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Notation of fractional integral derivatives and Riemann-Liouville
and Caputo fractional derivatives:

t —r s—1
1Pw(t) :/0 (tr(;)W(T)dT,

t(t— )8
RDPw(t) = jt/o (Ft(l —)5) w(T)dT,

“DPw(t) :/0 ~ L __w/(r)dr,

where 0 < 5 < 1.
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Fractional diffusion equation in Riemann-Liouville form:
ue(t, x) = "DV (AAw)(t, x) + Q(t, ),

where A > 0, A is the Laplacian and @ is the source term.
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Fractional diffusion equation in Riemann-Liouville form:
ue(t, x) = "DV (AAw)(t, x) + Q(t, ),

where A > 0, A is the Laplacian and @ is the source term.

The same equation in Caputo form:

CDPu(t,x) = MAu(t,x) + F(t,x), where F=/1"7Q.
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Let @ have the form

Q(t,x) = q(t)f(x).

Then
F(t,x) = Il_ﬁq(t)f(x).

Janno



Let Q C R™ be open bounded domain. Direct problem:
CDPu(t,x) = MAu(t,x) + I1Pq(t)f(x), t € (0, T), x € Q,
u(t,x) =0, te (0, T), x € 09, (1)
u(0,x) = ¢(x), x € Q.
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Let Q C R™ be open bounded domain. Direct problem:
CDPu(t,x) = AMu(t,x) + 1*Pq(t)f(x), t € (0, T), x € Q,
u(t,x) =0, te€ (0, T), x € 09, (1)
u(0,x) = ¢(x), x € Q.

Final overdetermination condition:

u(T,x)=1(x), x €. (2)
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Let Q C R™ be open bounded domain. Direct problem:
CDPu(t,x) = AMu(t,x) + 1*Pq(t)f(x), t € (0, T), x € Q,
u(t,x) =0, te€ (0, T), x € 09, (1)
u(0,x) = ¢(x), x € Q.

Final overdetermination condition:

u(T,x)=1(x), x €. (2)

IP1. Given 3, A, f, ¢, ¥, find g such that the solution u of (1)
satisfies (2).
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Let Q C R™ be open bounded domain. Direct problem:
CDPu(t,x) = AMu(t,x) + 1*Pq(t)f(x), t € (0, T), x € Q,
u(t,x) =0, te€ (0, T), x € 09, (1)
u(0,x) = ¢(x), x € Q.

Final overdetermination condition:

u(T,x)=1(x), x €. (2)

IP1. Given 3, A, f, ¢, ¥, find g such that the solution u of (1)
satisfies (2).
IP2. Given A, f, ¢, ¥, find /3, g such that the solution u of (1)
satisfies (2).
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Let Q C R™ be open bounded domain. Direct problem:
CDPu(t,x) = AMu(t,x) + 1*Pq(t)f(x), t € (0, T), x € Q,
u(t,x) =0, te€ (0, T), x € 09, (1)
u(0,x) = ¢(x), x € Q.

Final overdetermination condition:

u(T,x)=1(x), x €. (2)

IP1. Given 3, A, f, ¢, ¥, find g such that the solution u of (1)

satisfies (2).
IP2. Given A, f, ¢, ¥, find /3, g such that the solution u of (1)
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IP3. Given 3, f, ¢, ¥, find X, g such that the solution u of (1)

satisfies (2).
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Let Q C R™ be open bounded domain. Direct problem:
CDPu(t,x) = AMu(t,x) + 1*Pq(t)f(x), t € (0, T), x € Q,
u(t,x) =0, te€ (0, T), x € 09, (1)
u(0,x) = ¢(x), x € Q.

Final overdetermination condition:

u(T,x)=1(x), x €. (2)

IP1. Given 3, A, f, ¢, ¥, find g such that the solution u of (1)
satisfies (2).
IP2. Given A, f, ¢, ¥, find /3, g such that the solution u of (1)
satisfies (2).
IP3. Given 3, f, ¢, ¥, find X, g such that the solution u of (1)
satisfies (2).
IP4. Given f, ¢, ¢, find 3, \, g such that the solution u of (1)
satisfies (2).
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| am going to present a sketch of proof of uniqueness for these
inverse problems.
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| am going to present a sketch of proof of uniqueness for these
inverse problems.

Eigenvalues and eigenfunctions of —A:
—Avi(x) = prvi(x), x €Q, vi(x) =0, x € 09,

It holds 0 < g < o < ..., pg — 00
and vk, k € N constitute a complete orthonormal system in L»(2).
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| am going to present a sketch of proof of uniqueness for these
inverse problems.

Eigenvalues and eigenfunctions of —A:
—Avi(x) = prvi(x), x €Q, vi(x) =0, x € 09,

It holds 0 < g < o < ..., pg — 00
and vk, k € N constitute a complete orthonormal system in L»(2).

Eigenvalues and eigenfunctions of —A\A:
—AAVi(x) = Mevi(x), x € Q,  w(x) =0, x € 0.

It holds
Ak = Ak-
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Expansions of data and state function u:
F(x) = fivi(x),
k=1
P(x) = ervi(x),
k=1

P(x) =) revi(x),
k=1
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The Fourier coefficients of u are expressed as
t
Uk(t) = ok Es(— M t®) + fk/ (t = 7) Es p(— Mt — 1)) P q(r)dr,
0

te(0,T), keN.
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The Fourier coefficients of u are expressed as
t
Uk(t) = ok Es(— M t®) + fk/ (t = 7) Es p(— Mt — 1)) P q(r)dr,
0

te(0,T), keN.

This can be transformed to
t
(©) = B~ Mt?) + i [ Ea(-le = ) a(r)d
0

te(0,T), keN.
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The Fourier coefficients of u are expressed as
t
Uk(t) = ok Es(— M t®) + fk/ (t = 7) Es p(— Mt — 1)) P q(r)dr,
0

te(0,T), keN.

This can be transformed to
t
(©) = B~ Mt?) + i [ Ea(-le = ) a(r)d
0
te(0,T), keN.
Taking the final conditions

uk(T) :Ll)k, ke N

into account
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The Fourier coefficients of u are expressed as
t
Uk(t) = ok Es(— M t®) + fk/ (t = 7) Es p(— Mt — 1)) P q(r)dr,
0

te(0,T), keN.

This can be transformed to
t
(©) = B~ Mt?) + i [ Ea(-le = ) a(r)d
0
te(0,T), keN.
Taking the final conditions

uk(T) :Ll)k, ke N

into account we obtain the following basic relations:

-
Yk = okEs(— M\ TP) + fk/o Es(— (T —7)%)q(r)dr, k €N. (3)
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Treatment of IP1 (there g - unknown). IP1 is a linear problem.
To prove the uniqueness, we have to show that

e(x)=0,¢Y(x)=0 = q(t)=0.
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Treatment of IP1 (there g - unknown). IP1 is a linear problem.
To prove the uniqueness, we have to show that

e(x)=0,¢Y(x)=0 = q(t)=0.

Let ¢(x) =0, ¢(x) =0. Then from basic relations we have

.
fk/o Es(—M(T — 7))q(r)dr =0, k €N. (4)

Janno



Treatment of IP1 (there g - unknown). IP1 is a linear problem.
To prove the uniqueness, we have to show that

e(x)=0,¢Y(x)=0 = q(t)=0.

Let ¢(x) =0, ¢(x) =0. Then from basic relations we have

.
ﬂA Es(—M(T — 7))q(r)dr =0, k €N. (4)

Assume that there exists a subsequence k;, i € N, such that
fi, #0, i € N.

Then

AT@GAMT—TﬁMhMT:QIEN. (5)
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Next we introduce the following restriction for g:
36€(0,T) : q(t)=0,te(T—9,T).

Moreover, let g € Lp(0, T — 6).
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Next we introduce the following restriction for g:
36€(0,T) : q(t)=0,te(T—9,T).

Moreover, let g € Lp(0, T — 6).
Then

T—6
/O Es(— (T —7)%)q(r)dr =0, i€ N. (6)
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Next we introduce the following restriction for g:
36€(0,T) : q(t)=0,te(T—9,T).

Moreover, let g € Lp(0, T — 6).
Then

T—6
/O Es(— (T —7)%)q(r)dr =0, i€ N. (6)

We use the asymptotics of Mittag-Leffler function

oy 1
Eﬁ(—Z) = —z_:l r(]_(—n)ﬂ)zn—i_o <ZN+1> as z— o0, NeN.
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Then we obtain

N
_ (-=1)" 1 T—5 g .
0 z; Al r(1—nﬁ)/o (T—T)"ﬁdTJrO()\NH) (")

ki

as i—oo0, NeN.
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Then we obtain

N
_ (-=1)" 1 T—5 g .
0 z; Al r(1—nﬁ)/o (T—T)"ﬁdTJrO()\NH) (")

ki

as I —>o0, NeN.

Multiplying (7) by Ak, and passing to the limit i — co we obtain

L (77 a)
Tk Tt

This means that the 1st addend under the sum in (7) is O.
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Then we obtain

N
_ (-=1)" 1 T—5 g .
0 z; Al r(1—nﬁ)/o (T—T)"ﬁdTJrO()\NH) (")

ki

as I —>o0, NeN.

Multiplying (7) by Ak, and passing to the limit i — co we obtain

L (77 a)
Tk Tt

This means that the 1st addend under the sum in (7) is O.
Multiplying (7) by )\ii and passing to the limit /i — oo we obtain

1 T2 q(r)
r(l—ZB)/o T -

T =0.
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Then we obtain

N
_ (-=1)" 1 T—5 g .
0 z; Al r(1—nﬁ)/o (T—T)"ﬁdTJrO()\NH) (")

ki

as I —>o0, NeN.

Multiplying (7) by Ak, and passing to the limit i — co we obtain

1 = oalr)
Tk Tt

This means that the 1st addend under the sum in (7) is O.
Multiplying (7) by )\ii and passing to the limit /i — oo we obtain

1 T—5
r(1—25)/0 (T —7)*

Continuing this process we deduce the relations

A7) 4 —o.

1 0 e
I'(l—nﬂ)/o Fahsdr=0. neN. (8)
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Some relations

1 =0 q(7) _
T Tt e

may not be useful.

Since the gamma function has poles at nonpositive integers, it

holds )
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Some relations

1 =0 q(7) _
T Tt e

may not be useful.

Since the gamma function has poles at nonpositive integers, it

holds )

Therefore, we consider separately two cases:

Be(0,1)\Q and Be(0,1)NQ.
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Firstly, let 8 € (0,1) \ Q. Then = nB) # 0, n € N, hence
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Firstly, let 8 € (0,1) \ Q. Then = nB) # 0, n € N, hence

T—6
q(7)
—————dt = .
/0 (T )nﬁ 0, neN

The change of variable s = T—F under the integral yields

(T

B
/5 s”sfé*lq(T — sfé)ds =0, neN.
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Firstly, let 8 € (0,1) \ Q. Then = nB) # 0, n € N, hence

T—6
q(7)
—————dt = .
/0 (T )nﬁ 0, neN

The change of variable s = T—F under the integral yields

(T

B
/5 s”sfé*lq(T — sfé)ds =0, neN.
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Consequently,

/66 P(s)v(s)ds =0, for any polynomial P.
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Consequently,

/55 n(s)v(s)ds =0, forany n € La(75, 55)-
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Consequently,

/66 P(s)v(s)ds =0, for any polynomial P.

Set of polynomials is dense in Lz(%, 5%). Therefore,

1
B
/1 n(s)v(s)ds =0, foranyne LZ(%, 5%)-

T8

Consequently, v(s) =0
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Consequently,

/66 P(s)v(s)ds =0, for any polynomial P.

Set of polynomials is dense in Lz(%, 5%). Therefore,

1
B
/1 n(s)v(s)ds =0, foranyne LZ(%, 5%)-

T8

Consequently, v(s) =0
This implies g(t) = 0.
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Secondly, let 5 € (0,1) N Q. Then

/
Jh,heN: B=1.
h
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Secondly, let 5 € (0,1) N Q. Then
/
h,beN: g=12
h
It holds 1 — ngB € {0;—1;—2;...} forn=n'h, n' € N.
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Secondly, let 5 € (0,1) N Q. Then

/
Jh,heN: B=1.
b
It holds 1 — ngB € {0;—1;—2;...} forn=n'h, n' € N.

Therefore, .
—————— =0, n=nh, neN.

(1 —np)
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Secondly, let 5 € (0,1) N Q. Then

/
Jh,heN: B=1.
b
It holds 1 — ngB € {0;—1;—2;...} forn=n'h, n' € N.

Therefore,

1
— ~ =0, n=nh, neEN.

(1 —np)

Butl—n8¢{0;,-1;,-2;...} forn=n'hb+1, n € N.

Janno



Secondly, let 5 € (0,1) N Q. Then

/
I, heN: B=1.
b
It holds 1 — ngB € {0;—1;—2;...} forn=n'h, n' € N.

Therefore, .

= =l ! )
F1 = np) 0, n=nh, neN
Butl—n8¢{0;,-1;,-2;...} forn=n'hb+1, n € N.
Therefore,

1

=nh+1 ! )
r(l_nﬁ)#o, n=nh+1 neN
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Secondly, let 5 € (0,1) N Q. Then

/
I, heN: B=1.

b

It holds 1 — ngB € {0;—1;—2;...} forn=n'h, n' € N.
Therefore, .

_ = =nl ! .

F1 = np) 0, n=nh, neN
Butl—n8¢{0;,-1;,-2;...} forn=n'hb+1, n € N.
Therefore,

]' /
_ =nh+1 ! .
r(l_nﬁ)#o, n=nh+1 n€eN

So we pick up the basic relations with such n:

1 70 q(7) !
F(l—n’ll—ﬁ)/o de =0, neN
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We obtain

T—6
q(T) . /
/0 de = 0, n €N.
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We obtain

T—6
q(T) _ /
/0 de = 0, n €N.

1
(T—-7)h

The change of variable s = under the integral yields

s B=1_ _1
/515”5’ 'g(T—s W)ds=0, n eN.
1

Th
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We obtain

T—6
q(T) . /
/0 de = 0, n €N.

1

The change of variable s = T

under the integral yields
s B=1l_ _1

/51 st 'q(T—s 1)ds=0, n eN.
1

Th

Therefore,
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We obtain

T—6
q(T) . /
/0 de = 0, n €N.

1

The change of variable s = T

under the integral yields

s B=1_ _1
/515”5’ 'g(T—s W)ds=0, n eN.
1

Th
Therefore,

-1

s"v(s)ds=0, ne€{0}UN, v(s)=s"t q(T— 57%).

The proof can be finished as in the previous case
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Treatment of IP2 (there 5 and g are unknown).

Janno



Treatment of IP2 (there 5 and g are unknown).

Assume that

there exists a subsequence k;, j € N such that

f.
ok A0, jEN, lim =L —0.
=00 i
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Treatment of IP2 (there 5 and g are unknown).

Assume that

there exists a subsequence k;, j € N such that

f.
ok A0, jEN, lim =L —0.
=00 i

Sufficient condition for (9):
If o € Lo(Q)\ D((=L)*) and f € D((—L)*t7)
for some > 0, v > 1 then (9) holds.

Here D((—L)*) = {z € L»(Q) éui“ (2, vi)|2 < oo}
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Suppose that IP2 has a solution and consider the relations

;
U, = o1 Ea(— N TP) + i, / Es(~\ig (T — 7)°)q(r)dr, j € N.
0
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Suppose that IP2 has a solution and consider the relations

T

iy = P Es(— Mg TO) + £ / Es(~\g(T —7)7)a(r)dr, jeN.
0

Transform them to the form

Ak Wk fii, [T .
= A Ea(—M T) + f/ A Es(=M\i (T = 7)°)q()dr, j €N
()ij @kj 0
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Suppose that IP2 has a solution and consider the relations
T
0y = o Ea(-N T) 4y [ B (T = 7)a(r)dr, €N,
0
Transform them to the form
Ak Vk; fi [T .
= A Ea(—M T) + f/ A Es(=M\i (T = 7)°)q()dr, j €N
()ij @kj 0

and take the limit j — oo
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Suppose that IP2 has a solution and consider the relations

T
0y = o Ea(-N T) 4y [ B (T = 7)a(r)dr, €N,
0
Transform them to the form
Ak Wk, fi [T )
= A Ea(—M T) + f/ A Es(=M\i (T = 7)°)q()dr, j €N
(pkj @kj 0
and take the limit j — oo

The terms have the following behavior:

e fig [T

R _AkJEﬁ(_AkJTﬁ)_i_J/ AkJEﬁ(—AkJ(T—T)B)q(T)dT

Pk; —_———— Pk JO
~—

———1 ~
—M ra-gTh —0 bounded
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Therefore, we obtain the equation

A Un
! _ M where M — lim 6%

(- 5)T? i (10)
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Therefore, we obtain the equation

1 AWk
— =M where M= |lim /2, 10
FI—p)7° i (10)

In case T > e™ 7 a 0.561, where v, =~ 0.577 is the
Euler-Mascheroni constant,

the function W is strictly monotonic for 5 € (0,1).
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Therefore, we obtain the equation

A Un
! _ M where M — lim 6%

(- 5)T? i (10)

In case T > e™ 7 a 0.561, where v, =~ 0.577 is the
Euler-Mascheroni constant,

the function W is strictly monotonic for 5 € (0,1).

Therefore, the equation (10) uniquely determines £.
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Therefore, we obtain the equation

A Un
! _ M where M — lim 6%

(- 5)T? i (10)

In case T > e™ 7 a 0.561, where v, =~ 0.577 is the
Euler-Mascheroni constant,

the function W is strictly monotonic for 8 € (0,1).
Therefore, the equation (10) uniquely determines £.

Finally, the uniqueness of g can be shown as in case IP1.
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Treatment of IP3 (there A\ and g are unknown).
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Treatment of IP3 (there A\ and g are unknown).

Again, assume that

there exists a subsequence k;, j € N such that

i
o, 20, €N, Jim =~ =0
J—0o0 gij
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Treatment of IP3 (there A\ and g are unknown).

Again, assume that

there exists a subsequence k;, j € N such that

i
o, 20, €N, Jim =~ =0
J—0o0 gij

Let us also recall that
)‘k = A,uka

where
1k is the eigenvalue of —A with Dirichlet boundary condition and
Ak is the eigenvalue of —AA with Dirichlet boundary condition.
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Suppose that IP3 has a solution and consider the relations

;
Ui, = Qi Ea(— Mg T7) + fkj/o Es(—Mug (T —7)%)q(r)dr, jeN.
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Suppose that IP3 has a solution and consider the relations

;
Ui, = Qi Ea(— Mg T7) + fkj/o Es(—Mug (T —7)%)q(r)dr, jeN.

Transform them to the form

Mkjwkj

fo T .
= i Eg(—Mu TP) + J/ s Eg(=AMuig (T = 7)")q(r)dT, j € N
gij ()ij 0
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Suppose that IP3 has a solution and consider the relations

;
Ui, = Qi Ea(— Mg T7) + fkj/o Es(—Mug (T —7)%)q(r)dr, jeN.

Transform them to the form

Mkjwkj

fo T .
= i Eg(—Mu TP) + J/ s Eg(=AMuig (T = 7)")q(r)dT, j € N
gij ()ij 0

and take the limit j — oc.
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Suppose that IP3 has a solution and consider the relations

-
Ui, = Qi Ea(— Mg T7) + fkj/o Es(—Mug (T —7)%)q(r)dr, jeN.
Transform them to the form

Pk Pk fi [T .
ﬁ =t Eg (=M, T7) + (p;/ 1 Eg(— A, (T — 7)°)q(7)dr, j € N
j G /0

and take the limit j — oc.

Terms of this equation have the following behavior:

o Yk fiy [T
ST = g Ep(— Mg Tﬁ)+ A / i Eg(— A, (T — T)ﬁ)q(T)dT

Pk; Pk Jo
—— N 1 S~~~
—M; Ar(1—8)T8 —0 bounded
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Therefore, we obtain

1 Mk
I —— Y/ h M; = | T
N —pyTe M v =
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Therefore, we obtain

1 Mk
I —— Y/ h M; = | T
N —pyTe M v =

This gives explicitly A = W.
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Therefore, we obtain

1 Mk
I —— Y/ h M; = | T
N —pyTe M v =

This gives explicitly A = W.

Finally, the uniqueness of g can be shown as in case IP1.
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Treatment of IP4 (there 3, A and g are unknown).
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Treatment of IP4 (there 3, A and g are unknown).
Assume that

there exists a subsequence k;, j € N such that

fe.
i #0, jEN, lim B
J—0o0 ngj

=0.
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Suppose that IP4 has a solution and consider the relations

;
Ui, = Qi Ea(— Mg T7) + fkj/o Es(—Mug (T —7)%)q(r)dr, jeN.
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Suppose that IP4 has a solution and consider the relations

;
Ui, = Qi Ea(— Mg T7) + fkj/o Es(—Mug (T —7)%)q(r)dr, jeN.

Transform them to the form

Mkjwkj

fo T .
= i Eg(—Mu TP) + J/ s Eg(=AMuig (T = 7)")q(r)dT, j € N
gij ()ij 0

Janno



Suppose that IP4 has a solution and consider the relations

;
Ui, = Qi Ea(— Mg T7) + fkj/o Es(—Mug (T —7)%)q(r)dr, jeN.

Transform them to the form

Mkjwkj

fo T .
= i Eg(—Mu TP) + J/ s Eg(=AMuig (T = 7)")q(r)dT, j € N
gij ()ij 0

and take the limit j — oc.
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Suppose that IP4 has a solution and consider the relations

;
Ui, = Qi Ea(— Mg T7) + fkj/o Es(—Mug (T —7)%)q(r)dr, jeN.

Transform them to the form

Mkjwkj

fo T .
= i Eg(—Mu TP) + J/ s Eg(=AMuig (T = 7)")q(r)dT, j € N
gij ()ij 0

and take the limit j — oc.

We obtain the equation

1 . MKk
— = = M; where M = lim ——9
AF(L—p)78 ! P s ok
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Next we deduce the relation

. My = e (e Es(—Ap Ty — — =
i ( K 1) Hh <”kl s 1) = SFa = )7

]
/0 ity Es(— i (T — 7)P)q(r)dr, j € N.

+ /’ij fkj
K
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Next we deduce the relation

Lok Vk; s 1
. — M) = us Eg(— Ay, TP) — ——
M ( i 1) H <”kl s 1) = SFa = )7

]
/0 ity Es(— i (T — 7)P)q(r)dr, j € N.

+ /’ij fkj
K

and take the limit j — oo.
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Next we deduce the relation

. My = e (e Es(—Ap Ty — — =
i ( Pk 1) Hh (“kl s 1) = SFa = )7

]
/0 ity Es(— i (T — 7)P)q(r)dr, j € N.

+/*ijfkj
Pk;
and take the limit j — oo.

Terms of this relation have the following behavior:

| —/— — M| = u. Ea(—=Mgy. TP) — —M
[4k; ( 0 1) [k, <Hk, 5(— A T7) (= )T

M pECT=T L
it [T
#1550 | (g (T = 7))a(r)dr
Pk; 0
-0 bounded
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This implies
1 .
A2M(1—-2B)T2

My where M, = lim (‘W - /\/11) .
j—o0

Pk;

Janno



This implies
1 .
A2M(1—-2B)T2

My where M, = lim (‘W - /\/11) .
j—o0

Pk;

We have the following system for 3 and A:

1 iy 1 -
ANF(1=B)TF ~ "V Nr(1—23)T%F

Ms.
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This implies

1
NT(1—2B)T28 —

My where M, = lim (‘W - /\/11) .
j—o0

Pk;

We have the following system for 3 and A:

1 1

AN(L=pB)TE — 7 X2r(1—2p5)T28 ?

Eliminating A we obtain

ra-5yy M
r(r-28) M2
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This implies
1 .
A2M(1—-2B)T2

My where M, = lim (‘W - /\/11) .
j—o0

Pk;

We have the following system for 3 and A:

1 iy 1 -
ANF(1=B)TF ~ "V Nr(1—23)T%F

Ms.

Eliminating A we obtain

ra-5yy M
r(r-28) M2

The function (rgigg); is strictly monotonic for 3 € (0,1).
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This implies

1
NT(1—2B)T28 —

My where M, = lim (‘W - /\/11) .
j—o0

Pk;

We have the following system for 3 and A:

1 iy 1 -
ANF(1=B)TF ~ "V Nr(1—23)T%F

Ms.

Eliminating A we obtain

ra-5yy M
r(r-28) M2

The function (Egigg); is strictly monotonic for 3 € (0,1).

Hence S is uniquely determined.
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This implies
1 .
A2M(1—-2B)T2

My where M, = lim (‘W - /\/11) .
j—o0

Pk;

We have the following system for 3 and A:

1 iy 1 -
ANF(1=B)TF ~ "V Nr(1—23)T%F

Ms.

Eliminating A we obtain

ra-g7 _ M

r(1—2p) M2
The function (Egigg); is strictly monotonic for 3 € (0,1).
Hence S is uniquely determined.

This implies that X is also uniquely determined.
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This implies
1 .
A2M(1—-2B)T2

My where M, = lim (‘W - /\/11) .
j—o0

Pk;

We have the following system for 3 and A:

1 iy 1 -
ANF(1=B)TF ~ "V Nr(1—23)T%F

Ms.

Eliminating A we obtain

ra-g7 _ M

r(1—2p) M2
The function (Egigg); is strictly monotonic for 3 € (0,1).
Hence S is uniquely determined.

This implies that X is also uniquely determined.

Finally, the uniqueness of g can be shown as in case IP1.
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Let us formulate theorems. Define
Q={q:q(t)=0,t€(T—6,T) forsome § € (0, T), g€ L0, T—0)}
and

F ={f € L(Q) : there exists a subsequence k; of N such that
f 20, i€ N},
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Let us formulate theorems. Define
Q={q:q(t)=0,t€(T—6,T) forsome § € (0, T), g€ L0, T—0)}
and

F ={f € L(Q) : there exists a subsequence k; of N such that
f 20, i€ N},

Let f € F and o =1 = 0. If IP1 has a solution q € Q then
qg=0.
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Theorem 2

Let f € F and T > e 7+, where -y, is the Euler-Mascheroni
constant. Moreover, assume that

@ € Lx(Q), there exists a subsequence k;, j € N such that

iy g

Pk; 7é 0,/ €N, Ilm
J700 P

If IP2 has solutions (3, q), (3,§) € (0,1) x Q then =5, g = §.
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Let f € F. Moreover, assume that

v € Ly(2), there exists a subsequence kj, j € N such that
: . M
ok #0, j €N, lim — =0.
J—00 gokj

If TIP3 has solutions (A, q), (5\, g) € (0,00) x Q then A = X\ g=4g.
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Theorem 4

Let f € F. Moreover, assume that

v € Ly(2), there exists a subsequence kj, j € N such that

£
o £0, jEN, lim 25 g
J—00 g&kj

If IP4 has solutions (8, q), (B,X, g) € (0,1) x (0,00) x Q then
B=B A=A qg=3.
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Thank you for the attention!



