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Abstract

We present the sharp Lp-estimates for pseudo-
differential operators on arbitrary graded Lie
groups proved by the authors in [1]. The re-
sults are presented within the setting of the global
symbolic calculus on graded Lie groups by using
the Fourier analysis associated to every graded
Lie group which extends the usual one due to
Hörmander on Rn. The main result extends the
classical Fefferman’s sharp theorem on the Lp-
boundedness of pseudo-differential operators for
Hörmander classes on Rn to general graded Lie
groups, also adding the borderline ρ = δ.

Introduction
•The investigation of the Lp boundedness of
pseudo-differential operators is a crucial task
for a large variety of problems in mathematical
analysis and its applications, mainly due to its
consequences for the regularity, approximation
and existence of solutions on Lp-Sobolev
spaces.
•There is an extensive literature on the subject,
in particular, devoted to operators associated
with symbols belonging to the Hörmander
classes Smρ,δ(Rn × Rn), (see for instance, J.J.
Kohn and L. Nirenberg [5], L. Hörmander [4]
and C. Fefferman [2]).
•Our main goal is to extend a classical and
sharp result by C. Fefferman [2] and to provide
a critical order for the Lp-boundendess of
pseudo-differential operators on graded Lie
groups based on the quantization procedure
developed by the third author and V. Fischer
in [3].
•Our main estimate recover the sharp Fefferman
theorem on Rn, adding the critical case ρ = δ.

Fourier analysis on nilpotent Lie
groups

•Let G be a simply connected nilpotent Lie group
and let ̂

G be its unitary dual.
•Let expG : g→ G, be the exponential mapping
on G. The Schwartz class on G, is defined by
those f ∈ C∞(G), such that f ◦ expG ∈ S (g),
with g ' Rdim(G).
The Fourier transform of f ∈ S (G), at π ∈ ̂

G, is
defined by:

Pseudo-differential operators on
graded Lie groups

•Roughly speaking, a pseudo-differential
operator is a continuous linear operator on
S (G), defined by the (quantization) formula:

In such a case, we say that σ is the symbol
associated with Op(σ). We have denoted by
dµ(π) the Plancherel measure on ̂

G.

•A Rockland operator is a left-invariant
differential operator R which is homogeneous
of positive degree ν = νR and such that, for
every unitary irreducible non-trivial
representation π ∈ ̂

G, π(R) is injective on
H∞π ; σR(π) = π(R) is the symbol associated
to R.
• It can be shown that a Lie group G is graded
if and only if there exists a differential
Rockland operator on G.
•The basic example of graded Lie group is the
Heisenberg group Hn.

Lp-Lp, H1-L1 and L∞-BMO-boundedness of pseudo-differential operators

Theorem (Fefferman type estimates on Graded Lie groups)

Let G be a graded Lie group of homogeneous dimension Q. Let A ≡ Op(σ) : C∞(G) → D
′(G) be a

pseudo-differential operator with symbol σ ∈ S−mρ,δ (G× ̂
G), 0 ≤ δ ≤ ρ ≤ 1, δ 6= 1. Then,

• (a) if m = Q(1−ρ)
2 , then A extends to a bounded operator from L∞(G) to BMO(G), from the Hardy

space H1(G) to L1(G), and from Lp(G) to Lp(G) for all 1 < p <∞.
• (b) If m ≥ mp := Q(1− ρ)
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∣∣∣∣∣∣∣∣∣ , 1 < p <∞, then A extends to a bounded operator from Lp(G)
into Lp(G).

Hörmander classes on graded Lie
groups

Hörmander classes on the phase space G × ̂
G can

be defined by using Rockland operators. Indeed,
the Hörmander class of order m, and of type (ρ, δ),
Smρ,δ(G×

̂
G), is defined by those symbols σ satisfying

symbol inequalities of the kind:
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