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Introduction

Fermat's extremum theorem

f(z) € Clab)  y€E(ab)

fly) > f(z) a<xz<b = ) =0

7~ D) =0 «ae(01)

fly) > flx) a<z<y = f'y) >0

= (D*f)(y) =0



Introduction Extremum principle for the Riemann-Liouville derivative

x — t
€ (0,1
(Ds dx/ f(®) T(1—a) o€ (1)
Theorem [A. M. Nakhushev, Differential Equations, 1974, vol. 10]

Let  f(z) € L(a,y), f(z) € Hy—4dy] (A>a),

and f(y) > f(z) Vz € (a,y).

Then (RN 2 ) S

In addition, if  f(y) >0 then (D2, f)(y) > 0.



Introduction Application

Mixed type PDE

Loaded integral and differential equations
Degenerate PDE

Problems with shift for PDE

Fractional differential equations
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Main results Integro-differential operators

O ) = 5 [ Kz
k:S—R  f:(a,y) =R (Df):(b,y) = R
S={(z,t):b<z<y,a<t<uz} a, b, y € RU{—o0} —c0o<a<b<y
ft)eClaynLiay)  [k(z,1)],—, € L(a,y)
k(z,t), ky(z,t) € C(S\ {z =t})



Main results Extremum principle

Theorem
Let

and



Theorem continuation
Then

fly) = sup f(t) = (Df)(y) > fly) (D1) (y)

f(t) = const
D)) =fy) (D) (y) = or
[k (z, t)]x:y =0

and
f(t) # const  [ky(z,t)],_, 0

fly)(D1)(y) >0

—  (Df)y)>0



Proof sketch

K.(z) = /m_sk(x,t)f(t) it (e>0).

r—e

K@) = [ T - £kt dt + f(@) | ena

a

4 K ) = / U F@] ket dt @) / ko, t) dt

(D f) (z) = lim — L. () :/x [f(t) = f(@)] kolz,t) dt + f(z) (D 1) (2).

e—0 dl‘



Remark

DR = D] Riemann-Liouville type

DY =1D Caputo type

Du+ Lu=F u € C(Q)

DRy +Lu=F u g C(Q) w-ueCQ)



Weighted extremum principle
Let o(t) € C(a,y] N L(a,y) and

and
/ () [9(t) — 9(@)] Kale, £) dt = o(a)

d x—€
@ ), p(t) k(z, t) dt = hy ()

l9(x — &) —g(a)] k(z,2 =) 3 0

e—0



Weighted extremum principle continuation
Then

g(y) = sup g(t) = (Df) (y) > g(y) Do) (y)

g(t) = const
(Df) (y) = g(y) (D) (y) = or

p(t) ko (2, )],y = 0

and
g(t) # const  p(t) [k(z,1)],—, #0

= D f)(y) >0
9(y) De)(y) >0



Proof sketch



Weighted extremum principle for the Riemann-Liouville fractional derivative
Let a e (0,1) and

= f(t) € C[0,y] f(t) € HNy — 6,] A>a, §>0)
and
tof(t) <y T fy)  VEe (0,y)
Then
(Dg..f) (y) = 0
and

(D5 f) (y) =0 < f(t) = const - t*7!



Proof sketch

Taking

we get

gt) =t"f(t) (D f)(2)=(D5,f)(z) and  (Dg,¢)(x)=0

Therefore

(Do..f) () = (Do 9) (y) > g(y) (Do, ) (y) =0



Application example Problem statement

(;—;& - aa_;) uz,y) = flz,y)  (O<a<l)
Q={(z,9): =2y <z<znly), 0<y<T}
u(z1(y)y) =e1ly)  ul(z=y),y) =ely) 0<y<T
lim y'~u(z,y) = 7(x)  2(0) < 2 < 25(0)

y—0

y' " u(z,y) € C(Q)



Application example Domain

Q={(z,y): 21(y) <z <2(y), 0<y<T}




Application example Uniqueness of solutions

Let u(z,y) be a solution of homogeneous problem (f =0, 7=0, ¢; =0) and

v(z,y) =y u(z,y) v(z,y) € C(Q)

v(ir,y) 20 = 3I(En)€Q: v n) =supv(z,y) >0 (otherwise v — —v)
Q

&n) g0y =T} = — u=0



Convolution operators

Consider (Df) () with k(z,t) =k(x —1t) and a=0 ie.
D) @) =5 [ ka-0s@

[A. N. Kochubei, Integral Equ. Oper. Theory, 2011, vol. 71]

[A. N. Kochubei, General fractional calculus, In Handbook of Fractional Calculus with Applications,
Volume 1, Berlin, 2019]

[Yu. Luchko and M. Yamamoto, Maximum principle for the time-fractional PDEs In Handbook
of Fractional Calculus with Applications; Volume 2, Berlin, 2019]

[Yu. Luchko and M. Yamamoto, Fract. Calc. Appl. Anal., 2016, vol. 19]

[A.V. Pskhu, Rep. Adyg. (Cherkess.) Int. Acad. Sci., 2001, vol. 5]
[A.V. Pskhu, Partial Differential Equations of Fractional Order, Moscow, 2005]



Extremum principle for convolution operators
Let

f(t) € CO,yINL(0,y) k() € L(O,y)NC(0,y]  K(t) <0

WK € L0,y lmwEkE) =0  w(t)= sup [f(z) ~ flz—1)

t<x<y

Then
fly) = f(t) vte(0,y) = (K f) (y) > f()k(y)

and

(Ku) (y) = f(y)h(y) = f(t) = const or k(t) = const
Proof (K1) (z) =42 [ k(z —t)dt = k(z)



Fractional derivative of a function with respect to another function

Let «a€(0,1), g(t)eC0,y], and ¢'(t)>0 Vtel0,y]

N SR Y (010
(Dgf)”‘g'<x>r<1—a>dx/ 9@) — g
ft)e HNy—46,y] XA >a N l9(y) — g(a)]
Y L Y I A vy
Proof
(D) (@) = - (Df) (@)  where  h(o,t) = =20 [g(z) — gt}

g ()



Thank youl



