬁ- |u|p*(1—1/p)di5t(€'6H+)T|VHU|d€

|4
<—1.
_p—ll

We have used |Vy|u|| < |Vyul, and

Ldist(§,0H") = z”: Xi(X;i(§),v) + Y(Y;($),v) = 0,
i=1
since
(Xi($),v) = Vii + 2y, (Yi($), V) = vy, — 2x;vy,
Xi(X;(§),v) = 0,Y(Y;($),v) =0,
Yi(Xi(§),v) = 2v, X (Y;($),v) = —2v,,
where &:=(x,y,t) with x,y €R"™ and t€R, vi=(v,,vy, V) With v:=

(Vae1s oo Vi) AN Vi = (Vg 4, V).
Also we have
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3 1 2
(VHdlSt(f, 6H+); VHldelSt(fr aH+)|) = |VHdiSt1(/§.aH+)|

((levt - Vy,l)(vx,l + 23’1Vt) + -t (anvt - Vy,n)(vx,n + Zynvt)

n
+ (Vy,l - 2xlvt)(vx,1 + 23’1Vt) + et (Vy,n - anvt)(vx,n + Zynvt)) = 0'

n

since

Vy|Vydist(E,0H)| = (X, |Vydist(E,0HT)]|, .., X, |Vydist(E, 0HY)|,
Y, |Vydist(€,0HY)], ..., Y, |Vydist(E, 0H)|)

ZVt
|Vydist(é,0H1)|

(2X1Ve = Vi1, s 2Xn Ve — Vy o, Vg1 + 2V1Ve, oo, Vi + 2V0 V1),

n n

and

Vydist(E,0HY) = (Vaq + 2Y1Ves oo, Ve + 2V Ve, V1 — 2X1Ve, ooey Vy i — 2X0 V).

n n

As we see that integral I, can be estimated by integral I,. From this estimation we
know that

Jyge 1ulP" OV u|dE < 215 (2.43)

Now it comes to estimate I; by using the Holder inequality

I =j {|u|p*(1—1/p)}{di5t(f,6H—H+)(P-1)/p|vHv|}dg
H']I+

1-1/p 1/p
< ( JW |u|P*d5> ( JW dist(€,6H+)p‘1|VHv|pd5>
1-1/p
St (f |u|p*df) (f |ViulPdg
Ht Ht
p—1y W) v
_< p ) fwdist(f,aw)p '”'pd5> '

In the last line we have used Lemma 2.6.1. Inserting the estimate of I, in (2.43), we
arrive at

f Il 0PI, uldg <
H
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1-1/p
26, ( j |u|P*df) ( j |VyulPdg
H+ H+*

1

—1\P W(EP p
- (—p ) , ) |lulPdé | .
p e+ dist(E, OH*)P
Plugging the above estimate in (2.42), we have
Q-1 p—-1

C, (JH |u|P*d5) ‘< 2¢,'P (jH |u|p*d5> ’

PV [ WEP z
(fw'vf’”'pdf_( ) | e, oy '”'pdé;)'

By collecting terms, we finish the proof of Theorem 2.6.2.

Let us demonstrate our result in a particular case when p = 2:

Corollary 2.6.4 Let H*:={& = (x,y,t) € H"| t > 0} be a half-space
of the Heisenberg group H™. Then for every function u € C;°(H") taking d = 0
we have

| =

1

(Jige 1Vaul?de = ., BEPE puj2ag ) = o(f,, ul?d),  (244)

where 2*:=2Q/(Q —2), Q = 2n+ 2, with € > 0 independent of wu.
Proof of Corollary 2.6.4. We have the following left-invariant vector
fields

X; = 4 + 2 I d Y= I 2 I
LT 9x, T Yige NG NiT G, T Mgy
with the commutator
d
[Xi, Y] :'_45?
n n

Then for & = (x4, ..., %, V1, -, Y, t) and v = (0, ...,0,0,...,0, 1), we get

(X;($),v) =2y; and (Y;($),v) = —2x;
where .

X&) =(0,..1,..,0,0,..,0,2y),
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Y;(§) = (0,...,0,0,...,1, ...,0,, —2x;).
Thus, we arrive at

W()? _ x> +]y[?
dist(§,0H1)2 tz2

(2.45)

Plugging the above expression into inequality (2.41) we obtain

1 1

z z
(j V1|2 — M| |d5) (j |u|2*df) |
Ht Ht Ht

showing (2.44).

2.7 Geometric Hardy inequalities on starshaped sets

In order to present the results on the starshaped domains, let us recall the
definition of starshaped sets in a Carnot group G = (R™,,6;) and related
arguments.

Definition 2.7.1 [Starshapedness [45]] Let 2 c G be a C! domain
containing the identity e. Then 2 is starshaped with respect to e if for every x €
df one has

(Z(x),n(x)) = 0, (2.46)

where n is the Riemannian outer normal to 9.

When the strict inequality holds, then € is said to be strictly starshaped with
respect to e. Here the vector fields Z are the infinitesimal generator of this group
automorphism. This vector fields Z takes the form

d
Z = Zlela +2211X216 + - +7"lexrlaxl (247)

Then for x' € RY and x® € RY: with i = 2,...,r we have
Z(x) = (x',2x@, . rx (), (2.48)
and

(Z(x),n(x)) = x'n" + 2xBOn@ + ... 4 rxOn®
= xllnll + + X'Nn'N + Z(xz’lnz'l + + xz‘NznZ’Nz)
+t r(xr,lnr,l + ot xr,Nrnr,Nr)'
since n(x):= (n,n@,...,nM) with n’ € R¥ and n® e RN, i =2,...,7.
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Based on the above arguments now we present the geometric Hardy
inequalities on the starshaped sets for the sub-Laplacians.

Theorem 2.7.2 Let 2 be a starshaped set on a Carnot group. Then for
every y € R and p > 1 we have the following Hardy inequality

e T
Lp((Z(x),n(x)))
! o [{Z(x),n(x))|P1 |f (x)|Pdx,

for every function f € Cy,°(£2).
Proof of Theorem 2.7.2. The approach to prove the main results is
based on [46]. For a vector field g € C*(Q) we compute

j divgg|f(O)Pdx = —p j FCOP(g, Vyf (1)) dx
Q ) Q

p—1

7 1% D
Sp< j |fo(x)|pdx> ( j Iglp‘llf(x)lpdx>
QO Q

p
< f VufCOIPdx + (p — 1) f 91711 f GO Pdx.
Q Q

Here we have first used the divergence theorem, then we applied the Holder
inequality and the Young inequality. By rearranging the above expression, we arrive
at

Jo 19xf(0)|Pdx = [, (divkg — (p — 1)IgFDIf (O1Pdx. (2.50)

A suitable choice of the vector field g in each special case is a key argument of our
proofs. Let us set

IVi{Z (x), n(x))|P~*
(Z (), ()P~

Vu(Z(x),n(x)),

so that we have

p 14
P P (2 () m(O)|P
p-1 = |y|p-1 , 2.51
g1 = VP S G omeon (251)
and
. Lp(Z(n(0)) Vi(Z() ()P
diveg = y -2 —y(p—1 . 252
W9 =Y izommr— VP~ Do (2.52)

Plugging the above expressions (2.51) and (2.52) into inequality (2.50), we get

43



Vi (Z (%), n(O)P
a KZ@),n(x))P

|f (0)[Pdx,

v
LIVHf(X)I”dx 2 —@—-D(yIP~* +v) |f (x)|Pdx
Lp({Z(x), n(x)))

Y ) Kz G, oy

which proves inequality (2.49).
Corollary 2.7.3 Let H* be a starshaped set on the Heisenberg group M.
Then for p > 1, we have the following Hardy inequality

|(nq+4x,n3,n,—4x1n3)|P

i Waf@Pax = (Z2)" [, fGOlPdx,  (253)

X171 +Xn,+2x305|P
for every function f € Cy°(H™).
Proof of Corollary 2.7.3. We begin the proof of Corollary 2.7.3 by a
simple computation such as
(Z(x),n(x)) = xynq + x3n, + 2x3n3,
Vy(Z(x),n(x)) = (n; + 4x,n3,n, — 4x113),
IV (Z(x),n(x))|P = ((ny + 4x,n3)? + (n, — 4x;n3)?)P/?,
and
LAZ(x),n(x)) = Vi - (IVe{Z(x), n()) P2 Vu(Z (x), n(x)))
= X1(IVu(Z (%), n(x)) P72 (ny + 4x31n3))

+X,(IVa(Z (%), n(x))|P7*(ny — 4x113))
= —4(p — 2)|Vg(Z(x),n(x))|P~*(ny + 4x,n3) (n, — 4xyn3)n3

+4(p = 2)|V4(Z(x), nC))P~*(ny — 4x1n3) (N + 2x4m3)N5

= 0.
Plugging the above expressions into inequality (2.49) and maximising with respect to
¥, we arrive at inequality (2.53) which proves Corollary 2.7.3.

Corollary 2.7.4 Let E* be a starshaped set on the Engel group E. Then
for every function f € C;°(E*), y € R and p = 2, we have

2 _ 2 |VE(Z(x),n(x))|? 2
for 17 f (o) Pdx 2 =(y 12 +7) . "EEOROE ) 2ax  (254)
)4 XoNy

2 ). @ neey VI
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Proof of Corollary 2.7.4. We begin the proof of Corollary 2.7.4 by a
simple computation such as

(Z(x),n(x)) = xynqy + x,n, + 2x3n35 + 3x,M4,

3X3M,  X1XoMy X7 n4>
- )

Vu(Z(x),n(x)) = (nl — XoNg — > 2 , My + xyN3 +

3x3M, XXMy x2n,
V2 GG = (g = xm5 = 2t = T8 o (1 xmy + )

and

L{Z(x),n(x)) = Vi - Vy(Z(x), n(x))

3X2N, X XN x%n
=X1(Tl1—xzn3— ;4_ 1: 4)+X2<n2+x1n3+ 144>

XNy

2

Plugging the above expressions into inequality (2.49)

[Vi(Z(x),n(x))|?
o (Z(x),n(x))?
|f (0)]?dx,

|f (0)|?dx

IVuf@)?dx = =(ly|* + )
[E*
14 XNy

2,200, )

which proves Corollary 2.7.4.
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3 HORIZONTAL HARDY AND RELLICH INEQUALITIES

In this chapter, we discuss versions of Hardy and Rellich type inequalities on
the stratified groups with the Euclidean distance on the first stratum of the stratified

group.

3.1 Horizontal anisotropic Hardy and Rellich inequalities

In this section, the anisotropic versions of horizontal Hardy and Rellich
inequalities are discussed, where they appear in the analysis of anisotropic
p-sub-Laplacians. To put the notions in perspective, we start by recalling the
Euclidean counterparts of the appearing objects.

Let us recall the anisotropic Laplacian on RY which is defined by

N 0
=1 axi

for p, > 1 where i =1,...,N [47]. Note that by taking p; = 2 or p; = p = const
in (3.1) we get the Laplacian and the pseudo-p-Laplacian, respectively. The
anisotropic Laplacian has the theoretical importance not only in mathematics but also
many practical applications in the natural sciences. There are several examples: it
reflects anisotropic physical properties of some reinforced materials Lions [48] and
Tang [49], as well as explains the dynamics of fluids in the anisotropic media when
the conductivities of the media are different in each direction [50, 51]. It has also
applications in image processing [52].

Here we present the horizontal anisotropic Picone type identity on a stratified
group G

Lemma 3.1.1 Let 2 c G be an open set, where G is a stratified group
with N being the dimension of the first stratum. Let u, v be differentiable a.e. in £,
v>0 ae.in 2 and u = 0, and denote

ou

axi

pi_z au
a—) (3.1)

pi o
R(u,v):= T, [XulPi - BN, X, (#) X2 X, (32)
L(u,v):= |X ulpl — YN pi=— T |X v|Pim2X;vX;u
+ 20, (pl ) IX v|PL, (3.3)

where p; > 1, i =1,..,N. Then
L(u,v) = R(u,v) = 0. (3.4)

In addition, for simply connected 2 we have L(u,v) =0 a.e. in 2 if and only if
u = cv a.e.in £ with a positive constant c.

Remark 3.1.2 Note that the Euclidean case of Lemma 3.1.1 was obtained by
Feng and Cui.
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Note that the proof of Lemma 3.1.1 is based on the method of Allegretto and Huang
[53] for the p-Laplacian.
Proof of Lemma 3.1.1. A direct computation gives

_ VN ; N uPi _
R(u,v) = Xz 1XpulPt = X3t X; (ﬁ) | X;v|Pi—? X

piuPi~ X uvPi~1—yPi(p;—1)vPi 2 X;v _
Z [ XiulPe _Zliv:1 : l (wPi~1)2 l ~|X;v|PiT X v

= Z{V:1 | X;ulPt — I, 1 pl oPi1 |X v|Pim2 X vXu +Z 1 (pi —

upi
— | X.p|Pi
1) Kl

= L(u,v).
This proves the equality in (3.4). Now we rewrite L(u,v) to see L(u,v) = 0, that
IS,
L(w,v) = Ty [XulPi = 3 pi e X P Xl + B (o -
pi ,
D) = [Xv|P
+ X P — X|P 2 (Xl [Xeu] — XivXow)
== Sl + 52,

where we denote

Spi= Z?]:1 b

bi
1 .o pi—1{(u Pi—1\p;-1
o Xl +p—i((;|XiV|) ) l ]

Xl X,

Zl 1 pl pPi~—

L

and
Sy=YN, 5= TE IX VP2 (|1 Xv] | Xl — X vXw).

We can see that S, > 0 due to |X;v||X;u| = X;vX;u. To check S; = 0 we need to
use Young's inequality for a > 0 and b = 0

ab < 4 2 (3.5)
pi qi

where p; > 1,q; > 1 and p—+;— 1 for i =1,..,N. It holds if and only if aPi =
1 pi—1

bai, ie. if a = bPi?. Letustake a = |X;u| and b = ( X, v|) in (3.5) to get
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Pi

pi—1 1 ] i—1 Pi—1\p;-1
peleul (21Xe01)" < e |2 e+ 22 (2 pxl) ) ] (36)

From this we see that S; = 0 which proves that L(u,v) =S; + S5, = 0. It is easy to
see that u = cv implies R(u,v) = 0. Now let us prove that L(u,v) = 0 implies
u=cv. Due to u(x) =0 and L(u,v)(xy) =0, x, €, we consider the two
cases u(xy) > 0 and u(x,) = 0.

For the case u(x,) > 0 we conclude from L(u,v)(x,) =0 that S; = 0 and
S, = 0. Then S; = 0 implies

1X;ul =%|Xl-v|, i=1,..N, (3.7)

and S, = 0 implies
|XiU||XiU,| — Xl-inu = 0, [ = 1, ,N (38)

The combination of (3.7) and (3.8) gives

v _ Y% _ ¢ with ¢#0, i=1,..N. (3.9)
Xiv v

Let us denote Q*: = {x € Q|u(x) = 0}. If Q" # Q, then suppose that x, €
dQ*. Then there exists a sequence x;, & Q* such that x; — x,. In particular,
u(x;) # 0, and hence by the case 1 we have u(x,) = cv(xy). Passing to the limit
we get u(xy) = cv(xg). Since u(xy) =0, v(xy) # 0, we get that ¢ = 0. But then
by the case 1 again, since u = cv and u # 0 in Q\Q*, itis impossible that ¢ = 0.
This contradiction implies that Q* = Q.

This completes the proof of Lemma 3.1.1.

Also, we present the (second order) horizontal anisotropic Picone type identity.

Lemma 3.1.3 Let 2 c G be an open set, where G is a stratified group
with N Dbeing the dimension of the first stratum. Let u, v be twice differentiable a.e.
in 2 and satisfying the following conditions: u >0, v >0, X?v <0 a.e. in
for p, >1, i =1,..,N. Then we have

L;(w,v) =R{(u,v) =0, (3.10)
where
Ri(u,v):= SI, [XPul — B, X7 (S5 [XPv[Pe2xPy,
and

u

Li(wv):= T, |XPulPi 3, pi (3) XPuXPo|XZv|Pi?

v
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+38 - DY) IxPol
P2 o2 pi—2y2 u 2
— ¥ (o — D S IXPUIP Xy (X = S Xpw)

Proof of Lemma 3.1.3. A direct computation gives

pi—1 i
XZ (vp 1) =X (pi zpi_lXiu - (i — 1)u—X-v)

Xuw)v—u(X; uPi-1
=pipi — D5 P (( e "))X u+p; S Xiu

v v2
Xjuwv-u(X;v)
—pi(pi — 1) s ( - )X-v—(pi—u?
=pi(pi — D (5 1|Xu|2 ez 1Xivl?)
pi-1

+plup_l1 (pl - 1)
ubi—1
=pi(pi — 1)W(Xiu —;Xiv) +pi = Xiu— (0 - 1)

which gives (3.10). By the Young inequality we have

uPi—1 _ X?u 1 uPi .
— XPuX2v|X?y|pi? < X lp' LXX2yPi, i=1,..,N,
i

q; vPi

where p; > 1,q; > 1 §+$ = 1. Since X?v < 0 we arrive at
Li(w,v) 2 T, [XPulPi+ 3 (0~ D IszI”‘ -

N | Xiul 1ubi o
i=1 Pi (— —; [ X{v|P
P q; vPi

uPiT? oo D=2 y2 uy  |?
— 3 pilpr — 1) S IXEOIP X | Xow = S X
=3, (pi— ——)vpl XZvlP

qi
2
_ u
Zl 1 Pi(pi — 1) vpi—l |Xi217|pl ZXiZU |Xl-u — ;Xl-v| > 0.

This completes the proof of Lemma 3.1.3.

As a consequence of the horizontal anisotropic Picone type identity, we present
the horizontal Hardy type inequality for the anisotropic sub-Laplacian on G. Let us
recall that x = (x',x"") € G with x' being in the first stratum of G.

Theorem 3.1.4 Let 2 c G\{x' =0} be an open set, where G is a
stratified group with N being the dimension of the first stratum. Then we have

Pi Di
L Jy XauPidx > 2N, (B2)7 [, B dx, (3.11)

Di |xri|Pi
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forall u € C1(2) andwhere 1 <p; <N for i =1,...,N.

Before we start the proof of Theorem 3.1.4, let us establish the following

Lemma 3.1.5.

Lemma 3.1.5 Let 2 ¢ G be an open set, where G is a stratified group
with N being the dimension of the first stratum. Let constants K; > 0 and functions
H;(x) with i =1,...,N, be such that for an a.e. differentiable function v, such that

v >0 ae.in £, we have
—X;(|X;v|Pi"2X;v) = K;H;(x)vPi"L, i=1,..,N.
Then, for all nonnegative functions u € C1(2) we have
N1 fg |X;ulPidx = YL, K; fﬂ H;(x)uPidx.
Proof of Lemma 3.1.5. Inview of (3.4) and (3.12) we have
0< [, Lwv)dx = [, R(uv)dx
=3, J, KulPidx — B, [, X (o) IXo[Po2 X vdx
=3, [, IXaulPidx + B, f, s X (X P2 X ) dx
<¥¥. f_Q | XjulPidx — XL, K; fg H;(x)uPidx.

This completes the proof of Lemma 3.1.5.

(3.12)

(3.13)

Proof of Theorem 3.1.4. Before using Lemma 3.1.5, we shall introduce

the auxiliary function
vi= [T, X519 = ||V,

, pi—1
where V; = [T, ;. |x,|% and a; = ];T' Then we have
j

Xiv = a;Vi|x; | % %%,
|Xi1]|pi_2 — alpi—ZViPi—Z|xi,|aipi—2ai—pi+2’

XvIP2Xw = af TP g |,

Consequently, we also have

Di Upi_l

—X, (X2 Xpw) = (%)

Di |23 |PE°
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._1\Pi
To complete the proof of Theorem 3.1.4, we choose K; = (p;Tl) and H;(x) =

l

and use Lemma 3.1.5.

P’
Now we are ready to prove the anisotropic Rellich type inequality on G.
Theorem 3.1.6 Let 2 c G\{x' =0} be an open set, where G is a
stratified group with N being the dimension of the first stratum. Then for a function
u=>0, u€C?),and 2 < a; <N — 2 we have the following inequality

|2

K fy IXPulPidx = B (e po) f, T dx, (3.16)

where 1 <p; <N for i=1,..,N,and
Ci(a, pi) = (ai(e; — DYP " (ap; — 2p; — a; + 2)(aip; — 2p; — a; + 1),
Proof of Theorem 3.1.6. We introduce the auxiliary function
vi= [0, |%,|% = |x;,|%V;,
we choose «; later, and let V; = H§y=1,j¢i |x;,|%/. Then we have
Xtv = Xi(aV;i|x,|%%xy,) = a;(a; — DV;]x| %72
(X2 [Pi72 = (a;(a; — D))PiT2VP 2, |iPim2pim2aits,
Rl R CICTEEV) L A A L
Consequently, we obtain
X (IXFvIP2X7v) = (@i(ag — DYPTVPT X ([ | P 2pim ity
= (a;(a; = DYP (api — 29 — @ + 2V X (| | PP i, )
= (a;(a; — D)PHap; — 2p; — a; + 2) (ayp; — 2p; — a; + 1)
% Vl_pi‘1|xi,|ai(pi—1)—2pi_

Thus, for twice differentiable function v > 0 a.e. in Q with Xizv < 0 we have

pPi—1

Jcr 2P

XE(IXEP2X7v) = G i) (3.17)
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a.e. in Q. Using (3.17) we compute

0< [, Li(wv)dx = [, Ry(u,v)dx

N f IXPulPidx — S [ XZ( =) 1X2v|Pi 2 X Pvdx
f |X2 |P1dx_ fﬂ 1 X2(|X2 |pl ZXZU)dx

N 1XPulPidx — XN Ci(ay,p)) |, I

i=1 Jq [4i =1 irPi Q Ja) 2P

The proof of Theorem 3.1.6 is complete.

3.2 Hardy type inequalities with multiple singularities

In this section, the analogue of the Hardy inequality with multiple singularities
are presented on a stratified group. The singularities are represented by a family
{ar}r=1 € G, where we write a, = (a;’,a;'"), with a;' being in the first stratum
of G. We can also write a;' = (ay;', ..., axy’). From [29, Proposition 3.1.24] it
follows that (xa;')’ = x' — a;’.

Theorem 3.2.1 Let 2 € G be an open set, where G is a stratified group
with N being the dimension of the first stratum. Let N > 3, x = (x’,x"") € G with
x' = (x'y,...,x'y) being in the first stratum of G, and let a, € G, k = 1,...,m, be
the singularities. Then we have

2
(xak )]r
(xaj HyrN

2
m 1
<Zk=1 |(xa;1)I|N_2)

¥

Yher——ToN

2
[, Weul?dx = (=) f, lu|?dx, (3.18)

forall u € C3°(2).

Remark 3.2.2 The Euclidean case of this inequality was obtained by
Kapitanski and Laptev [54]. In (3.18), (xa;')'; =xj, —ay;' denotes the j™
component of xa;’.

Proof of Theorem 3.2.1. Let us introduce a vector-field A(x) =
(Aq(x), ..., Ay(x)) to be specified later. Also let A be a real parameter for
optimisation. We start with the inequality

0< [, X1 (IXju — AA;ul?)dx
= [, (IVgul* = 2ARe X, AjuXju + A2 XY, |A;|*ul*)dx.

By using the integration by parts we get
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— [ (B2, 1A;1? + AdivgA) |ul?dx < [ [Vgul®dx. (3.19)

We differentiate the integral on the left-hand side with respect to A for optimising it,
yielding

24| A|? + divgA = 0,

divgA(x)
|A(x)]?

1
= const. For 1 = 3

for all x € Q. This is a restriction on A(x) giving
we get

divgA(x) = —|A(X)|2. (3.20)
Then putting (3.20) in (3.19) we have the following Hardy inequality
o T 14 (02 luf?dx < [ [Vgul?dx. (3.21)
Now if we assume that A = V¢ for some function ¢, then (3.20) becomes
L+ |Vgp|? = 0.
It follows that the function is harmonic (with respect to the sub-Laplacian ).
w=e?>0.

Then w isaconstant > 0 or has a singularity. Let us consider

1
— m
w:.= M T
Zk—l |(xal:1),|N—2’

and then take

¢(x) = In(w).

Therefore

A(x) = Vg (Inw) =~V (T, |(xap)'|2)

= Llym Ve(Z ((Rap);)?) 7

N-2 (om _(xail)

W ( fe=1 |(xa,;1)r|N)'
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and

m _(xai i
k=1 aihyIN|

AP = 2, @I = (B2) 5,

This completes the proof of Theorem 3.2.1.

We then also obtain the corresponding uncertainty principle.

Corollary 3.2.3 Let 2 ¢ G be an open set, where G is a stratified group
with N being the dimension of the first stratum. Let N > 3, x = (x',x’") € G with
x'=(x'y,...,x'y) being in the first stratum of G. Let a;, € G,k = 1,...,m, be the
singularities. Then we have

1

N 2

2 2
<Z;‘n=1 |(xa‘11)f|N-2>
o lulPdx < (f,, [Vgul dx) k >|ul?dx |, (3.22)
-1
ZN m (xak )]l
]=1 k=1|(xa’;1),|N

forall ue Cy;°(2) and 1<p; <N for i=1,..,N.
Proof of Corollary 3.2.3. By (3.18) and the Cauchy-Schwarz inequality
we get

2
2 <Z;‘n=1l(xa;11>'|”‘2) 2
fQ |vGu| de — 2 |U| dx

(xagh)
N m k ’j
Zj=1 Zk:lea;l)’lN
_ 2
i m 1
2 Z] 1 Zk 1, —1y, N Zk=1 =1y, N-2
N-2 |(xax M| 2 |(xag )| 2
> (5) h - luf?dx [, 3 [ul?dx
2 Zm 1 (xay )]r
k=1]Gea 1y N=2 i) Vi, DN

N2
> (3) (Jy )’
The proof is complete.

3.3 Many-particle Hardy type inequality

In this section, we obtain the horizontal many-particle Hardy-type inequalities
for n > 1 on the stratified groups. We consider that there are n particles, where n
IS a positive integer. Let G™ be the product

n

G=GX..XG.
We consider x = (xq,..,x,) EG", with x; €EG . Let x €G" with x'=

(x'y, ..., x',) and x'; = (x';4, ..., x";y) being the coordinates on the first stratum of
G for i =1,...,n. The distance between particles x;,x; € G can be defined by
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UTH |(xixj_1),| = |x'; — x| = \/2112’:1 (x' i — x'j)2.
We will use the following notation
Ve, = (Xig, - Xin)
for the horizontal gradient associated to the i-th particle. We denote

VGTl: = (VGl’ ""VGn)’

and
Li = 21121:1 Xizk

is the sub-Laplacian associated to the i-th particle. We note that
L= Z%V=1 L;.

We recall a simple but crucial inequality on R™.
Lemma 3.3.1 Let m > 1, and let

A = (A1 (%), wrr) Am (X))

be a mapping in A:R™ — R™ whose components and their first derivatives are
uniformly bounded in R™. Then for u € C}(R™) we have

1 (Jzgm divﬂ|u|2dx)2
4 [ymlA?lul2dx

Jom IVul?dx > (3.23)

Proof of Lemma 3.3.1. We have
|me divA|u|?dx| = 2|Re Jgm (A, Vu)udx|

< 2(f o [ARdx)* ([ [Vu]2dx) .

We have used the Cauchy-Schwarz inequality in the last line. The proof is finished by
squaring this inequality.

Theorem 3.3.2 Let 2 c G" be an open set, where G is a stratified
group with N being the dimension of the first stratum. Let N > 2 and n > 3. Let
rij = |(xixj_1)'| = |x'i — x']| Then we have

(N-2)?

[ IVgnul?dx = ==

2
fn Disi<jsn l:f_l dx, (3.24)

ij
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forall u € C1(Q).

Remark 3.3.3 The Euclidean case of inequality (3.24) is obtained by M.
Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, A. Laptev, and J. Tidblom [55].

Proof of Theorem 3.3.2. Let us choose a mapping B; in the following
form

xix 7D
(lr—;), 1<i<j<n

Bi(xX'yx'j)i=—%
ij

And putting the mapping B; in (3.23) we have

2
. . 2
(fﬂ((dlv@;,i—dw@j)Bl)|u| dx)
Jo |B11?|u|?dx

1
Jo 1V, = Vg ul?dx = 5

2
2(N-2
<f9_ ( ) |u|2dx>

1\ G 2
T4 jul?
Jo i miE?
=(N-2?f Yg 3.25

Also, we introduce another mapping B,

n
Zj:l X!
2)

B,(x):=

n
|27 %

and

divg,B, = Vg, - B, = Yh—1 X ( Y= %Xjk! )

PRETIE

_ an Z?:lxj’|2_2n((2?=1xj1,)2+'“+(2?=1xjN,)2)

|Z;l=1xj’|4

Nn—-2n

B | Xy
As before we put the mapping B, in (3.23) and using above computation yielding

2
1 (Jo CFy dive,Bo)lul?dx)
4 [y 1B 2ulPdx

fﬂ |Z?=1 VGiulzdx >
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2
n Nn-2n 2
Jo Timism——zlul dx)
< Q |Zj=1le|

u2
fQ [u| Sdx

A=

_ (N-2)%n* |ul?
o 4 Q |Zn

> dx. (3.26)

Adding inequalities (3.25) and (3.26) and using the identity

2 2
nyiy Ve ul? = Yicicjen |VGiu - VGju| + |28, Veu|,

we arrive at

(N-2)? |ul|? (N-2)*n®
?:1 fg |V(Giu|2dx = n fQ Zi<j r_lzjdx + 4 fQ

g, (3.27)

n
DYEE]

Because the last term on right-hand side is positive, we get

n 2 2

E j |V(_G,u|2dx > MJ ﬁdx.
= qQ i - n 2

1=

T4
Qi<j ]

Also we have

n
D Vel = (Vg,u)? + -+ (Vg,u)?
i=1
= |(VG1U, ey V(GnU)lz

= |VGTLU|2.

The proof of Theorem 3.3.2 is complete.
The following theorem deals with the total separation of n > 2 particles.
Theorem 3.3.4 Let 2 ¢ G™ be an open set, where G is a stratified group
with N being the dimension of the first stratum. Let p*:= Y, ; |(x;x")'|* =

Yi<j |y — x;]? with x'; # x';. Then we have

-1 2 2 _
J, Vgul?dx = n((nz—)N — 1) I, |Z—lzdx + J, IVep™?%ul?p**dx (3.28)

forall u € CP(Q) with o =2=0=DN,

Remark 3.3.5. The Euclidean case of inequality (3.28) was obtained by
Douglas Lundholm [56].
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Proposition 3.3.6 Let 2 c G™ be an open set, where G is a stratified
group with N being the dimension of the first stratum. Let f:2 — (0,) be twice
differentiable. Then for any function u € C;°(£2) and a € R, we have

vefl? L
[, 1eul?dx = [, (a(1- a)'%'— a7f) ul?dx + [ |Vgul?f2*dx, (3.29)

where v: = f~%u.
Proof of Proposition 3.3.6. Letus compute for u = f%v, that

Veu = af* 1(Vgf)v + feVg.
Then by squaring the above expression we have
Veul? = a?f2D|Vgf|?|v]? + Re(avf >~} (Ve f) - (Vgv)) + f2|Vgvl?
= a2 2@ D|Vgf o[ + af 247 (Vgf) - Velv|? + f2%|Vgvl*

By integrating this expression over (), we have

j Vgul2dx = j Q2 f2ED |y f 2 v dx
Q Q
+f Re(afza‘l(VGf)-VG|v|2)dx+J f2%|Vgv|?dx
Q Q
= [ @fewer s
Q

—a [ Vo (FPVaplvldx + [ fTeviid
Q Q
We have used the integration by parts to the middle term on the right-hand side. Then

Ve (f2Vef) = Qa — D22 |Vaf|? + f257Lf,

and by using this fact we get

| 1Wauldx = [ a?prenwarpiolax - | apretofiviax
Q Q Q

—j a(2a—1)f2“‘2|VGf|2|v|2dx+f f2%|Vgv|2dx.
Q Q

Putting back v = f~%*u and collecting the terms we arrive at (3.29).
Proof of Theorem 3.3.4. The following computation gives
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n
Voot = Kiap? o Xiwp?) =2 ) (ix 2,
k*j

where Vg, = (Xi1, ..., Xiv). Hence

p* =23k Xixj Ve, - () = 2n(n — DN, (3.30)

112 ,
|VG’02|2 = 8215i<i$" kaxj_l) l + 82;(,1:1 lei<an (xkxi_l)' . (xkxj_l) =
4np®, (3.31)

where in the last step we used the identity
—1N7/ —-1N7 -2 —=1y7/
k=1 215i<j5n (Xpx; 1) . (xkxj b= nTlekan |(xixj Y12 (3.32)
By putting (3.30) and (3.31) in Proposition 3.3.6 with f = p? we have

2—(n—-1)N ul?
j |Voul?dx = 4na( ( N _ a) %dx + j |Vgp2%u|?p**dx.
Q 2 a P Q

To optimise we differentiate the integral

ina (2 —(n—-1)N a) |u|?
Q

with respect to «, then we have

2—(Mm—1)N
z —

2a =0,

and

_2—=(Mm-1N
a= 2 :

which completes the proof of Theorem 3.3.4.

3.4 Horizontal Hardy type inequalities with exponential weights

In this section, we get the horizontal Hardy inequality with exponential weights
on G.

Theorem 3.4.1 Let 2 c G be an open set, where G is a stratified group
with N > 3 being the dimension of the first stratum. Let x, € 2. Then we have
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-1
|(xxg 112

LG Uy 7e VP I VTt SR g )7
[ e” = (W_E+1Q)T) ulPdx < [ e” 7 |Vgul?dx  (3.33)

forall u € C*(R2) and foreach 1 > 0.

Remark 3.4.2 Note that in the Euclidean case, this inequality is called two
parabolic-type Hardy inequality, which was obtained by Zhang [57].

Proof of Theorem 3.4.1. Let us recall the horizontal Hardy inequality for
all vect),

W2 | g < ) IVgvl2da. (3.34)

|xr|?

-1
_|@exg D12

Let v=oc¢ 82 u, then

-1
_lxg Hr?

_lexgHri?
Vegv=e 8 Vgu

-1
XX !
_ Gy OB

42

forall v € C1(Q). Then by inequality (3.34) we have

(N=2)? _leexg D12 _leexg Hyr?
4

dx < [ e” & |Vgul* +

s+ Ja jcr|2
—1+,12
I(xxal),|2 _|(xx0 )’l 2
Tem € |ulfdx

1 _leexgHyr?

—ReﬁfQ (xxg D) (Vguw)ue™ <2 dx. (3.35)

By the integration by parts in the last term of right-hand side of the inequality we
have

-1
_|@xxg Hr|?

Re [, (xxg ")+ (Vegwue™ +1 dx = —%fﬂ (N —

|(xxg D)1I?

G Hyr? )
” )e a2 |ul®dx. (3.36)

By putting equality (3.36) in (3.35) and rearranging it, we prove Theorem 3.4. 1.

3.5 Horizontal Hardy-Rellich type inequalities and embedding results

Theorem 3.5.1 Let G be a homogeneous stratified group with N being
the dimension of the first stratum, and let «,8 € R. Then for any f € C5°(G\{x' =
0}) we have
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2
(N (a+ﬁ+3)f |VHf| dx+(0(+,3+1)f (x’VHf) d )

G |x,|a+B+1 ,|a+ﬁ+3
ILfF vuf1?
< J6 1o2? f@ o178 dx, (3.37)
where | - | is the Euclidean norm on R¥. Moreover, for a + f + 3 < N we have
l 1
IN+a+B 1] Vuf1? 1£f1? 2 Vuf1?
f@ |x,|a+ﬁ+1 dx = (f@ |x,|2[? ) (f@ |x ,|2a d ) (338)

with the sharp constant.
Let us define the following Sovolev type spaces on the stratified Lie group G:
- Let D,*(G) be the completion of C5°(G\{x' = 0}) with respect to the
norm

1

IVufl? 2
I llpseey = (J T2EFdx)’.

- Let D7*(G) be the completion of C§°(G\{x' = 0}) with respect to the
nhorm

NP

ILf 12
Ifllpz2e) = (Jg oz dx)

- Let H? 5 (G) be the completion of C5° (G\{x' = 0}) with respect to the
norm

1

IVHfF |Lf|? 2
12y = (Ji Tk + fip )’

Theorem 3.5.2 Let G be a homogeneous stratified group with N being
the dimension of the first stratum, and let «,f € R. We have the following
continuous embedding

HZ 5(G) © D2 (G),
2
for a+f—1+N.
Dz*(G) € Dgt1(G),
for @ <% —2 with a #=.

In the abelian case G = (R",+), we have N =n, Vy= V= (0y,,..,0x,), SO
(3.37) implies the Hardy-Rellich type inequality (see e.g. [58] and [59]) for G = R™:
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2

(” (‘”ﬂ*"’)f v dx+(a+ﬁ+1)fn—"(xvf) dx)

RN Il ”a+ﬁ+1 ||a+/3+3

|Af|? Wik
< fRn 25 dx f]R" e dx, (3.39)

forall f € C(R™\{0}), and |l x l= /x? + -+ + x2.
When a« =1 and g = 0, the inequality (3.38) gives the following stratified
group version of Rellich's inequality

VafI? 2\

Jo Tz < (%) [, 1Lf1Pdx, 4<N, (3.40)
2

with (%) being the best constant.

Directly from the inequality (3.38), choosing a and g, we can obtain a
number of Heisenberg-Pauli-Weyl type uncertainly inequalities which have various
consequences and applications. For instance,

1
2

1
|N+20!| IVufI? |LfI? Ve fI? 2
f@ |x,|2(a+1) dx = (f@ |x,|2(a+1) ) (f@ |x |2a )
N
for a <~ —2andany f € Hi 2+1(G).

1

L 2
N2 [0 f R < (f [P0, R (S, 1 ax)

for 3< N andany f € D)”*(G).

f@ \Vufl? dx —(f IV, f] dx) (Gllﬁfllzd)

|xr]?

forany f € D"*(G).

1

N-— 1f |VHf| dx<(f |x| |VHf| dx) (G||Lf||2d )

| ]

for 2< N andany f € Dl/z((G)

N-— 1f«; ik dx < (f |VHf|2dx) (f |Lf|2dx)

7]

for 2< N andany f € D1/2(G)
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Proof of Theorem 3.5.1. Forall s € R™ we have

Vuf xr 2
Je e S|xr|ﬁ+1£f| dx = 0,
that is,
\iE xr-Vyf ) |LF|2
Jo e dx + 2s [ ZOH L dx + 57 [ g dx > 0. (3.41)
Since

xX!'Vyf . xr-Vyf
Je |x:|a+7?+1 Lfdx = [ divy(Vyf) (Ixrl‘“zm) dx

by using the divergence theorem we obtain

, x'-Vyf 1 x'
j@dw*’(w : (ﬁ) = "f e Ve (Vaf 1) dx
2 2
jll Va/| dx+(a+ﬁ+1)jﬂdx.

|a+,8+1 |a+3+3

Again by the divergence theorem we get

N—(a+ﬁ+1)f IVufI?
|

G x'|a+ﬁ+1

1 x' 5
_ELW'VH(lval )dx =
Thus,

f@ xr-Vyf Lfdx N— (a+ﬁ+3)f |VHf| dx + (a + ’8 +

|x,|a+[§+1 G | ,|a+ﬁ+1

1-v
1 [, S (3.42)

Therefore, the equation (3.41) can be restated as

2 |LfI? N- (04+ﬁ+3) \Vufl?
G |xr |2Bd X+ 2 ( f |x,|a+ﬁ+1d

+a+ B +1) [ l(’“ v, dx) + J. W gy > 0. (3.43)

|a+ﬁ+3 |x |2a

Denoting

_ |£f|?
= f@ 2P dx,
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N—(a+B+3)  _|Vuf|? (x1-Vuf)?
b: = . Jo —mgmdx +(@+ B +1) [ == dx,

|x4“+3+1 |x4a+ﬁ+3

and
c:=Jg llzlflj;f dx,
we arrive at
as? + 2bs + ¢ = 0, (3.44)

which is equivalentto b? — ac < 0. Thus, we have

2

N—-(a+B+3) \Vuf|? (x1-Vuf)?
(R e dx 4+ (a+ f+ 1) f ot dx)

|x4a+B+1 |x4a+ﬁ+3
ik \Vuf1?
< J6 o dx [ 2 dx. (3.45)

This shows the inequality (3.37). Now it remains to prove (3.38). It can be proved
similarly. We refer [61] for a different proof of (3.38) .
Proof of Theorem 3.5.2. Since N # a + 8 — 1, from (3.38) we obtain

1 1

Vufl? 2 LFIZ  NZ( [ IVufI? . \2
[ ([ 1220 ) ([ L

Ix'|* 2
2 2 2
} ([ L s [ 0T )
IN+a+p—1|\Jg|x'| G 1*]

for all f € C5°(G\{x' = 0}). This proves Part (i). Part (ii) also implies from the
inequality (3.38), namely assuming a + 8+ 3 < N andletting f =a+ 1, a # g

Corollary 3.5.3 Let G be a homogeneous stratified group N being the
dimension of the first stratum, and let a,8 € R. Then f € C;°(G\{x' = 0}), we
have

2

EANL < |22 o (3.47)
12l 2 gy el 2 gy WPl 2y
where y = a + 8 + 1 and then the constant @ is sharp.

Proof of Corollary 3.5.3. Given f € C;°(G\x' = 0) arbitrary and
a,f € R, we have

2
Vuf X/
nf + S/

Je

dx > 0, (3.48)
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for every s € R.

ik 2 x/VHf
Jg Topr AX 8% fo |2adx+2 s g fy @x >0 (3.49)

by using divergence theorem

[ fx"VHfdx _ Ny 2

[xr|Y 2 G |xr|¥Y
_ o _ I Vs 1
a=Joqmd® b=IN=Voyp €= Jo popr 4

as’—bs+c>0,

This is equivalentto h? — 4ac < 0

o2 12 112 Vuf?
[N —v] (fG |x/|V) <4 (fG |xr|2 )(fG |xr|2P dx ) (3.50)
Remark 3.5.4 Let us denote by H;,ﬁ((G) the completion of Cy°(G\{x' =

0}) with respect to the weighted Sobolev type norm

1/2

If1> | IVufl?
W lle = (J [ + | dx) (3.51)

and by L%(G) the completion of C§°(G\{x" = 0}) with respect to the weighted
Lebesgue norm

1/2

Itz = (f Lzax) . (352)

Then the inequality (3.46) implies that, for y #= N, we have the continuous
embedding
ﬁ(G) c L2 Y/2(G). (3.53)

Moreover, since the right-hand side above is symmetric with respect to the
parameters «, 8 we also have the continuous embedding

H} (@) < I2,(G). (3.54)

Corollary 3.5.5 The inequalities below hold true with sharp constants:
— Forany f € DY2(G) and a = 1,8 = 0 it follows that

65



() [, L e < f, 17f P (355)

— Forany f € Hg,, 3(G) and a = B + 1 it follows that

N-2(B+1))? If|2 IV f|2
( 2 ) f(G |x,|2([5’+1) f@,l |2/3 (356)

— Forany f € H:,,1(G) and B = a + 1 itfollows that

1/2

N-2(a+1)\? If|2 12 1/2 _—
( 2 ) fG |cr|2(@+1) dr < (fG |ocr |2 dx) (f(G |xcr|2(a+D) dx) . (3.57)

— Forany f € H! 3,1)43(G) and a = —(B + 1), then f € L*(G) and

N 1/2 1/2
() fi, uPdx < (J, 1P F17dx) " (1, l'Vflz'Bd) . (358)

— Forany f € Hj,(G) and a =0,8 =1, then f € L5(G) and

== |G|';‘,'|2dx (Jg If1Pdx )1/2(G'|Vf|'2 x)l/z. (3.59)

— Forany f € H1,,(G),N >1 and a = —1,8 =1, then f € L] ,(G)
and

(%) f@ ||;,||zdx (f X' ||f|2dx )1/2 (f(G ||Vf||2 )1/2. (3.60)

— Forany f € HY(G) = Hj,(G),N >1 and a =0, =0,then f €
L3,,(G) and

(50) fp 22 e < (1 1 122) 2 (S, 17f 1) (3.61)
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4 HARDY TYPE INEQUALITIES AND SUB-LAPLACIAN
FUNDAMENTAL SOLUTIONS

This chapter is devoted to present the Hardy and Rellich type inequalities on
stratified groups with the L-gauge weights. We recall that £-gauge d(x) is a
homogeneous quasi-norm arising from the fundamental solution of the sub-Laplacian
L such as

1
d(x): = {e(x)m, for x # 0,
0, for x # 0.

d(x)?? is a constant multiple of Folland's fundamental solution of the
sub-Laplacian L, with Q being the homogeneous dimension of the stratified group
G.

4.1 Weighted LP-Hardy type inequalities with boundary terms

The main aim of this section is to give the generalised weighted LP-Hardy
type inequalities on  stratified groups. We present a  weighted
LP-Caffarelli-Kohn-Nirenberg type inequality with boundary term on the stratified
group G, which implies, in particular, the weighted LP-Hardy type inequality. As
consequences of those inequalities, we recover most of the known Hardy type
inequalities and Heisenberg-Pauli-Weyl type uncertainty principles on the stratified
group G [62].

Usually, unless we state explicitly otherwise, the functions u entering all the
inequalities are complex-valued.

4.1.1 Weighted LP-Caffarelli-Kohn-Nirenberg type inequality

We first present the following weighted LP-Caffarelli-Kohn-Nirenberg type
inequalities with boundary terms on the stratified Lie group G and then discuss their
consequences. The proof of Theorem 4.1.1 is analogous to the proof of Davies and
Hinz [8] but is now carried out in the case of the stratified Lie group G. The
boundary terms also give new addition to the Euclidean results. The classical
Caffarelli-Kohn-Nirenberg inequalities in the Euclidean setting were obtained in [63].

Let G be a stratified group with N being the dimension of the first stratum,
and let V be a real-valued function in L1 .(Q) with partial derivatives of order up
to 2in LI,.(Q), and such that LV is of one sign. Then we have:

Theorem 4.1.1 Let 2 be an admissible domain in the stratified group G
and let V' be a real-valued function such that LV < 0 holds a.e. in 2. Then for any

complex-valued u € C2(2) N C*(R),and all 1 < p < oo, we have the inequality

p p-1
VeV
Gp_—l |V(Gu|

|Lv| P

1 1
HILVIEu ”|LV|5u

LP(2)

=p

LP(Q)

— [, PPV, dx).  (4.1)

LP ()
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Note that if u vanishes on the boundary 01, then (4.1) extends the Davies and Hinz
result to the weighted LP-Hardy type inequality on stratified groups:

IVGV|
Gp_—l |V(Gu|

|Lv| P

=p
LP(2)

, 1<p <o (4.2)
LP ()

1
H|LV|Pu

1
Proof of Theorem 4.1.1. Let v.:= (Ju|>+€?)z—€. Then vP €
C%(Q) N C*(Q) and using Green's first formula and the fact that LV < 0 we get

J |ILV|[vP dx = —j LVuPdx
Q Q
_ f (VY0P dx — j VP (T, dx)
Q oQ
= j V(GV . VGUgdx - j vg<vvl dx)
Q 0

Sf |VGV||VGvf|dx—j vP(VV, dx)
Q G10)

VeV p-1 -
=p j Vel ) 1ov® 2 weuelax - f vl WV, dx),
Q 719}

V| P
where (Vu)v = Vgu - Vgv. We have
Vave = (uf? + €2) 2 [u|Vg ul,
since 0 < v, < |u|. Thus,
v Vel < [ulP~ Vg ul|.

On the other hand, let u(x) = R(x) + il(x), where R(x) and I(x) denote the real
and imaginary parts of u. We can restrict to the set where u # 0. Then we have

(Ve luD(x) = ﬁ(R(x)vGR(x) +I1(x)Vel(x)) if u#0. (4.3)
Since
ﬁ(RVGR +1VgD) < IVGR|? + |VeI|?, (4.4)

we get that |Vg|u|| < |Vgu| a.e.in Q. Therefore,
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P Ve V| p-1 P
f | LV v dx < 'pj = |Vgul| ||LV] P |u|?~tdx — j v, (VV, dx)

=

1 p-1
< j(ﬂw u|p>dx b j|LV||u|de ? —j V2TV, dx)
=P Q \[LV| - 17 C q ag

where we have used Holder's inequality in the last line. Thus, when € — 0, we obtain
(4.2).

Here we have the horizontal LP-Caffarelli-Kohn—Nirenberg inequality with
the boundary term:

Corollary 4.1.2 Let 2 be an admissible domain in a stratified group G
with N > 3 being the dimension of the first stratum, and let «, 8 € R. Then for all

u € C*(\{x' =0} NnCl(2\{x' = 0}),and any 1 < p < oo, we have

p—-1
e | I | e PP dx), (45)
p ) |cr|* LP(0) D=1 p 700
|| LP(Q) |7 [P LP(2)
for 2<y <N with y =a + f + 1, and where |- | is the Euclidean norm on RY.

In particular, if u vanishes on the boundary d.2, we have

p—1

IN=y| Vgu u

p

u

(4.6)

LP(Q)

x/a| B
%l o) |xcr|P—1

)4
14

Proof of Corollary 4.1.2. To obtain (4.5) from (4.1) , we take V =
|x'|>7Y. Then

VeVl =12—yIIX'['7", V] =2 -nWN-Mlx|7,

and observe that LV = (2 — y)(N — y)|x'|7Y < 0. To use (4.1) we calculate

P w P
levie|  =1-na-nif]
LP(Q) Pl o gy
VgV 2— \Y
LTI T | .27 .
|Lv| P e 1@ MW-nIP lerl Pl p g
1 b1 p—1 p—1
v =1@-ne-nir ||
LP(Q) Pl o g
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Thus, (4.1) implies

p p—-1
IN=Y| u Vgu u 1 =0 50—
— | < |[—= i =~ Joq [ulP(VIx'|>7, dx).
P ppq) Il P Hppqy HxrPlpp(q)
If we denote a = =2 and % = %, we get (4.5).

4.1.2 Badiale-Tarantello conjecture
Theorem 4.1.1 also gives a new proof of the generalised Badiale-Tarantello
conjecture [64] on the optimal constant in Hardy inequalities in R™ with weights
taken with respect to a subspace.
Proposition 4.1.4 Let x=(\x")ER"XR*" Y, 1<N<n, 2<
Yy <N and a,B € R. Then for any u € C;°(R™\{x' =0}) and all 1 <p < oo, we

have
p—1
Vu

||

u u

IN=y]|

p

] (4'7)
LP(R™)

; | s
Pl o gy LPR™) [[ s p-1

where y =a+ f+1 and |x'| is the Euclidean norm RY. If y # N then the

N-— .
constant |ITY| is sharp.

The proof of Proposition 4.1.3 is similar to Corollary 4.1.2, so we sketch it only very
briefly.

Proof of Proposition 4.1.4. Letustake V = |x'|>”Y. We observe that
AV =2 —p)(N=P)|X|7Y <0, as well as |VV]| = |2 —y||x' |7 and |AV]| =
(2 —y)(N — p)||x'|Y. Then (4.1) with

P w P

lavpd|  —je-pe-nl|Sl

LP(R™) IX/1P 1 o (gmy

\U% 2— \Y%

| LI e | e ,

v 7 Mgy 1= P i 7l e gny
1 p—1 p-1 p—1

Jlavie| — —ie-na-niv [l
LP(R™) |xr|P LP(R™)

and denoting @ = =2 and - =Y, implies (4.7).
p p—1 p

In particular, if we take g =(a+1)(p—1) and y = p(a + 1), then (4.7)
implies
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u Vu

|x,|a+1

IN-p(at+1)|
P

(4.8)

LP(RTL) - |x’|a||Lp(Rn),
where 1 <p < o, for all ue€ C°(R™"\{x' =0}), a € R, with sharp constant.
When a =0, 1<p <N and 2 < N < n, the inequality (4.8) implies that

u

7]

p
< —||IVull .o gy, 4.9
e, = i 17l 49)

which given another proof of the Badiale-Tarantello conjecture from Remark 2.3
[64].

As another consequence of Theorem 4.1.1 we obtain the local Hardy type
inequality with the boundary term, with d being the L-gauge.

Corollary 4.1.4. Let 2 c G with 0 € 32 be an admissible domain in a
stratified group G of homogeneous dimension Q > 3. Let 0 >a >2— Q. Let

u € C1(Q\{0}) N C(2\{0}). Then we have

p+a-2 2-p
lera=2l |l 55 7 dlu d v |Vgd|? |Vgul
LP(2) LP(2)
a-2 z e -
|Ved|Pu [, A% HulP(Vd, dx). (4.10)
LP(2)

This extends the local Hardy type inequality that was obtained in [30, P. 518-520] for
p = 2:

1

Proof of Corollary 4.1.4. First, we can multiply both sides of the

dz|Vgu|

|de|u||

12(Q) |
-1

L?(Q)

[, 4% |ul*(Vd, dx). (4.11)

= Vedlu

L*(Q)

1 i-»
inequality (4.1) by ”|LV|5u , SO that we have
LP(Q)
> VgV
lheviu| — <pll o veu|| -
LP(Q) |LV| 5 LP(Q)
O Tl -
H|£V|Pu [y 1UP(VV, dx). (4.12)
LP(Q)

Now, let us take V = d“*. We have
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_a a+Q-2
Lda = V(Gl(V(GEZ_Q) = VG (ﬁg 2-Q VGé')
_a(at+Q-2)
C(2-0)?

a—4+2Q a a+Q-2
g 270 |Vgel? + g€ 0 Le.

Since ¢ is the fundamental solution of £, we have

a—4+2Q

@@+Q-2) "m0 |Vgel? = a(a + Q — 2)d*2|Vgd|?.

a —
Ld (2-Q)?

We can observe that £Ld® < 0, and also the identities

1 1 1 a—2 2
|||Ld“|5u —av|Q+a—2p|d7 veapu|
LP(Q) LP(Q)
|V dal l 1—_p a—-2+p Z—_p
=1 [Vgul =ar|Q+a—=2|7 ||d ? |Vgd|? |[Vgul ,
|Las| P LP(Q) LP(Q)
T _ L 1pg a2 2 1P
|||Ld“|Pu j |[u|P(Vd%,dx) =a?P|Q+a—2| P ||d P |Vgd|Pu
LP(0) Jaq LP(Q)
xJ d*u|P(Vd, dx).
a0
Using (4.12) we arrive at
o || @2 2 pHa=2 2-p
ora=2ll 7% |V gd|Pu <\d » |Ved|? |Vgul
LP(Q) LPQ
= z i -
—=|ld? |Vgd|ru fyq 4% ulP(Vd, dx),
p LP(Q)

which implies (4.10).

The inequality (4.12) implies the following Heisenberg-Pauli-Weyl type
uncertainty principle on stratified groups.

Corollary 4.1.5 Let 2 c G be admissible domain in a stratified group G
and let V € C?(2) be real-valued. Then for any complex-valued function u €

C2(2) N C'(2) we have

Jievimv| [ gl
LP() ll|v| P LP ()
1 12 1 _1 L TR _
> = lull?p +—”|LV| P 1LV |Pu [, luP(7V,dx). (4.13)
p p LP(0) LP(2)
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In particular, if u vanishes on the boundary 9.2, then we have

VeV |
%W@W

1
|||LV| ru
v P

1
> 2 ullZpn) (4.14)

LP(0) LP(Q)

Proof of Corollary 4.1.5. By using the extended Holder inequality and
(4.12) we have

1
[1evi7u e/l 1Vgul
LP(Q) |,CV|T LP(Q)
1 1 1
2—|||LV| Pu ‘|L‘V|Pu
p LP(Q) LP(Q)
1 1 LR .
+ — ‘|L‘V| Pu | LV |Pu j |[ulP(VV, dx),
p LP(Q) L?(Q) Jaa
=l 1”1:1/‘l | [0 JulPVV,d
=—|llu p +- ru ru u ,ax).
pIII | ”L?(n) - |LV | i |LV] o aq [ulP( )
~ [|ul|? vy i P(VV,d
= — - 14 p
Seliey + 3 iy v G e v,

proving (4.13).

By setting V =|x'|* in the inequality (4.14), we recover the
Heisenberg-Pauli-Weyl type uncertainty principle on stratified groups as in [65] and
[31]:

N+ a—2\° ?
f|x’|2‘“|u|pdx f|x’|“+p‘2|VGu|pdx 2(—) J|u|'pdx :
Q Q p Q

In the abelian case G = (R"™, +), taking N=n >3, for a =0 and p =2
this implies the classical Heisenberg-Pauli-Weyl uncertainty principle for all u €

Co” (R™\{0}):

<fRn |x|2|u(x)|2dx> (jw |Vu(x)|2dx> > (?)2 (jmzn |u(x)|2dx>2.

By setting V = d¢ in the inequality (4.14), we obtain another uncertainty type
principle:
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de Jda+p—2|V d|2_p|V u|Pdx
Qda_ZWGd'Z G G

2 Q+“_ (f |u|de>;

taking p = 2 and a = 0 this yields

[t [ 02 (e

4.2 Weighted LP-Rellich type inequalities

In this section we establish weighted Rellich inequalities with boundary terms.
We consider first the L? and then the LP cases. The analogous L?-Rellich
inequality on R™ was proved by Schmincke [66] (and generalised by Bennett [67]).

Theorem 4.2.1 Let 2 be an admissible domain in a stratified group G
with N > 2 being the dimension of the first stratum. If a real-valued function V €
C?(N) satisfies LV (x) < 0 forall x € 2, then for every € > 0 we have

2

v 1 2 EITE
T Lu > 2€ ||Vz|Vgu| +e(l—¢)|||LV]|zu
2 L*(0 L*(0
|[,V|2 LZ(.Q2 _ ( ) ( )
—€ [,, (ul*(VV,dx) = V{V|ul?, dx)), (4.15)

for all complex-valued functions u € C2(2) N C*(R2). In particular, if u vanishes
on the boundary 912, we have
2

2
IV

- Lu

|Lv|z

> 2€ |
L?()

Vi |Veul ||;(m +e—o |1tV

12(0)

Proof of Theorem 4.2.1. Using Green's second identity and that
LV(x) <0 in Q, we obtain

f |LV||u)?dx = —j VL|ul2dx — | (|u|*>(VV,dx) — V(V|u|?, dx))
Q Q 1)

= —Zf V(Re(uLu) + |[Vgu|®)dx — | (|u|*>(VV,dx) — V(V|u|?, dx)).
Q )

Using the Cauchy-Schwartz inequality we get
1

1

1r1vi® |2 2
j |LV||u)|?dx < 2 | Lu|?dx ef |LV||u]?dx
Q alLV] Q
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—2f VIVeul?dx — | (Ju|?(VV,dx) — V(V|u|?, dx))
Q

GIo)
L v Lu|“dx + fLV d
- ) jypheuidx e | 1oVIupdy
—2[ V|Vgu|?dx — (|u|?>(VV, dx) — V(V|u|?, dx)),
Q 20

yielding (4.15).

Corollary 4.2.2 Let G be a stratified group with N being the
dimension of the first stratum. If «a > —2 and N >a+ 4 then for all ue
Cs°(G\{x" = 0}) we have

|Lu|? (N+a)2(N—-a—4)2 |2
f@\{xl=0} |cr|® dx 2 16 fG\{xl:O} |ocr|@+4 dx. (4-16)

Proof of Corollary 4.2.2. Letustake V(x) = [x'|~(®*2) in Theorem
4.2.1, which can be applied since x" = 0 is not in the support of u. Then we have

VoV = —(a+2)|X|7%*x", LV =—(a+2)(N—a—4)|x |,
Letusset Cyq:= (a + 2)(N — a — 4). Observing that
LV = —Cp o|xX'|7@* <0,

for |x'| # 0, it follows from (4.2) that

|Lu| IV@u|2
f(G\{xr =0} |xr|® dx ZCN,aEf(Zg\{x,=o} |ocr|@+2 dx
[u
+Ca€(1 =€) fg xey lel‘mdx. (4.17)

To obtain (4.16), let us apply the LP-Hardy type inequality (4.2) by taking V(x) =
|x'|#12 for a € (—2,N — 4), so that

[ Wl ) > Woant)? ¢ jul®
G\{x/=0} |xr|a*2 - 4 G\{xr=0} |xr|a+4

and then choosing € = (N + a)/4(a + 2) for (4.3), which is the choice of e that
gives the maximum right-hand side.

We can now formulate the LP -version of weighted LP -Rellich type
inequalities.

Theorem 4.2.3 Let 0 be an admissible domain in a stratified group G. If
0<VecCc), LV<0,and L(V°) <0 on 2 for some o > 1, then for all u €
Co’(£2) we have
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1 2 14
|LV [Pu <P —Lu , 1<p<on (4.18)
H LP(2) (p—-1o+1 |£V|% @)
Theorem 4.2.3 will follow by Lemma 4.2.5, by putting C :@—1)}'# in

Lemma 4.2.4.
Lemma 4.2.4 Let 2 an admissible domain in a stratified group G. If V >
0, LV < 0, and there exists a constant C > 0 such that

1P 1 p2 2P
C H|LV|Pu <p(p—-1) | Velu| v |Vgulr , 1<p<o, (4.19)
LP () LP(2)
for all u € C3°(2), then we have
1
(1+C) |||LV|5u <pl|l—5=Lu , (4.20)
LP(2) LV P

LP(2)
forall u € C°(2). If p =1 then the statement holds for C = 0.

Proof of Lemma 4.2.4. We can assume that u is real-valued by using
the following identity:

vzeClz|P = ([ |c0319|7f’0l19)_1 J" [Re(2z)cos9 + Im(z)sind|Pdd),

which can be proved by writing z = r(cos¢ + ising) and simplifying.
Let € >0 andset u.:= (Ju|® + €2)P/2 —€P. Then 0 < u, € C{° and

Jo 1EVuedx = = [ (LV)uedx = — [ VLu.dx,

where
p b
Lue = L(([ul? + €2)2 — /) = Vg - (Ve ((lul? + €2)2 — ?))
p-2
= Ve (@(lul* + €2) 7 uVgu)
p—4 p-2
= p(p — 2)(Jul? + €2) Z u2[Vgu|? + p(lul? + €2) 7 |Vgul? + p(|ul?
p-2
+ €%) 2 ulu.
Then

p—4 p—2
f |ILV |u.dx = —f (p(p —2u*(w? +€?) 2 +pu*+ EZ)T) V|Vgul|?dx
Q Q

p—2
—p [y Vu(u® + €*) 2 Ludx.
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Hence

Jo 1£V |ue + (p(p 2)u(u? + 62) 2 +p(u + 62) )VlVGu| dx
<pJ, Vlul@®+ 62)T|Lu|dx.

When € — 0 the integrand on the right is bounded by V(max|u|?+
1)®P=D/Zmax|Lu| and it is integrable because u € C{°(£), and so the integral tends
to fﬂ V|u|P~t|Lu|dx by the dominated convergence theorem. The integrand on the
left is non-negative and tends to |LV||u|? + p(p — DV |u|P~?|Vgu|? pointwise,
only for u # 0 when p < 2, otherwise for any x. It then follows by Fatou's lemma
that

p p-2 2P p-1 1P

VPlu| P |LulP

1
|||LV|Pu

=p

LP(Q)

+p(p

LP(Q) LP(Q)

By using (4.19), followed by the Holder inequality, we obtain

1P 1op 1P
1+0) |||LV|pu <p |||LV|<P—1>Vp|u| v 1LV~ @D | Lylp
LP(Q)
P
<p ”|LV|pu >—1 Lu
LP(@) v

LP(Q)

This implies (4.20).
Lemma 4.2.5 Let 2 be an admissible domain in a stratified group G. If
0<VecC), LV <0,and LV? <0 on 2 forsome ¢ > 1, then we have

(o — 1)f |LV||u|Pdx < pzj VIu|P=2|Veul?dx <o, 1<p < oo,
0 {xeQu(x)*0}
(4.21)
for all u € Cy°(0).
Proof of Lemma 4.2.5. We shall use that
0=>LWV?) =0V 2((c —1D|VsV|*> +VLV), (4.22)

and hence
(o — D|VgV|? < V|LV]|.
Now we use the inequality (4.2) for p = 2 to get

VgV |2

(0= 1) f, 1LV]lul?dx < 40 = 1) [, 55

|Vgu|?dx
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<4 VIVqu|?dx =4[,

{xeQu(x)+#0,|Vgu|#0}

V|Veul?dx, (4.23)

the last equality valid since |{x € Q;u(x) =0,|Vgu| # 0} =0. This proves
Lemma 4.2.5 for p = 2.
For p # 2, put v, = (u? + €?)P/* —€P/2 and let € - 0. Since 0 < v, <

|u|§, the left-hand side of (23), with u replaced by v., tends to (o —
1) fn | LV ||u|Pdx by the dominated convergence theorem. If u # 0, then

2 P2, 22 :
Vo |“V = Eu(u +€°) 4 Vgul| V.

For € - 0 we obtain
2
VeulPV = EfulP~2|vgu|?V.

It follows as in the proof of Lemma 4.2.4, by using Fatou's lemma, that the right-hand
side of (4.23) tends to

2 -2 2
p f{xeﬂ;u(x)io,|VGu|¢0} Vlulp |VGu| dx’
and this completes the proof.
Corollary 4.2.6 Let G be a stratified group with N being the dimension
of the first stratum. Then forany 2 < a < N and all u € C°(G\{x' = 0}) we have
the inequality

_|LulP

|ul?
f(G |ocr|® dx (Np a) fG |ocr|@= 2p (424)
where
- - 4.25
Covpar = (N-a)((p-1)N+a—2p)’ (4.25)

Proof of Corollary 4.2.6. Let us choose V = |x'|(*~2) in Theorem
4.2.3, so that

V=—(a=2)(N-a)x|™%

and we note that when 2 < a < N, we have LV < 0 for |x'| # 0. Now it follows
from (4.18) that

(@—2P(N—a)? [ gy < 27 g, (4.26)

|| [(p-Do+1]P “G |xr|*=2P
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By taking o = (N — 2)/(a — 2), we arrive at

up Zp Lup
[ gy < P [ gy,
G |xr|* (N-a)P((p—1)N+a—2p)P G |xr|*=2P

which proves (4.24)—(4.25).

1
Corollary 4.2.7 Let G be a stratified Lie group and let d = £2-¢, where
¢ is the fundamental solution of the sub-Laplacian £. Assume that Q = 3, a < 2,
and Q +a —4 > 0. Then for all u € C;°(G\{0}) we have

(Q+a-4)*(Q-a)? a—4

| Lu|?dx. (4.27)
The inequality (4.27) was obtained by Kombe [68], but now we get it as an
immediate consequence of Theorem 4.2.3.

Proof of Corollary 4.2.7. Letus choose V = d* 2 in Theorem 4.2.3.
Then

LV = (a —2)(Q + a — 4)d* *|Vgd|?.

Note that for Q + a —4 >0 and o < 2,we have LV <0 forall x #0. If p =2
then from (18) it follows that

16

(@ =2)2(Q +a — )2 [y A" *|Ved*lulPdx < o [ oo

| Lu|?dx.

By taking 0 = (Q — 2a + 2)/(a — 2) we get

(Q+a-4)*(Q-a)? a—4

| Lu|?dx,
proving inequality (4.27).
Remark 4.2.8 Inthe abelian case, when G = (R",+) with d = |x| being
the Euclidean norm, and « = 0 in inequality (4.27), we recover the classical Rellich
inequality [69].

4.3 Hardy type inequalities on M,

In this section, we present a Hardy type inequality on the quaternion
Heisenberg group. The proof of Theorem 3 relies on properties of the fundamental
solution of the sub-Laplacian £ on the quaternion Heisenberg group.

We recall the sub-Laplacian on H,,

, d
L=370 X7 =Dy —4lx*A — 4 Xhoy (V) 5
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where
a2 a2
Ax = Zizo a—xlzc, and At = Zizl a_tﬁ
Note that the fundamental solution of the sub-Laplacian £ on H, was found by Tie
and Wong. We restate their results in the following theorem.
Theorem 4.3.1 The fundamental solution I'(¢) of the sub-Laplacian £
on the quaternion Heisenberg group My, is given by

2 1
F@):=rlx.t) =g 7 Jgz e o (4.28)

where & = (x,t) € Hy, n = (ny,n,,n3) is a point on the unite sphere $? in R*
with center at the origin, and do is the surface measure on S2. That is,

Ll = -6, (4.29)

where I7(§) =I'(("' &) and & is the Dirac distribution at ¢ = (y,7) € H,.

The quaternion Heisenberg group is a special case of the model step two
nilpotent Lie group. Moreover, it is a homogeneous Lie group with respect to the
dilation

5,;:R7 > R7, & = (Ax, A%t).
Thus,

1

d§) = sy €= (o0 €Hy, (4.30)

is @ homogeneous quasi-norm on H, with respect to the dilation §; [70].

Theorem 4.3.2 Let a € R, a > 2 — (3, f > 2. Then the following version
of the Hardy inequality is valid:

‘ z2@=-m|Vu|
Ly(Hg)

forany u € Cy°(H,), where V = (Xo, X1, X3, X3).
Proof of Theorem 4.3.2. Let (Vf)g:=Y:_, XxfXrg for any
differentiable functions f and g. Setting u = d¥q for some (real-valued) functions
d > 0, q,and aconstant y = 0 to be chosen later, we have

a-—2 1
> P2 P25 | v rz=¢ | ul (4.31)

Ly (Hg)

3
Tuwu = T q)drq = Y X,(d"q)X,(d"q)
k=0

3 3 3
=y?d*? z (Xxd)?q* + 2yd*'~'q z XpdXpq + d?¥ Z (Xkq)?
k=0 k=0 k=0
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= y2d?r2((Vd)d)q? + 2yd?*~1q(Vd)q + d?*' (Vq)q.

Integrating by parts we observe that

2)/J d*+2v=1q(Vd)qdx = J Vde+?Y)q?dx
y q(Vd)q «t 2y Hq( )q
y -
— vV 2 da+2yd — j~ ZLda+2yd )
a+2nyq(q) x a+ 2y qu x

where we note that later on we will choose y so that d**2¥ =T. Consequently, we

get
i

d*(Vuw)udx = yzf d**t2r=2((Vd)d) q*dx + 4 j (Vd*+2)q?dx
H, a+2y H,

+ Jiy, 4“7 (Vq)qdx

=y fy, A2 ((Vd)d) gPdx - ﬁzy Jy, @*Ld“*?V dx

+ Jiy, 4“7 (Vq)qdx

272 fy, A HEDD Pdx =~ T fy qPLd*dx, (432)

q

since d > 0 and (Vq)g = |Vq|?> = 0. On the other hand, it can be readily checked
that for a vector field X we have

Y 2 +2¥Y\ — +2y-1 _ Y +2y+£-2 2—-pB
gy XA =yX (@™ TIXd) = S X (dRETX (@)

= ﬁ(a + 2y + B — 2)d*r VB3 (Xd) X (d?*P)
Y ga+2y+B-2y2,42-f

+55d X2(d*F)

=y(a + 2y + B — 2)d**¥2(Xd)?

+ da+2y+[>’—2X2(d2—[>’)_
2-

Consequently, we get the equality

— L £d**? = —y(a + 2y + B — 2)d*2(Vd)d —

a+t2y

#d“””ﬁ‘zﬁdz‘ﬁ . (4.33)

Since g% = d~?Yu?, substituting (4.33) into (4.32) we obtain

qu d*Vwudx = (-y? —y(a +  — 2)) qu d*2((Vd)d)u?dx
—# qu (Ld2F)d*+F-2y2x.
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1

Taking d = I'>-#, B > 2, concerning the second term we observe that

a+B-2 a+pB-2

fig, LDF 37 uldx = (F(1 )) P2 42(e) =0, a>2—F, f>2, (4.34)

since T is the fundamental solution of the sub-Laplacian £. Here e = (0,0,0,0) is
1

the identity element of H,. Thus, with d =Tz, B > 2, we obtain

a—2

fH Iz- 3(Vu)u dx = (—y? —y(a+ B — 2))f ['2-8(VI2-# ﬁ)FZ ﬁu dx. (4.35)

Now taking y = Z_T_“ we arrive at (4.31).

Theorem 4.3.2 implies the following uncertainty principles:

Corollary 4.3.3 [Uncertainty principle on H,] Let g > 2. Then for any
u € Cy°(H,) we have
SO 121012 2 B-2\? ST 121012 ?
fy, TERITTER R, Puldx 2 (E2)(f, 17ri i), @4.36)

and also

2

I uldx Jy, Vul*dx 2 (5 (i, uPdx).  (437)

T \vrz= f>’|2

Proof of Corollary 4.3.3. By taking a = 0 in the inequality (31) we
get

2 1
j FﬁWFmﬂuFdxj |Vu|?dx
H H

q q
1

—2\? 21 VI2z-F |2
> ('B—> J F2—3|VF2—/”|2|u|2dxf u|u|2 dx
2 Hg Hgq

r2-#
2

_\2 N
> (57) (B, 1077 Plura)

where we have used the Holder inequality in the last line. This shows (4.36). The
proof of (4.37) is similar.

4.4 Rellich type inequalities on M,

In this section, we present a version of the Rellich inequality on the quaternion
Heisenberg group M.

Theorem 4.4.1 let a€R, f>a>4—p and f>2. Then the
following version of the Rellich inequality is valid:
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a—4 1
r2@-m|Vr2-8lu
LZ(Hq) LZ (Hq)

r2(2 B)

| Lu]

> (B+a—:)(ﬁ—a)

(4.38)

|vr2- ﬁl

for any u € C;°(H,), where V = (X,,X;,X5,X3) is the gradient and L is the
sub-Laplacian on the quaternion Heisenberg group H, as defined in the
introduction.

Proof of Theorem 4.4.1. Adirect calculation shows that

>
=
T
=
I

a-—3 1
S0 XETHP = (= 2) i oxk(rz T =)
2

3
= (a—2)(a - 3)ITF Z XITF| + (- 2158 2 X, <XkF213>

k=0

2

a4 1 3 B-1
= (a=2)(a =3I Thg KT 77| + 200 5, X, (17,7

2

3
as B
= (¢ — 2)(a — 3)I2-P z X, TZF
L@ -1) & N
rz=Fr-1 z (T ZF) (X )
2-p
B+a -4 a—4 2
+22re5 T = (a—2)(a—3)F2 ey |x ree
a—4 Bra—4
(@ = 2)(8 ~ DI Sg (K ITP)KITF) + 202 LT
a—4 Bra—4

= (B +a —4)(a — 2)[F|VI2- B|2 +—Br == [T,

that is,

a—4 L+a—4

LT = (B + a —4)(a — 2)['2-B|VI2- B|2+—Br 2-F LT. (4.39)
As before we can assume that u is real-valued. Multiplying both sides of (4.39) by

u? and integrating over Hy, since T is the fundamental solution of £ and 8 +
a—4 >0, we get

a—4

f uZLFZ 5 dx = (f+a—4)(a - Z)f ['2-8|VI2- B|2 2dx. (4.40)

On the other hand, integrating by parts, we have
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a=2 a-2 a-2
y WL Bdx = [ T2FLu®dx = [, T?-F(2ulu+ 2|Vul|?) dx, (4.41)
q q q

Combining (4.40) and (4.41) we obtain

a—4 1

a-—2
=2 [, T>Puludx + (B +a —4)(a —2) [, T>-F|VI-8|? u?dx
q q

a—2
= Zqu ['2-8|Vu|?dx. (4.42)
By using (4.31) we establish

a—2 a—4 1
=2 [, T>Fuludx + (B +a —4)(a —2) [, T>F|VI8|? |u|?dx
q qa

L+a—4

-2

2 azt 1
) Ju TPIVIT3 |2 u)? da. (4.43)
q

It follows that

a2 a—4 1
— qu [z-fuludx > (B +Z 4) (B 2“) qu [z-F|VI2F|2|u|? dx. (4.44)

On the other hand, for any € > 0 Hoélder's and Young's inequalities give

1
1 a 3
a=2 a=4 1 2 r2-p
—j I2-BuLudx < (j F2—3|VF2—3|2|u|2dx> J —— |Lu|?dx
Hq Hq Hq |yrz-5|2
<ef [5-| V58 |2 |u|2dx +— F—B | Lu|?dx. (4.45)
= Hyg 4e Hq|VF§:FF
Inequalities (4.45) and (4.44) imply that
a
rz-8 a4 1
f ——— |Lul?dx = (—4e* + (B+a—4)(B—a)e) | T2-F|VI2-F|?|u|* dx.
Ha|vr2=§ |2 Ha
Taking € = & +“_:)(ﬁ 9 e arrive at
a
rz-p +a—4)2(B — a)? az4 1
[ ——iupar= CTOZE D [ o
H 16 H

4|VI2-8|2

q
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5 WEIGHTED ANISOTROPIC HARDY AND RELLICH TYPE
INEQUALITIES FOR GENERAL VECTOR FIELDS

This chapter is devoted to the weighted anisotropic Hardy and Rellich type
inequalities with boundary terms for general (real-valued) vector fields. The
consequences recover many previously known results in different settings. The
anisotropic Picone type identities play key roles in our proofs.

Recall the Hardy inequality for Q ¢ R™ stating that

|P

J, IVulPdx > C | %dx, u € CLQ), (5.1)

where V is the Euclidean gradient and p > 1. It has been vastly studied by many
authors and developed in different settings [71] and the references therein.

First, let us review some of the recent results:
- Hardy type inequalities in the setting of the Heisenberg group H" have the
following form

Jon |Vyul?dx > C [, ‘f)—H lul2dx, u € CLHM\{0}),  (5.2)

where Vg is a (horizontal) gradient associated to the sub-Laplacian, y, and p are
a weight function and a suitable distance from the origin, respectively. For example,
Garofalo and Lanconelli in [18, P. 330-334], D'Ambrosio in [35, P. 513-514], Niu,
Zhang and Wang in [72], and others have made a contribution to prove the above
inequality and its extensions in H".

- Hardy type inequalities in the setting of the Carnot group G can be given by
the formula

[ d*|Vyul?dx > C [, d*2|V,d|?|ul?dx, u € C(G\{0), (5.3)

where Vg is the horizontal gradient on G, a € R, and d is a homogeneous norm
associated with a fundamental solution for the sub-Laplacian. For instance, the Hardy
type inequalities on G have been studied by Ruzhansky and Suragan in [61, P.
1815-1816], Kombe in [68, P. 255-256], Goldstein, Kombe and Yener in [71, P.
2015-2016], Wang and Niu in [73].

- Hardy type inequalities in the setting of general vector fields can be presented
in the form

J IVxulPdx > C [ "7(’;—‘5"’ luPdx, u € CL(Q), (5.4)

where Vy:= (X;,...,Xy) and ¢ is any positive weight function. To the best of our
knowledge, D'Ambrosio obtained first versions of Hardy type inequalities for general
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vector fields in [74].
Consider a family of real vector fields {X,}¥-,, N < n, on a smooth manifold
M with dimension n and a volume form dx.

Jo WO VxulPdx = [, HX)|u|Pdx, u € C5(Q),
with the hypothesis
—Vy - (W) |Vxv|P~2Vxv) = H(x)vP ™,

where Vy= (X1, X,, ..., X)) is the associated gradient and v is a function satisfying
the above hypothesis. From this weighted Hardy type inequality, we recover most of
the fundamental Hardy type inequalities including (5.2), (5.3) and (5.4). In Section
5.2, we prove the weighted anisotropic Rellich type inequality for general vector
fields.

5.1 Weighted anisotropic Hardy type inequality

In this section, we obtain the weighted anisotropic Hardy type inequalities for
general (real-valued) vector fields. It will be proved by using the anisotropic Picone
type identity. As consequences, we discover most of the Hardy type inequalities and
the uncertainty principles which are known in the setting of the Euclidean space,
Heisenberg and Carnot groups.

Consider a family of real vector fields {X,}Y_;, N < n, on a smooth manifold
M with dimension n and a volume form dx. Then we say that an open bounded set
Q c M is an admissible domain if its boundary 9Q has no self-intersections, and if
the vector fields {X,}Y_, satisfy

Yi=1 Jo Xifidx = Xi=q [oq fiulXi dx), (5.5)
forall f, €C'()NCAQ),k=1,..,N.
First, we formulate an assumption which is important for presenting some
examples of Theorem 5.1.3 and of other related results:

Assumption Let T, c M be an open set containing y € M such that the
operator

L= Zliv=1 Xiz

has a fundamental solution in T, that is, there exists a function I, € C*(T,\{y})
such that

—LL, =6, in T, (5.6)
where &, is the Dirac §-distribution at .
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We will say that an admissible domain Q is a strongly admissible domain
with y € M if the above assumption is satisfied, Q c T,,, and (5.5) holds for f; =
vX, T, forall v e Cl(Q)nCQ).

Note that the fundamental solution for sums of squares of vector fields
satisfying Hormander's condition was obtained by Sanchez-Calle in [75].

Let us recall several important examples from [31] which satisfy the above
condition:

Example 1 Let M be astratified group with n > 3, and let {X,}¥_, be
the left-invariant vector fields giving the first stratum of M. Then any open bounded
set Q € M with a piecewise smooth simple boundary is strongly admissible.

Example 2 Let M = R™ with n = 3, and let the vector fields X, with
k=1,..,N, N <n, have the following form

0 0
Xi: = Er + Ym=N+1 Agm (X) 9 (5.7)

where a; ,(x) are locally C'“-regular for some 0 < a <1, where C** stands
for the space of functions with X, -derivative in the Holder space C* with respect ot
the control distance defined by these vector fields. Assume that

P .
PPl Ya<isjen A ()[X, X]

forall k=N +1,..,n with ;7 € L (M). Then any open bounded set Q c M =
R™ with a piecewise smooth simple boundary is strongly admissible.

Example 3 More generally, let M = R™ with n > 3. Let the vector fields
X, for k=1,..,N, N < n, satisfy the Hormander commutator condition of step
r = 2. Assume that all the vector fields X, for k=1, ...,N belongto C"*(U) for
some 0<a<1and UcM=R"andif r =2, then we assume a = 1. Then if
X,'s are in the form (7), then any open bounded set O ¢ M = R™ with a piecewise
smooth simple boundary is strongly admissible.

Moreover, let us recall the following analogue of Green's formulae.

Proposition 5.1.1 [Green's formulae] Let 2 ¢ M be an admissible
domain. Let u € C?(@)NC'() and veECI(D)NC(R), then we have the
following analogue of Green's first formula

Jo ((Pv)u+vLu)dx = [, v(Vu,dx), (5.8)
where
\7u = £V=1 (Xl-u)Xl-. (59)

If u,v € C2(02) N CL(N), then we have the following analogue of Green's second
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formula
J, WLy —vLwydx = [, (w(Vv, dx) — v(Vu, dx)). (5.10)
First, we present the anisotropic Picone type identity for vector fields.

Lemma 5.1.2 Let 2 € M be an open set. Let u, v be differentiable a.e. in
N, v>0 ae.in 2 and u = 0. Define

Pi _
R(u,v):=YN, [XulPi-Y¥N X, (#) |X;v|Pi=2X;v, (5.11)
L(u,v): =X, |X'u|pi — Y, Pz = |X v|Pim? X vX;u
+X (i — 1) IX v|Pi, (5.12)

where p; > 1, i =1,..,N. Then
L(u,v) = R(u,v) = 0. (5.13)

In addition, we have L(u,v) =0 a.e.in 2 ifandonly if u =cv a.e. in 2 with a
positive constant c.

Proof of Lemma 5.1.2. First, we show the equality in (5.13) by a direct
computation as follows

N

upi
R(u,v) = z | X;ulPi — Z ’(v—) |X;v|Pi %X,V
z | X;ul?t — Z P, 1|Xv|pl 2XvXu+Z (p;

= L(u,v).

Now we rewrite L(u,v) tosee L(u,v) = 0, that s,

uPi
L(wv) = 2 XeulPi — Z e P X + Z (e = D X0l
i=1
-1
+2 i [XoIP2 (X Xy = XpwXoa)

== Sl +52,

where we denote S; and S, in the following form
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and

upi_l .
Spi= Z Pipi—t [ Xiv P2 (X | X — XivXw).

i=1

Since |X;v||X;u| = X;vX;u we have S, > 0. To check that S; =0 we will use
Young's inequality for a > 0 and b > 0 stating that

ab <4 20 (5.14)
Pi qi

where p; > 1,q; > 1, and %+i= 1 for i =1,...,N. The equality in (5.14) holds
l l 1

if and only if aPi=hb%, je. if a=>bri-1. By setting a = |X;u| and b =
i—1
(1xw1)™ in (5.14), we get

Pi

pi—1 1 ] i—1 Pi—1\p;-1
peleul (21Xe01)" < e |2 el + 22 (2 1xl) ) ] (5.15)

This yields S; = 0 which proves that L(u,v) = S; + S, = 0. It is easy to check that
u = cv implies R(u,v) = 0. Now let us show that L(u,v) =0 implies u = cv.
Dueto u(x) =0 and L(u,v)(xy) = 0,x, € Q, we consider the two cases u(x,) >
0 and u(x,) = 0. For the case u(x,) > 0 we conclude from L(u,v)(x,) =0 that
S; =0 and S, =0.Then S; =0 implies

1X;ul =%|Xl-v|, i=1,..,N, (5.16)
and S, = 0 implies

|XL'U||XL'U| — Xl-le-u = 0, | = 1, ,N (517)

The combination of (5.16) and (5.17) gives

>
2

4

=-=¢, with ¢#0, i=1..,N (5.18)

>
<

i
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Let us denote Q*:= {x € Qu(x) = 0}. If Q" # Q, then suppose that x, €
dQ*. Then there exists a sequence x; & Q* such that x, — x,. In particular,
u(xy) # 0, and hence by the first case we have u(x;) = cv(xy). Passing to the limit
we get u(xy) = cv(xy). Since u(xy) =0 and v(xy) # 0, we get that ¢ = 0. But
then by the first case again, since u = cv and u # 0 in Q\Q*, it is impossible that
c = 0. This contradiction implies that Q* = Q. The proof of Lemma 5.1.2 is
complete.

Now we are ready to obtain the weighted anisotropic Hardy type inequalities
for general vector fields by using the anisotropic Picone type identity.

Theorem 5.1.3 Let 2 ¢ M be an admissible domain. Let W;(x) = 0 and
H;(x) = 0 be functions with i =1, ...,N, such that for a function v € C1(2) n

C(2) and v >0 a.e.in £, we have
=X, (W; ()| X;v|Pi~2X;v) = H;(x)vPi™t, i=1,..,N. (5.19)

Then, for all functions 0 <u € C2(2) N C'(2) and the positive function v €
C1(2) N C(N) satisfying (19), we get
L, W(x)|Xu|pidx>2N J Hi()[ulPidx (5.20)
+3iL1 Jyo o5 == (T (W, (01 Xv|P2Xw), dx),

where V;f = X;fX; and p; > 1,for i =1,...,N.
Remark 5.1.4 Note that if u vanishes on the boundary 9Q and p; = p,
then we have the weighted Hardy type inequalities for general vector fields

o W(IVyulPdx = [ H(x)lulPdx, (5.21)

where Vy:= (Xq, ..., Xy).

Proof of Theorem 5.1.3. Let us give a brief outline of the following
proof. We start by using the property of the anisotropic Picone type identity (5.13),
then we apply the divergence theorem and the hypothesis (5.19), respectively. At the
end, we arrive at (5.20). Thus, we have

0< [, X, W;(x)L(u,v)dx = f >N W(x)R(u v)dx
Ly [ W@l XauPidx = S, [ X, ( =) W, ()| Xv |72 X vdx
L g W(x)|X u|Pidx +Z fQ e =X, (W, (%) | X;v|Pi=2X,v)dx
fag o L W @)X, vl”‘ 2Xv), dx)
o Jy W(x)|X ulPidx — YLy [, Hi(x)uPidx

faﬂ i1 (V (W (x)1X; 17|pl 2X;v),dx),
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where V;f = X;fX;. This completes the proof of Theorem 5.1.3.

Now we present some concrete examples of the weighted anisotropic Hardy
type inequalities (5.20).

Note that examples of the weighted anisotropic Hardy type inequalities on M
will be expressed in terms of the fundamental solution I'=T,(x) in the
assumption. For brevity, we can just write it as T, if we fix some y € M and the
corresponding T, and T,

Corollary 5.1.5 Let 2 ¢ M be an admissible domain. Let @« € R,1 <
pi<B+ai=1.,N,and y > -1, > 2. Thenforall u € C,°(2\{0}) we have

a 1
Ly [ 2R |X, 2BV | X ulPidx >

a-p;
N (”’*Zl p‘) [ IR |X, I B[Pt |uPid. (5.22)
Note that (5.22) is an analogue of the result of Wang and Niu [73], now for

general vector fields.
Remark 5.1.6 By taking y =0 and p; =2 we have the following
inequality

@ _2\2 a-2 S
Jo TFIVxul?dx = B, (F522) [, TRV, M 2 uj?dx,  (5.23)

2

forall u € Cy°(Q2) and where Vy= (X, ..., Xy).
Proof of Corollary 5.1.5. Consider the functions W; and v such that

4

= d%|X;d|” and v = I'7F = d¥, (5.24)

1
where we denote d =T2% and ¢ = —(%) for simplicity. Now we plug

(5.24) in (5.19) to calculate the function H;. Before we need to have the following
computations

Xiv = llel’b_lxl'd,
|X,v|Pi7% = [|Pi~2d W~ D@i=2)| X, d|Pi~?
Wi | Xv|Pi2Xv = |P|Pi-2yd @ - D@1 | X, 4|V +Pi—2 X d.

Also, we get

a a+p-2
N X2 = N, X (XT7F) = ¥, x-(—,;wxr)

a(a+ﬁ—2) a+2f—-4 5 a+f-2
=———FF[ 2-8 XTI’ —F 2-p
G S X 4+ 55T 7 T
_ alat a+2p-4 2-B12
(2 ﬁ)z d 2 =1 |Xd |
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=a(a+p —2)d* 2V |X,d|?. (5.25)

We observe that Y., X?T =0, since I =T, is the fundamental solution to L.
Also, we have

XX d|” = X,((X;d)?)z
= y|X;d|"?X;dX?d
=y(8 — Dd"X,d|" X;d. (5.26)

In the last line, we have used (25) with a = 1. Using (5.25) and (5.26) we compute

X; (Wi Xv|Pim2Xv) = | |Pi2yX;( d*H@- D@D, g Ptz d)
= [YP2P((a + (@ — Dp — D) P D@1 x,q)7+)
HYIP2Y((r + pi — 2)(B — DA WDEDT X, g7
+|1/)|pi_2¢((ﬁ — 1)da+(¢—1)(m—1)—1|Xid|1/+pi)

= [YIP2Y(= + (v + pi — 2)(B — 1))a* PHYPD X d |V

= —|y|Pid*Pi|X;d|V TPiyPi~1

HYIPTAP(y + pi — 2)(B — DA* P X;d | PP

Now we put back the value of 1, then we get

P
_X.(W.lx,vlpi_zX.v) _ |M| d9Pi| X, d |V +PipPi=1

+ |ﬁ+a pl

(D) 1 4y - 2)(B — DA K] P
> |M| d%Pi|X,d |V PipPi=1
> H;(x)vPi~1
So we have satisfied the hypothesis, then we plug the values of functions W, and
a-p;

Hl — |ﬁ+:;_pl| FZ B |X 1"2 Bl}/+pl
i

in (5.20), which completes the proof.
Corollary 5.1.7 Let 2 € M be an admissible domain. Let a,y € R and
a # 0,8 > 2.Thenfor any u € C}(£2) we have

Y+pi

v4p; v 1
ie1 J, T2 F1XulPidx 2 B Ci(a,y,p)P [, T2PIXiI 2B |Pi|uPidx, (5.27)

where C;(a,y,p;): = (“_1)(’”;_.1)_’/_1, p;>1and i=1,..,N.

Note that we recover the result of D'Ambrosio in [74, Theorem 2.7]. Corollary
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5.1.7 is proved with the same approach as the previous case by considering the
functions

Y+D; (a—1)(p;—1)-y-1
W, =T2-F and v = 2=Bp;

Corollary 5.1.8 Let 2 € M be an admissible domain. Let «a € R, > 2,
1<p;<fB+afori=1,..,N. Thenforall u € C;°(2) we have

1
|X;r2-F|Pi

L1 [, T PIXulPrdx 2 By (B, aup) [, T*F -
<1+ p‘(pi—l)(z——ﬁ)>

o [ulPidx, (5.28)

where C;(8,a,p;): = (M)p"_1 (B + Q).

pi—1
Note that a Carnot group version of inequality (5.28) was established by
Goldstein, Kombe and Yener in [71, P. 2015-2016]. Corollary 5.1.8 is proved with

the same approach as the previous cases by considering the functions

_Bta-p;
Pi

a

pi
W; =T2F and v = <1 + F(Pi-l)(Z—ﬁ))

Corollary 5.1.9 Let 2 ¢ M be an admissible domain. Let «a € R, > 2,
1<p;<B+afori=1,..,N.Thenforall u € C;°(2) we have

i a(pi-1)
vl (1 + r(vi-lxz-ﬁ)) 1X;u|Pidx (5.29)
1
| X, 2P P v
Ao 1u7idx.

N
> o | §
i=1 o (1 n r—(m—l)(z—ﬁ)>

i(a—1 pi—1
where C;(8,p; @): = ﬁ(m) .

pi—1
Note that Carnot and Euclidean versions of inequality (5.29) were established

in [71, P. 2015-2016] and [76], respectively. Corollary 5.1.9 is proved with the same
approach as the previous case by considering the functions

1-a

P a(pi—1) pi
Wi = (1 + F(Pi—l)(z—ﬁ)) and v = (1 + F(pi—l)(z—ﬁ))

Corollary 5.1.10 Let 2 ¢ M be an admissible domain. Let g > 2,
a,b>0 and a,yymeR. If ay >0 and ms?. Then for all u € Cy°(2) we
have
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+brEByr +brEByr S
fn = 2m )‘|qu|2dx > C(B,m)? fﬂ (asz)IVXFZ-ﬁ|2|u|2dx
r2-B a r2-pB
2-Byr-1 1
+C(Bmyayb [, o I ufdx, (5.30)
r 2-F

where C(B,m): = B_sz_z and Vy = (Xy, ..., Xy).

Note that Carnot and Euclidean version of inequality (5.30) were established in

[71, P. 2015-2017] and [77], respectively. Corollary 5.1.10 can be proved with the

same approach for p; =2, i =1,...,N, as the previous cases by considering the
functions

a

a+bI2-B)Y _Boam-2
W = % and v=T 2@-p,
rz-#

Theorem 5.1.3 also implies the following uncertainty principles:
Corollary 5.1.11 Let 2 ¢ M be an admissible domain. Let g > 2. Then
forall u € C5°(2) we have

2 2 1 2z
£, lul?dx)” < (fﬂ IVXFZ-B|-2|VXu|2dx) (fﬂ rz—ﬁ|u|2dx). (5.31)

Proof of Corollary 5.1.11. In Theorem 5.1.3, by letting

1 2
W(x) = |Vx[2¢|"2 and v = e~9T* 7,
where a € R, we arrive at

2 1
—4a2j Fﬁ|u|2dx+2a,8f |u|2dx—f |V [2=B|~2|Vyu|?dx < 0.
Q Q Q

It can be noted that above inequality has the form aa? + ba + ¢ < 0 if we denote
by

2
a:= —4 [, [>-Flu|?dx,
b:=2p [ |ul*dx,

and
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1
c:=— [ |VxT2F|72|Vyu|?dx.

Thus, we have b? — 4ac < 0 which proves Corollary 5.1.11.
Corollary 5.1.12 Let 2 ¢ M be an admissible domain. Let g > 2. Then
forall u € C;°(2) we have

2 1 2 1 2
([, IVxuldx) (f, PRI e P ul?dx) 2 5 (f, 10052 |ul?dx) (5.32

Proof of Corollary 5.1.12. Setting

2

W=1and v=e """

where a € R, we have

1 2 1
Jo IVxul?dx = 2aB [ |Vx[2-8|?[ul?dx — 4a? [ T2-B|Vx[2-8|?|u|?dx.

Using the same technique as before we prove Corollary 5.1.12.
Corollary 5.1.13 Let 2 ¢ M be an admissible domain. Let g > 2. Then
forall u € C;°(2) we have

2 1
([, [Vxu|?dx) (fn rﬁ|\7xrﬁ|2|u|2dx) (5.33)
2

(B-1)? S|V o5
> T(fﬂ r 2—ff|l7XF2-ﬁ|2|u|2dx) .

We can prove it with the same approach by considering the following pair

1

W=1and v=e "7,

5.2 Weighted anisotropic Rellich type inequality

In this section, we now present the anisotropic (second order) Picone type
identity. As a byproduct, we obtain the weighted anisotropic Rellich type inequalities
for the general vector fields.

Lemma 5.2.1 Let 2 c G be an open set. Let u, v be twice differentiable
a.e. in 2 and satisfying the following conditions: u >0, v > 0, X?v <0 a.. in
N.Let p; >1, i=1,..,N. Then we have

Li(u,v) =R;(u,v) =0, (5.34)

where
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and

N

N
. up
Rl(u,v):=2 X2 —Z X? (vp 1) IX2v[Pi2x?y,
i=1

i=1

N N
2. 1D UNPTL a2 pi—2
Li(u,v):= E | XiulPi — E D (5) XiuXiv|Xiv|P
i=1 i=1
N o
U Pi
. — 2,|Pi
+§ (pi 1)(v) bed

Zp|PiT2 Xy (Xiu—%Xiv)z.

Z pi(p; —

Proof of Lemma 5.1.2. Adirect computation gives

X} (vp 1) = X; (pi:;)_:Xiu — (i — 1)1;—::)(1'17)

uPi=? (X;u)v-u(X;v) uPi~1

=pipi — D 5= ( - — )Xiu+pimxi2u
7 ((Xjw)v—u(X;v) uPi

P~ D5 ( e )Xiv — (pi — D5 Xy

uPi=2 uPi
= pi(p; - 1)( - ez [Xiv1?)

upi_l

0 e Xiu— (0 — 1) —

=pi(pi — )m(xiu—;xiv) +Pz u—(Pz—l)—

which gives the equality in (5.34). By Young's inequality we have

i—1 . X-Zu 1 uPi .
XZux?y|x2y|pi—? < WO L AW 2 =1, N
pi—14i i i i y ey IV,

q; vPi

where p; > 1 and ¢q; > 1 with = 4+==1. Since Xfv <0,i=1,..,N, we arrive

at

Di qi

N N
Liwv) = ) [XPulPi + z @
i=1 i

N

Z (lXZ |pl 4 1 uPi |X2 |p )
—_ p —_— l
N qvP

i=1

Pi—2 L u 2
X pi(pi — 1)% |XFv|Pi?XPv |Xiu - ;Xiv|
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=3V (pl_l_Pt)vplp(Z |Pi

2
- u
Zv|Pim2X2v | X;u —=X;v| = 0.
v

Zl 1 pl(pi -

This completes the proof of Lemma 5.2.1.
Now we are ready to prove the weighted anisotropic Rellich inequalities.
Theorem 5.2.2 Let 2 ¢ M be an admissible domain. Let W;(x) € C%()
and H;(x) € Lj,.(2) be the nonnegative weight functions. Let v > 0, v € C?(2) N

C1(2) with
XZ(W;(0)|XPv|Pi2X2v) = Hy(x)vP~L, —XZv >0, (5.35)

a.e.in 2, forall i =1,..,N. Then for every 0 <u € C2(2) N C'(2) we have the
following inequality

f H; () lulPidx < BiL, [, W(x)|X2 |Pidx (5.36)
Wy Jon WiGOIXZ0[P2X20(F, (2, dx)

S fyp (o) (W () X0 [Pe2X2), i)

where 1 <p; <N for i =1,...,N,and V;u = X;uX;.

Note that a Carnot group version of Theorem 5.2.2 was obtained by Goldstein,
Kombe and Yener in [78]. Moreover, it should be also noted that the function v
from the assumption (5.35) appears in the boundary terms (5.36), which seems a new
effect unlike known particular cases of Theorem 5.2.2.

Proof of Theorem 5.2.2. Let us give a brief outline of the following
proof as in Theorem 5.2.2. We start by using the property of the anisotropic (second
order) Picone type identity (5.34), then we apply analogue of Green's second formula
from Proposition 1 and the hypothesis (5.35), respectively. Finally, we arrive at
(5.36) by using H;(x) = 0. Thus, we have

0< [, Wi()Li(u,v)dx = [ W(x)Rl(u v)dx
= [o W(olXPulPidx — ], xZ( =) Wi @)1 XPu [P X Pudx

= [, W(0)|XPulPidx — [ = o < X (W, ()| X v Pi~2X Fv) dx
upi
+ [ (weomzorexzu @ () o)
0 vP

upi _ X ,
B <ym—1) (Vi(Wi ()X v|P2X{ ), dx))
< Jo WiCoIXPulPidx — [ Hi(OlulPidx
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2 =232 (L
+ | (weomtvoxie® (

| ) ,dx)
_ (vl;—jj—ll) (VWi ()X v P2 X ), dx))'

In the last line, we have used (5.35) which leads to (5.36).
Let us recall that the operator £ is the sum of squares of vector fields, defined
by
L:=YN_ X2 (5.37)

Corollary 5.2.3 Let 2 ¢ M be an admissible domain. Let § > 2, a €
R, +a >4 and B > «a.Thenforall u € C,°(2\{0}) we have

a
— a—4

J, —o—1Luj2dx = C(B, @) f, |7y ¢ 5|2 [u|2dx, (5.38)

|Vx T2~ Blz

N2
where C(B,a): = (Bra- 41)6(3 Y isin general sharp.

Remark 5.2.4 Note that Kombe [68] proved the sharpness of the constant
appearing above inequality for the Carnot groups.
Proof of Corollary 5.2.3. Let us choose the function W(x) and v
such that
rﬁ e~
W(x) = — and v = I'2-5, (5.39)
|x;T2=F|2

B+a—4

where y = in the case of the Hardy inequality, we use the notation T’ =

d?=# for simplicity, then we get

Y y+B-2
N, X2dY = YN, XPrF = {le(—rwxr)

B
v+2p-4 Y+B-2
= PO e B T + 5T R B,
V(V+B 2)
g}’ dy+2,8 42N1 |Xd2 Bl

=y(y + B —2)d" 2L, 1Xd|.

We observe that Y., X/T =0, since I =T}, is the fundamental solution to L.
Now we can compute the function H(x),

XF(Wi(0)Xv) = XF(y(y + B — 2)d¥+e7?)
=y +B-2)y+a—-2)y+a+p—4H)d" Tt X,d|*
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L+a—4

By putting back y = ——— we have
)4 *‘l?'_ 2= Eé;i
y+a—-2=- %a,
y+a+p—4a=02

Then

XLZ(W(X)XLZU) _ (ﬂ+(21—4)2 (B;a)z d*4|X,d|?v
= H(x)v.

So we have the values of functions W (x) and

which allows to plug them in (5.36) yielding

a
2 N 2R

N

+a—4 -« a4 r2-p
z (ﬁ ) (ﬁz ) frz qrae=dam dx<ZJ—1|Xi2u|2dx.
i=1 Q =1 QlXi[‘ﬁP

Note that the sharpness of the constant was obtained by Kombe [68] in the
setting of the Carnot groups. In this general case, the argument is the same.

The following corollary can be also proved with the same approach as the
above case by setting

a+2p-2
r 2-8 _w
W(x) =————— and v =T r@-p,
|VxT2-F|2p=2

Corollary 5.2.5 Let 2 € M be an admissible domain. Let 1 <p < o0
and 2 =g <a<min{(f—-2)(p—1),(f —2)} Then for all u € C;°(2\{0}) we
have

Fa-EZpﬁz -2
J, ————LulPdx = C(B,a,p)? [, [*#|VxI>~ Bl |lulPdx, (5.40)
VX7 P22

where C(B,a,p): = (E+Z_2) (3—2)(5—1)—(1 is sharp.

Remark 5.2.6 Note that Lian [79] presented the sharpness of the constant
appearing in (5.40) in the case of the Carnot groups.
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CONCLUSION

In this PhD thesis, we have presented the new significant results to the
homogeneous groups, as well as numerous supporting results we believe are
interesting and important in their own right.

Let us review the establishedfb results in this dissertation:

In the first direction, where we study the geometric subelliptic inequalities, we
presented L? and LP versions of the (subelliptic) geometric Hardy inequalities in
half-spaces and convex domains on general stratified groups. As a consequence, we
have derived the Hardy-Sobolev inequality in the half-space on the Heisenberg
group. Moreover, the geometric Hardy inequality on the starshaped sets is
established.

In the second direction, where we focus on the horizontal subelliptic
inequalities, we established the version of horizontal weighted Hardy-Rellich type
inequalities on the stratified Lie groups [80], as the result of this inequality Sobolev
type spaces are defined on stratified Lie groups and the embedding theorems are
proved for these functional spaces [81-82]. Also, we have obtained the subelliptic
Picone type identities, as a result, we proved the Hardy and Rellich type inequalities
for the anisotropic p-sub-Laplacians [83]. Moreover, analogues of Hardy type
inequalities with multiple singularities and many-particle Hardy type inequalities are
obtained on the stratified groups.

In the third direction, where we investigate on the subelliptic inequalities with
the sub-Laplacian fundamental solution, we obtained the generalised weighted
LP -Hardy, LP-Rellich, and LP -Caffarelli-Kohn-Nirenberg type inequalities with
boundary terms on the stratified groups. As consequences, most of the Hardy type
inequalities and the Heisenberg-Pauli-Weyl type uncertainty principles on the
stratified groups are recovered. Moreover, a weighted L?-Rellich type inequality with
the boundary term is obtained. We also present Hardy and Rellich inequalities for the
sub-Laplacians in terms of their fundamental solutions on the quaternion Heisenberg

group.
In the fourth direction, we established the weighted anisotropic Hardy and
Rellich type inequalities with boundary terms for general (real-valued) vector fields.

As consequences, we derive new as well as many of the fundamental Hardy and
Rellich type inequalities which are known in different settings [84-87].
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