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Let O < p < 1. Consider
Mu(z,t) = Au(z,t), z€QcC RN, t>0, (1)

ou(x,t) _

Bu(x,t) = 5
n

0, €0, t>0, (2)

imof u(e,t) = p(a), 2€Q,  (3)

where n is the unit outward normal vector of
0C2. This is Direct or Forward problem.



Consider the spectral problem
—ANv(x) = Mw(x), x € ;

Bv(x) =0, x¢€ 0.

This problem has a complete in L>(£2) set of
orthonormal eigenfunctions {v;(x)} and a count-
able set of nonnegative eigenvalues {\.}. Note
A1 =0, vi(z) = Q|72

O.A. Ladyjinskaya, Mixed problem for a hyper-
bolic equation. Gostexizdat (1953).



Fractional integration in the Riemann - Liou-
ville sense of order p < O:

t

1 £(6)
(=p) | (=&

The Riemann - Liouville fractional derivative
of order p, k—1 < p < k:
dk

off(8) = — w0 " f (D).

g, t>0,

orf(t) =

The Caputo:

_p dF
DYf(t) = 0f "~ f ().



Under certain conditions on initial function ¢
the solution of (1)-(3) exists and is unique:

u(x,t; p).

The purpose of this paper is not only to find
the solution u(x,t), but also to determine the
order p € (0,1) of the time derivative.

To do this one needs an extra condition.



Using the classical Fourier method, we prove
that the only condition

f(pito) = [u(zto)de =do, ~ (4)
Q
where tg > 1 is an observation time, recovers
the order p € (0,1), and if {ui(x,t),p1} and
{ups(x,t), po}, then uqi(x,t) = upx(x,t) and p; =
p2.

The quantity f(p;tg) = the projection of the
solution wu(x,tg) onto the first eigenfunction.
Remember: vq(z) = |Q|71/2.



Abdallah El Hamidi and Ali Tfayli. Identifica-
tion of the derivative order in fractional differ-
ential equations. Received: 18 July 2019 DOI.:
10.1002/mma.6175.

The author showed, that 8%(;) satisfies the

same problem as wu(p) does, but with other
source terms.

PhD student of prof. Mokhtar Kirane



Problem (1)-(3), (4) is an important type of
iInverse problems, namely to determining of
the order of fractional derivative in a subdif-
fusion equation. Usually the extra conditions
has the form

u(zg,t) =d(t), 0 <t <T,
at a monitoring point zg € Q.
The uniqueness (note, this is very important
from application point of view) for this inverse

problem have been studied by a number of au-
thors.
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[1] J. Cheng, J. Nakagawa, M. Yamamoto, T.
Yamazaki, Uniqueness in an inverse problem
for a one-dimensional fractional diffusion equa-
tion. Inverse Prob. 4 (2009), 1-25.

The first mathematical result for the coeffi-
cient inverse problem for a fractional differen-
tial equation.

[2] S. Tatar, S. Ulusoy, A uniqueness result for
an inverse problem in a space-time fractional
diffusion equation. Electron. J. Differ. Equ.,
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time-fractional derivatives of diffusion equa-
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[4] Z. Li, Y. Luchko, M. Yamamoto, Analyt-
icity of solutions to a distributed order time-
fractional diffusion equation and its application
to an inverse problem. Comput. Math. Appl.,
73 (2017), 1041-1052.
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[5] X. Zheng, J. Cheng, H. Wang, Uniqueness
of determining the variable fractional order in
variable-order time-fractional diffusion equa-
tions. Inverse problems. 35 (2019), 1-11.

The main result of this work is based on Lemma
4.1.

But in our opinion, this lemma is question-
able. We constructed a counterexample and
sent to the authors. (There exist functions
whose Fourier series converge to zero in a cer-
tain region, but not all Fourier coefficients are
zero).
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[6] Y. Hatano, J. Nakagawa, S. Wang, M. Ya-
mamoto, Determination of order in fractional
diffusion equation, J. Math-for-Ind., 5A (2013),
51-57.

If u(x,0) = ¢ € C5°(£2) and Ap(xp) # 0, then

p = Jim [t0u(z0, Dlu(zo,t) ~ p(0))

Prof. Karimov sent: Mirko D’Ovidio, Paola
Loreti, Alireza Momenzadeh, Sima Sarv Ahrabi
Determination of order in linear fractional dif-
ferential equations Fract. Calc. Appl. Anal.,
Vol. 21, No 4 (2018), pp. 937948.
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A survey paper: [7] Z. Li, Y. Liu, M. Ya-
mamoto, Inverse problems of determining pa-
rameters of the fractional partial differential
equations. Handbook of fractional calculus
with applications. 2, DeGruyter (2019). pp.
431- 442,
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The paper

[8] Janno, J. Determination of the order of
fractional derivative and a kernel in an inverse
problem for a generalized time-fractional diffu-
sion equation. Electronic J. Differential Equa-
tions V. 216(2016), pp. 1-28.

deals with the existence problem. The author
considered a time-fractional diffusion equation
with Caputo derivatives of order 0 < p < 1.
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Giving an extra boundary condition Bu(-,t) =
h(t),0 < t < T the author succeeded to prove
the existence theorem for determining the or-
der of the derivative and the kernel of the
integral operator in the equation.
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Q = (x1,x2), and zg € [x1,z2]. Additional in-
formation:

1) u(xp,t) =d(t), t € (0,T)

2) uz(xzo,t) +a-ul(xg,t) =d(t), t € (0,T)

3) /k(m)u(az, Hde = d(t), t € (0,T).

Our result shows, if we take k(x) = v1(x), only
d(tg) recovers the order p.
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Our result gives a positive answer to the ques-
tion posed in review article

[7] Li, Z., Liu, Y., Yamamoto, M. Inverse prob-
lems of determining parameters of the frac-
tional partial differential equations, Handbook
of fractional calculus with applications. V. 2.
DeGruyter. 2019. pp. 431- 442.

"It would be interesting to investigate inverse
problem by the value of the solution at a
fixed time as the observation data” (Conclu-
sions and Open Problems section).
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We pass to a rigorous statement of the result.

Definition. A pair {u(z,t), p} of the function
u(x,t) and the parameter p with the properties

p€(0,1),
Ou(x,t), Au(z,t) € C(2 x (0,00)),

8P tu(z,t) € C( x [0,00))

is called the solution of inverse problem (1) -

(3), (4).

Function u(x,t) with these properties is called
the solution of forward problem (1) - (3).

20



Let the initial function satisfy the following
conditions:

o(z) € Cl2l (), (5)
D() € Lo(Q), ol =[] +1, (6)
and on the boundary x € 0X2
Bp(x) = BAp(x) =--- = BA L%Jgp(az) = 0.

(7)
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Theorem. (Direct Problem). Let conditions
(5) - (7) be satisfied. Then there exists a
unique solution of the forward problem (1) -
(3) and it has the representation

w(z, t) = Y oitP By o(—\tP)vi(x),  (8)
j=1

which absolutely and uniformly converges on
x € Q for each t € (0,T].
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Theorem. (Inverse Problem). Let function
o(x) satisfy the conditions (5) - (7) and p1 #=
0. Then inverse problem (1) - (3), (4) has a
unique solution {u(x,t), p} if and only if

d
0< -2 <1. (9)
P1

Remember:

f(pito) = [ ula,to)dw = do.
Vi
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Proof of Theorem (Direct problem).
©.@)
uw(z,t) = Y Tj(t)vj(z), t>0, z€,
j=1
for T;(t) we have
p __ : p—1 _
875 TJ —+ )\]TJ = 0, t||l’Tg) 8t T](t) = ©;.
It is known:
Tj(t) = jtP~ Ep p(=Ajth),
where E, , is the Mittag-Leffler function

o0 tk

Eon®) = 2 c gy

24



Lemma. Leto>1-+ %. Then for any multi-
index o satisfying |a| < 2 the operator D*(A +
I)~9 (completely) continuously maps the space
L>(2) into C(2), and moreover, the following
estimate holds

ID*(A~+ 1" gllce) < CllgllL, (o)

Krasnoselski, M.A., Zabreyko, P.P., Pustilnik,
E.I., Sobolevski, P.S. Integral operators in the

spaces of integrable functions (in Russian), M.
NAUKA (1966).

(Based on the Coercivity inequality.)
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Suppose that for some = > % ;

S (A +1)2T|p;]? < Cp<oo.  (10)
1

Consider the sum
k

Sp(x,t) = 3 vi(@x)pt? "L Ep p(—M\itP).
j=1
Since (A + I)_T_lvj(a:) =\ + 1)_7_1vj(a:),
Sp(z,t) =

k
(A+D)"™ 1 S wi(@) (N +1) T it E, ,(—AtP).
j=1

26



Therefore, by virtue of Lemma , one has
1D*SHlc(q) = IID*(A+ )77 1x
& 1 1
x > vi(@)(Nj + DT ot E, o(— 2t o)
J=1
k

<C| > vj(w)(Aj-l-1)T+190jtp_1Ep,p(_)\jtp)||L2(Q)-
=1

Sincer>%, then O'=1—|—7'>1—|—%.
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Using the orthonormality of the system {v;},
we have

k
2
<C > ‘(Aj + 1)T+190jtp_1Ep,p(—)\jtp)‘ :
J=1
For the Mittag-Leffler function with a negative
argument we have an estimate

C

—— t>0.
1+t

[Ep,p(—1)| <

28



k
_ 2
Z |(>\j+1)7+190jtp 1Ep,p(_)\jtp)‘
j=1
_ 2
= > ‘()\j+1)7+190jt'0 lEp,p(—Ajtp)‘
)\j<t_p

_ 2
+ > ‘(Aj-l-l)T_l_lSOjtp 1Ep,p(—>\jtp)‘
)\j>t_p

k
<Ct2(1+17)% S (N + 1) g2
j=1

< Ct72(1 + TP)?Cy.
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V.A. II'in, On the solvability of mixed prob-
lems for hyperbolic and parabolic equations.
Russian Math. Surveys, 1960.:

o(z) € Cl2)(Q),
N

D(x) € L2(Q), ol = || +1,
and on the boundary z € 92
ki
Bo(x) = BAp(x) = -+ = BAL*1lp(x) = 0.

then for some 7 > % :

oo

>N+ 1| < Cp < oo
1
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Proof of Theorem (Inverse problem).

Lemma. Ifypq #= 0, then f(p;tg) as a function
of p € (0,1) is strictly monotone. Moreover

piT-o f(pito) =0, f(1;tg) =¢1.  (11)

Remember:

f(pito) = [ ula,to)dw = do.
i
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Remember:

@)
w(z,t) = Y pitP LE, p(—\t")vi (),

1=1

and v1(z) = ||7Y/2; f(p;to) = [ ulz, tg)dz.
Q

{vj(x)} - orthonormal and A; = O, then

1
p1th

SO

f(p;i to) = p1th 1 Ep p(0) =

32



Let W(p) be the logarithmic derivative of the
gamma function F'(p). Then T (p) =T (p)W(p),
and for p € (0,1) we have I'(p) > 0 and WV (p) <
0. Therefore,

d (8! _th 1
(o) = eyl ve] >0

for tg > 1. Thus function f(p;tg) inCreases or
decreases depending on sign of 1.

Bateman H. Higher transcendental functions,
McGraw-Hill (1953).
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Existence of p, which satisfies condition

f(pito) = [ ula, to)vr (z)de = do.

Q
—1
~1 P1th
f(pito) = p1th " Epp(0) = = dp.
0 hr (p)
Remember:
lim ' tg) = 0O, 1:tg) = .
p_>+of(/0 0) f(1,t0) =1
Therefore:
[ u(x, tg)dx
0<% <1

¥1
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[1] R. Ashurov, S. Umarov. Determination of
the order of fractional derivative for subdiffu-
sion equations. arXiv:submit/3190665[math-
ph]22 May 2020.

Olu(x,t) + L(z, D)u(z,t) =0,0< p< 1, R—1L,
Q c RN, Classical solution. u(x,t) =7, p =7.

Condition: Ay =0, dg = (u(x,tg),v1), to > 1.

d
0<-2<1. (14)
01
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[2] R. Ashurov, Y. Fayziev. Unique-
ness and existence for inverse prob-
lem of determining an order of time-
fractional derivative of subdiffusion equation.
arXiv:submit/3213311[math.AP]6 Jun 2020

Olu(x,t) + A(z, D)u(z,t) = f(z,t), 0 < p < 1,
R— L,

Q c RN, Classical solution. u(z,t) =7, p =7.

Condition: Ay = 0.
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S. Agmon considered the following spectral
problem
(A(z, D)v(z) = M(z), z€Q;

Bjv(z) = Y bgj(@)D%(z) =0, (15)

la|<m;

7\

\Ogmjgm—l,j=1,2,...,l;336(9{2.

condition (A)) = {vi(x)}7>, and X exist.

Agmon, S. On the eigenfunctions and on the
eigenvalues of general elliptic boundary value
problems, Comm. Pure and Appl. Math.
15(1962), pp. 119-141.
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Ofu(x,t) + Az, D)u(z, t) = f(z,t),  (16)
Bju(z,t) =0,5=1,2,...,1;, € 0%, (17)

tlirr(l) 85_1u(:13,t) = o(x), =z€. (18)

[ ula toyvr(@)de = do,  to>To,  (19)
Q

(

27 901'f1207

|901|}
,—— ¢, p1 - f1 <O.
| f1]

To=<

5-max{1

\
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Theorem. Let T > % and
¢ € D(AT);
t1=Pf(x,t) € D(A7), t € [0,T]

F(t) = 5P| A7 f (2, 8)||1,02) € CIO, T].

Moreover, let tg > 1y be any fixed number and

A1 =0, f1 = constant, 90% + f12 =+ 0.

Then inverse problem (16)- (19) has a unique
classical solution {u(x,t), p} if and only if

min{f1,e1 + tof1} < do < max{fi,¢1+tof1}
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[3] R. Ashurov. Inverse  problems
of determining an order of time-
fractional derivative for a wave equation.
arXiv:submit/3213310[math.AP]6 Jun 2020

8fu(t) + Au(t) = f(t), 1<p<?2, R-1L,
A : H — H (selfadjoint; bounded or un-
bounded), Classical and generalized solutions.

u(t) =7, p="7.

Condition A1 = 0.
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Consider the problem:
ou(t) + Au(t) = f(t), 0<t<T, (20)

mor %u(t) =+, (21)

. —1 .
lim 0P “uw(t) = ¢, i
t—0 t ( ) 14 t—0

(u(to),v1) =do, to>To. (22)
( 27 P11 - ¢1 2 07
Th = ¢
0 2-max{1,M}, p1 - Y1 < 0.
\ 1]

41



Theorem. Lettg> 1y and

A1 =0, fi(t)=0, ¢7+¢7#0.
Then 3 unique {u(x,t), p} if and only if

min{e1, e1to + Y1} < do < max{y1,p1to + Y1}
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This result can be interpreted as follows. The
vibration of the string is usually perceived by
us by the sound made by the string. The
sound of a string is an overlay of simple tones
corresponding to standing waves into which
the vibration decomposes. The above result
states: having heard only the first standing
wave, one may uniquely determine the musi-
cal instrument, which is sending this wave.
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[9] Zhiyuan Li and Zhidong Zhang. Unique
determination of fractional order and
source term in a fractional diffusion
equation from sparse boundary  data.
arXiv:2003.10927v1[math.AP]24 Mar 2020.

K
f(z) = k;pk(af)xte[%_l,%)- 1/2 < p< 1=

? and f(x) =7. Extra data: %(az,t}, t €
(0,00), z € X, C 0L2.
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"The order p can reflect some of the inhomo-
geneity of the medium, which with the source
term usually can not be measured straightfor-
wardly” .
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[4] R. Ashurov, Y. Fayziev. Determination of
fractional order and source term in a fractional
subdiffusion equation.

Olu(z,t) + A(z, D)u(z,t) = f(z), 0 < p < 1,
R — L,

Q c RN, Classical solution. w(z,t) =7,
f(z) =7, p=7.

Condition: A1 =0, (u(z,tg),v1(x)) = dp,

tll_l’% 85_1u(aj,t) = o(x), u(x, T) = yY(x).
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Conditions:

01+ ¢f # 0.

If 1 -1 <0, then tg € (1,T) and otherwise
to € (1,T) and

(1, L T) if s,
Y1 Y1
to € « 01
<(2(InT—|—1)— TT> if “L.7<1.
(01
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Theorem. Then 3 unique {u(x,t), f(x),p} if
and only if

. to] to¢1}
min : 1 —— — d
{@Dl 901[ T T <dp <

towl} |

<maxfon. o [1-19] 4 0
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[5] Sh. Alimov, R. Ashurov. Inverse problems
of determining an order of the Caputo time-
fractional derivative for a subdiffusion equa-
tion. arXiv:isubmit/3214612[math.AP]7 Jun

2020

Diu(t) + Au(t) = f(t), 0 < p < 1, Caputo,

A : H — H, Generalized solutions. u(t) =7,
p="7.

No need of condition \;{ = 0.

Nonhomogeneous boundary conditions.
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A H — H selfadjoint operator in H. By von
Neumann’s spectral theorem,

oo
A = /AdP)\, u> 0.
Lt

where for a partition {P,} of unity one has

lim ||Py\u —u|| =0, ué€H.
A—00
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Consider the Cauchy type problem:

Diu(t) + Au(t) =0, 0<t<T, (23)

u(0) = ¢, (24)

where ¢ is given vector in H.
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Example 1. A= —A in L>(R"). Spectrum is
continuous.

Example 2. N-dimensional quadratic matrix
A = {a;;}};—; and H = R". Problem (23),
(24) = the Cauchy problem for a linear system
of fractional differential equations.

Example 3. A1 is compact. In this case the
spectrum is

p=2A1 < A2 <
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Physical examples, discussed in

Ruzhansky M., Tokmagambetov N., Torebek
B.T. Inverse source problems for positive op-
erators. I. Hypoelliptic diffusion and subdiffu-
sion equations. // J. Inverse Ill-Possed Probil.
2019. V. 27. P. 891-911.

Example 3.1. Fractional Sturm-Liouville
operators,

Example 3.2. Differential models with invo-
lution,

Example 3.3. Fractional Laplacians....
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Extra data:

W (to, p) = (Au(to), u(to)) = [|AZu(to)||* = do.

(25)
Let u > 14 In2 and for any tg > 2, such that
to < et 1 set

1/3
po = (1 +/Jnt0> <1. (26)

Lemma. For any ¢ € H function W{(tg, p) is
monotonously decreasing with respect to p €

[/007 1]
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Theorem. Letthe number W* satisfy the con-
dition
Wi(tg,1) < W* < W(to, po)-

Then there exists the unique number p* € [pg, 1]
such that the solution u(t) of problem (23),
(24) with p = p* satisfies the equation

1
|AZu(tp)||? = W*.
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Let & : R+ — R, continuous function such
that, if

d(A)u(t) = / SN dPyu(t),
L

then D(®(A)) C D(A). Extra data:

W (to, p) = ||P(A)u(to)l|* = do, (27)

where tg is a fixed time instant.

Example 1. ®()\) = 1, then W(t, p) = ||u(t)]|?.
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In the Conclusions and Open Problems section
of

[7] Li, Z., Liu, Y., Yamamoto, M. Inverse prob-
lems of determining parameters of the frac-
tional partial differential equations, Handbook
of fractional calculus with applications. V. 2.
DeGruyter. 2019. pp. 431- 442.

"The studies on inverse problems of the recov-
ery of the fractional orders are far from sat-
isfactory since all the publications either as-
sumed the homogeneous boundary condi-
tion....”
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Nonhomogeneous boundary condition:

( Diu(z,t) — Au(z,t) =0, z€, t>0;
u(x,t) =cg, x € 02, t > 0;

| u(z,0) =¢¥(z), =€,

N\

(28)
where ¢ - constant, (z) is a given function.
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Thank you for your attention!

60



[1] R. Ashurov, A. Muhiddinova. Initial-
boundary value problem for a time-fractional
subdiffusion equation with an arbitrary elliptic
differential operator.
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Q c RN, Classical solution. u(z,t) =7
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lem for determining of a source function for
subdiffusion equation.

Olu(x,t) + A(z, D)u(z,t) = f(z), 0 < p < 1,
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Q < RN, Classical solution. w(z,t) =7,

flx) =7.
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