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Notation of fractional integral derivatives and Riemann-Liouville
and Caputo fractional derivatives:

I βw(t) =

∫ t

0

(t − τ)β−1

Γ(β)
w(τ)dτ,

RDβw(t) =
d

dt

∫ t

0

(t − τ)−β

Γ(1− β)
w(τ)dτ,

CDβw(t) =

∫ t

0

(t − τ)−β

Γ(1− β)
w ′(τ)dτ,

where 0 < β < 1.
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Fractional diffusion equation in Riemann-Liouville form:

ut(t, x) = RD1−β(λ∆u)(t, x) + Q(t, x),

where λ > 0, ∆ is the Laplacian and Q is the source term.

The same equation in Caputo form:

CDβu(t, x) = λ∆u(t, x) + F (t, x), where F = I 1−βQ.
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Let Q have the form

Q(t, x) = q(t)f (x).

Then
F (t, x) = I 1−βq(t)f (x).
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Let Ω ⊂ Rm be open bounded domain. Direct problem:

CDβu(t, x) = λ∆u(t, x) + I 1−βq(t)f (x), t ∈ (0,T ), x ∈ Ω,

u(t, x) = 0, t ∈ (0,T ), x ∈ ∂Ω,

u(0, x) = ϕ(x), x ∈ Ω.

(1)

Final overdetermination condition:

u(T , x) = ψ(x), x ∈ Ω. (2)

IP1. Given β, λ, f , ϕ, ψ, find q such that the solution u of (1)
satisfies (2).
IP2. Given λ, f , ϕ, ψ, find β, q such that the solution u of (1)
satisfies (2).
IP3. Given β, f , ϕ, ψ, find λ, q such that the solution u of (1)
satisfies (2).
IP4. Given f , ϕ, ψ, find β, λ, q such that the solution u of (1)
satisfies (2).
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I am going to present a sketch of proof of uniqueness for these
inverse problems.

Eigenvalues and eigenfunctions of −∆:

−∆vk(x) = µkvk(x), x ∈ Ω, vk(x) = 0, x ∈ ∂Ω,

It holds 0 < µ1 ≤ µ2 ≤ . . ., µk →∞
and vk , k ∈ N constitute a complete orthonormal system in L2(Ω).

Eigenvalues and eigenfunctions of −λ∆:

−λ∆vk(x) = λkvk(x), x ∈ Ω, vk(x) = 0, x ∈ ∂Ω.

It holds
λk = λµk .
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Expansions of data and state function u:

f (x) =
∞∑
k=1

fkvk(x),

ϕ(x) =
∞∑
k=1

ϕkvk(x),

ψ(x) =
∞∑
k=1

ψkvk(x),

u(t, x) =
∞∑
k=1

uk(t)vk(x).
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The Fourier coefficients of u are expressed as

uk(t) = ϕkEβ(−λktβ) + fk

∫ t

0
(t − τ)β−1Eβ,β(−λk(t − τ)β)I 1−βq(τ)dτ,

t ∈ (0,T ), k ∈ N.

This can be transformed to

uk(t) = ϕkEβ(−λktβ) + fk

∫ t

0
Eβ(−λk(t − τ)β)q(τ)dτ,

t ∈ (0,T ), k ∈ N.

Taking the final conditions

uk(T ) = ψk , k ∈ N

into account we obtain the following basic relations:

ψk = ϕkEβ(−λkT β) + fk

∫ T

0
Eβ(−λk(T − τ)β)q(τ)dτ, k ∈ N. (3)
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Treatment of IP1 (there q - unknown). IP1 is a linear problem.
To prove the uniqueness, we have to show that

ϕ(x) ≡ 0, ψ(x) ≡ 0 ⇒ q(t) ≡ 0.

Let ϕ(x) ≡ 0, ψ(x) ≡ 0. Then from basic relations we have

fk

∫ T

0
Eβ(−λk(T − τ)β)q(τ)dτ = 0, k ∈ N. (4)

Assume that there exists a subsequence ki , i ∈ N, such that

fki 6= 0, i ∈ N.

Then ∫ T

0
Eβ(−λki (T − τ)β)q(τ)dτ = 0, i ∈ N. (5)
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Next we introduce the following restriction for q:

∃δ ∈ (0,T ) : q(t) = 0, t ∈ (T − δ,T ).

Moreover, let q ∈ L2(0,T − δ).

Then ∫ T−δ

0
Eβ(−λki (T − τ)β)q(τ)dτ = 0, i ∈ N. (6)

We use the asymptotics of Mittag-Leffler function

Eβ(−z) = −
N∑

n=1

(−1)n

Γ(1− nβ)zn
+O

(
1

zN+1

)
as z →∞, N ∈ N.
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Then we obtain

0 = −
N∑

n=1

(−1)n

λnki

1

Γ(1− nβ)

∫ T−δ

0

q(τ)

(T − τ)nβ
dτ + O

(
1

λN+1
ki

)
(7)

as i →∞, N ∈ N.

Multiplying (7) by λki and passing to the limit i →∞ we obtain

1

Γ(1− β)

∫ T−δ

0

q(τ)

(T − τ)β
dτ = 0.

This means that the 1st addend under the sum in (7) is 0.
Multiplying (7) by λ2

ki
and passing to the limit i →∞ we obtain

1

Γ(1− 2β)

∫ T−δ

0

q(τ)

(T − τ)2β
dτ = 0.

Continuing this process we deduce the relations

1

Γ(1− nβ)

∫ T−δ

0

q(τ)

(T − τ)nβ
dτ = 0, n ∈ N. (8)
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Some relations

1

Γ(1− nβ)

∫ T−δ

0

q(τ)

(T − τ)nβ
dτ = 0, n ∈ N

may not be useful.
Since the gamma function has poles at nonpositive integers, it
holds

1

Γ(1− nβ)
= 0 if 1− nβ ∈ {0;−1;−2; . . .}.

Therefore, we consider separately two cases:

β ∈ (0, 1) \Q and β ∈ (0, 1) ∩Q.
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Firstly, let β ∈ (0, 1) \Q. Then 1
Γ(1−nβ) 6= 0, n ∈ N, hence∫ T−δ

0

q(τ)

(T − τ)nβ
dτ = 0, n ∈ N.

The change of variable s = 1
(T−τ)β

under the integral yields

∫ 1

δβ

1

Tβ

sns−
1
β
−1q(T − s−

1
β )ds = 0, n ∈ N.

Therefore,∫ 1

δβ

1

Tβ

snv(s)ds = 0, n ∈ {0} ∪ N, v(s) = s−
1
β q(T − s−

1
β ).
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Consequently,∫ 1

δβ

1

Tβ

P(s)v(s)ds = 0, for any polynomial P.

Set of polynomials is dense in L2( 1
Tβ ,

1
δβ

). Therefore,∫ 1

δβ

1

Tβ

η(s)v(s)ds = 0, for any η ∈ L2( 1
Tβ ,

1
δβ

).

Consequently, v(s) ≡ 0

This implies q(t) ≡ 0.
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Secondly, let β ∈ (0, 1) ∩Q. Then

∃l1, l2 ∈ N : β =
l1
l2
.

It holds 1− nβ ∈ {0;−1;−2; . . .} for n = n′l2, n′ ∈ N.
Therefore,

1

Γ(1− nβ)
= 0, n = n′l2, n′ ∈ N.

But 1− nβ 6∈ {0;−1;−2; . . .} for n = n′l2 + 1, n′ ∈ N.
Therefore,

1

Γ(1− nβ)
6= 0, n = n′l2 + 1, n′ ∈ N.

So we pick up the basic relations with such n:

1

Γ(1− n′l1 − β)

∫ T−δ

0

q(τ)

(T − τ)n′l1+β
dτ = 0, n′ ∈ N.
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We obtain ∫ T−δ

0

q(τ)

(T − τ)n′l1+β
dτ = 0, n′ ∈ N.

The change of variable s = 1
(T−τ)l1

under the integral yields

∫ 1

δl1

1

Tl1

sn
′
s

β−1
l1
−1

q(T − s
− 1

l1 )ds = 0, n′ ∈ N.

Therefore,∫ 1

δl1

1

Tl1

sn
′
v(s)ds = 0, n′ ∈ {0} ∪ N, v(s) = s

β−1
l1 q(T − s

− 1
l1 ).

The proof can be finished as in the previous case

Janno



We obtain ∫ T−δ

0

q(τ)

(T − τ)n′l1+β
dτ = 0, n′ ∈ N.

The change of variable s = 1
(T−τ)l1

under the integral yields

∫ 1

δl1

1

Tl1

sn
′
s

β−1
l1
−1

q(T − s
− 1

l1 )ds = 0, n′ ∈ N.

Therefore,∫ 1

δl1

1

Tl1

sn
′
v(s)ds = 0, n′ ∈ {0} ∪ N, v(s) = s

β−1
l1 q(T − s

− 1
l1 ).

The proof can be finished as in the previous case

Janno



We obtain ∫ T−δ

0

q(τ)

(T − τ)n′l1+β
dτ = 0, n′ ∈ N.

The change of variable s = 1
(T−τ)l1

under the integral yields

∫ 1

δl1

1

Tl1

sn
′
s

β−1
l1
−1

q(T − s
− 1

l1 )ds = 0, n′ ∈ N.

Therefore,∫ 1

δl1

1

Tl1

sn
′
v(s)ds = 0, n′ ∈ {0} ∪ N, v(s) = s

β−1
l1 q(T − s

− 1
l1 ).

The proof can be finished as in the previous case

Janno



We obtain ∫ T−δ

0

q(τ)

(T − τ)n′l1+β
dτ = 0, n′ ∈ N.

The change of variable s = 1
(T−τ)l1

under the integral yields

∫ 1

δl1

1

Tl1

sn
′
s

β−1
l1
−1

q(T − s
− 1

l1 )ds = 0, n′ ∈ N.

Therefore,∫ 1

δl1

1

Tl1

sn
′
v(s)ds = 0, n′ ∈ {0} ∪ N, v(s) = s

β−1
l1 q(T − s

− 1
l1 ).

The proof can be finished as in the previous case

Janno



Treatment of IP2 (there β and q are unknown).

Assume that

there exists a subsequence kj , j ∈ N such that

ϕkj 6= 0, j ∈ N, lim
j→∞

fkj
ϕkj

= 0.
(9)

Sufficient condition for (9):

If ϕ ∈ L2(Ω) \ D((−L)α) and f ∈ D((−L)α+mγ
4 )

for some α > 0, γ > 1 then (9) holds.

Here D((−L)α) = {z ∈ L2(Ω) :
∞∑
k=1

µ2α
k |〈z , vk〉|2 <∞}.
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Suppose that IP2 has a solution and consider the relations

ψkj = ϕkjEβ(−λkjT
β) + fkj

∫ T

0
Eβ(−λkj (T − τ)β)q(τ)dτ, j ∈ N.

Transform them to the form

λkjψkj

ϕkj

= λkjEβ(−λkjT
β) +

fkj
ϕkj

∫ T

0
λkjEβ(−λkj (T − τ)β)q(τ)dτ , j ∈ N

and take the limit j →∞

The terms have the following behavior:

λkjψkj

ϕkj︸ ︷︷ ︸
→M

= λkjEβ(−λkjT
β)︸ ︷︷ ︸

→ 1

Γ(1−β)Tβ

+
fkj
ϕkj︸︷︷︸
→0

∫ T

0
λkjEβ(−λkj (T − τ)β)q(τ)dτ︸ ︷︷ ︸

bounded

.

Janno



Suppose that IP2 has a solution and consider the relations

ψkj = ϕkjEβ(−λkjT
β) + fkj

∫ T

0
Eβ(−λkj (T − τ)β)q(τ)dτ, j ∈ N.

Transform them to the form

λkjψkj

ϕkj

= λkjEβ(−λkjT
β) +

fkj
ϕkj

∫ T

0
λkjEβ(−λkj (T − τ)β)q(τ)dτ , j ∈ N

and take the limit j →∞

The terms have the following behavior:

λkjψkj

ϕkj︸ ︷︷ ︸
→M

= λkjEβ(−λkjT
β)︸ ︷︷ ︸

→ 1

Γ(1−β)Tβ

+
fkj
ϕkj︸︷︷︸
→0

∫ T

0
λkjEβ(−λkj (T − τ)β)q(τ)dτ︸ ︷︷ ︸

bounded

.

Janno



Suppose that IP2 has a solution and consider the relations

ψkj = ϕkjEβ(−λkjT
β) + fkj

∫ T

0
Eβ(−λkj (T − τ)β)q(τ)dτ, j ∈ N.

Transform them to the form

λkjψkj

ϕkj

= λkjEβ(−λkjT
β) +

fkj
ϕkj

∫ T

0
λkjEβ(−λkj (T − τ)β)q(τ)dτ , j ∈ N

and take the limit j →∞

The terms have the following behavior:

λkjψkj

ϕkj︸ ︷︷ ︸
→M

= λkjEβ(−λkjT
β)︸ ︷︷ ︸

→ 1

Γ(1−β)Tβ

+
fkj
ϕkj︸︷︷︸
→0

∫ T

0
λkjEβ(−λkj (T − τ)β)q(τ)dτ︸ ︷︷ ︸

bounded

.

Janno



Suppose that IP2 has a solution and consider the relations

ψkj = ϕkjEβ(−λkjT
β) + fkj

∫ T

0
Eβ(−λkj (T − τ)β)q(τ)dτ, j ∈ N.

Transform them to the form

λkjψkj

ϕkj

= λkjEβ(−λkjT
β) +

fkj
ϕkj

∫ T

0
λkjEβ(−λkj (T − τ)β)q(τ)dτ , j ∈ N

and take the limit j →∞

The terms have the following behavior:

λkjψkj

ϕkj︸ ︷︷ ︸
→M

= λkjEβ(−λkjT
β)︸ ︷︷ ︸

→ 1

Γ(1−β)Tβ

+
fkj
ϕkj︸︷︷︸
→0

∫ T

0
λkjEβ(−λkj (T − τ)β)q(τ)dτ︸ ︷︷ ︸

bounded

.

Janno



Therefore, we obtain the equation

1

Γ(1− β)T β
= M where M = lim

j→∞

λkjψkj

ϕkj

. (10)

In case T ≥ e−γ∗ ≈ 0.561, where γ∗ ≈ 0.577 is the
Euler-Mascheroni constant,

the function 1
Γ(1−β)Tβ is strictly monotonic for β ∈ (0, 1).

Therefore, the equation (10) uniquely determines β.

Finally, the uniqueness of q can be shown as in case IP1.
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Treatment of IP3 (there λ and q are unknown).

Again, assume that

there exists a subsequence kj , j ∈ N such that

ϕkj 6= 0, j ∈ N, lim
j→∞

fkj
ϕkj

= 0.

Let us also recall that
λk = λµk ,

where
µk is the eigenvalue of −∆ with Dirichlet boundary condition and
λk is the eigenvalue of −λ∆ with Dirichlet boundary condition.
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Suppose that IP3 has a solution and consider the relations

ψkj = ϕkjEβ(−λµkjT
β) + fkj

∫ T

0
Eβ(−λµkj (T − τ)β)q(τ)dτ, j ∈ N.

Transform them to the form

µkjψkj

ϕkj

= µkjEβ(−λµkjT
β) +

fkj
ϕkj

∫ T

0
µkjEβ(−λµkj (T − τ)β)q(τ)dτ , j ∈ N

and take the limit j →∞.

Terms of this equation have the following behavior:

µkjψkj

ϕkj︸ ︷︷ ︸
→M1

= µkjEβ(−λµkjT
β)︸ ︷︷ ︸

→ 1

λΓ(1−β)Tβ

+
fkj
ϕkj︸︷︷︸
→0

∫ T

0
µkjEβ(−λµkj (T − τ)β)q(τ)dτ︸ ︷︷ ︸

bounded
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Therefore, we obtain

1

λΓ(1− β)T β
= M1 where M1 = lim

j→∞

µkjψkj

ϕkj

.

This gives explicitly λ = 1
M1Γ(1−β)Tβ .

Finally, the uniqueness of q can be shown as in case IP1.
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Treatment of IP4 (there β, λ and q are unknown).

Assume that

there exists a subsequence kj , j ∈ N such that

ϕkj 6= 0, j ∈ N, lim
j→∞

µkj fkj
ϕkj

= 0.
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Suppose that IP4 has a solution and consider the relations

ψkj = ϕkjEβ(−λµkjT
β) + fkj

∫ T
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Next we deduce the relation

µkj

(
µkjψkj

ϕkj

−M1

)
= µkj

(
µkjEβ(−λµkjT

β)− 1

λΓ(1− β)T β

)
+
µkj fkj
ϕkj

∫ T

0
µkjEβ(−λµkj (T − τ)β)q(τ)dτ , j ∈ N.

and take the limit j →∞.

Terms of this relation have the following behavior:

µkj

(
µkjψkj

ϕkj

−M1

)
︸ ︷︷ ︸

→M2

= µkj

(
µkjEβ(−λµkjT

β)− 1

λΓ(1− β)T β

)
︸ ︷︷ ︸

→− 1

λ2Γ(1−2β)T2β

+
µkj fkj
ϕkj︸ ︷︷ ︸
→0

∫ T

0
µkjEβ(−λµkj (T − τ)β)q(τ)dτ︸ ︷︷ ︸

bounded
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This implies

1

λ2Γ(1− 2β)T 2β
= −M2 where M2 = lim

j→∞
µkj

(
µkjψkj

ϕkj

−M1

)
.

We have the following system for β and λ:

1

λΓ(1− β)T β
= M1,

1

λ2Γ(1− 2β)T 2β
= −M2.

Eliminating λ we obtain

(Γ(1− β))2

Γ(1− 2β)
= −M2

M2
1

.

The function (Γ(1−β))2

Γ(1−2β) is strictly monotonic for β ∈ (0, 1).

Hence β is uniquely determined.

This implies that λ is also uniquely determined.

Finally, the uniqueness of q can be shown as in case IP1.
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Let us formulate theorems. Define

Q = {q : q(t) = 0, t ∈ (T−δ,T ) for some δ ∈ (0,T ), q ∈ L2(0,T−δ)}

and

F = {f ∈ L2(Ω) : there exists a subsequence ki of N such that

fki 6= 0, i ∈ N}.

Theorem 1

Let f ∈ F and ϕ = ψ = 0. If IP1 has a solution q ∈ Q then
q = 0.
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Theorem 2

Let f ∈ F and T ≥ e−γ∗ , where γ∗ is the Euler-Mascheroni
constant. Moreover, assume that

ϕ ∈ L2(Ω), there exists a subsequence kj , j ∈ N such that

ϕkj 6= 0, j ∈ N, lim
j→∞

fkj
ϕkj

= 0.

If IP2 has solutions (β, q), (β̃, q̃) ∈ (0, 1)×Q then β = β̃, q = q̃.
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Theorem 3

Let f ∈ F . Moreover, assume that

ϕ ∈ L2(Ω), there exists a subsequence kj , j ∈ N such that

ϕkj 6= 0, j ∈ N, lim
j→∞

fkj
ϕkj

= 0.

If IP3 has solutions (λ, q), (λ̃, q̃) ∈ (0,∞)×Q then λ = λ̃, q = q̃.
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Theorem 4

Let f ∈ F . Moreover, assume that

ϕ ∈ L2(Ω), there exists a subsequence kj , j ∈ N such that

ϕkj 6= 0, j ∈ N, lim
j→∞

µkj fkj
ϕkj

= 0.

If IP4 has solutions (β, λ, q), (β̃, λ̃, q̃) ∈ (0, 1)× (0,∞)×Q then
β = β̃, λ = λ̃, q = q̃.
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Thank you for the attention!
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