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Copenhagen University, Denmark

Fractional-order pseudodifferential operators
on nonsmooth domains

Tuesday, 7 July
10:10 - 10:40




Abstract: Fractional-order pseudodifferential operators, in
particular non-integer powers of the Laplacian, have
recently come into focus because of their interest in
financial theory and probability (they also occur in
differential geometry and mathematical physics). In spite
of their pseudodifferential nature, the use of ps.d.o.
methods has been somewhat scarce, maybe because the
ps.d.o. apparatus is technically complicated and is not
part of the general curriculum in the teaching of Analysis.

For boundary value problems it was possible in 2014/15
to use ps.d.o. methods to get fine regularity results,
obtained earlier only in low-order Holder spaces by
potential-theoretic methods. When lecturing on these
things to applications-oriented people, | have been met
by the criticism, that ps.d.o. methods require a high
regularity of the set-up, C “coefficients and C* domains.

There do exist pseudodifferential theories where symbols
p(x,§) are only Holder-smooth in x, but the question of
how a non-smooth change of variables affects the
operators has not been satisfactorily dealt with up to
now.

Very recently | have completed a joint work with Helmut
Abels, where we address this question, and work out
conclusions for suitable fractional-order boundary
problems.

Gerd Grubb

Copenhagen University, Denmark
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University of Burgundy in
Dijon, France

Bergman kernels in the analytic case

Tuesday, 7 July
10:50-11:20




Johannes Sjostrand

University of Burgundy in Dijon
France
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Abstract: We explain a result on the precise
asymptotics of the Bergman kernel for
exponentially weighted spaces and for high
powers of a complex line bundle in the real
analytic framework, due to Sj., Rouby, Ngoc
andalso to A. Deleporte. We give some ideas
from our proof, based on an adapted calculus
of Fourier integral operators, and also discuss
a recent simplification by A. Deleporte, M.
Hitrik, Sj.
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Elena Cordero
University of Torino, Italy

Properties of Eigenfunctions of pseudodifferential
operators via Gabor frames

Tuesday, 7 July
11:40-12:10




Elena Cordero
University of Torino, Italy

Abstract: We study the smoothness and the decay properties for eigenfunctions of compact pseudodifferential operators with symbols in modulation spaces. In particular, we focus on localization and Weyl operators.
Localization operators have become popular with the papers by I. Daubechies in 1988 and from then widely investigated by several authors in different fields of mathematics and physics: in Signal Analysis, Quantum
Mechanics and in the framework of pseudodifferential calculus. Localization operators can be introduced via the time-frequency representation known as short-time Fourier transform. Recall first the modulation M, and

translation T,operators of a function f on R?

Mo f(£) = ™t f (1), Tf(t)=f(x—1t), xw€R?,
Fix a non-zero window function 1 in the Schwartz class S(]Rd ).The short-timeFourier transform of a tempered distribution f € S’(]Rd ), is given by

Vlllf(x' (1)) = (f,n(x, (‘))lp) = F(fol/J)((A)) = fRdf(y) me_zniywdy.

AZ’NI’Z

The localization operator with symbol a and windows 14,1, is formally defined by

aro = [

a(x, w)Vy, f(x, )M, T, (H)dxdw .
]de

Ag)pll’z

A localization operator can be represented as a Weyl pseudodifferential operator L, with symbol o as

Y12 _
Aal 2= La*W(llJz'llh)

Where 0 = a x W (2,¥1) and W (3, 1) is the cross-Wigner distribution:
t t .
Wz, 1) = f Y, (x + —) (21 (x - —) e 2myadt,
R4 2 2

Considering symbols a in the wide modulation space MP*® (containing the Lebesgue space LP(), p < o, and two general windows 1;, 1, in the Schwartz class S(]Rd ), we show that LZ(]Rd )-eigenfunctions with non-
zero eigenvalue are indeed highly compressed onto a few Gabor atoms.

The key idea is to study first smoothness and decay properties for eigenfunctions of compact Weyl operators. We shall show that under suitable assumptions on the Weyl symbol, anyL2-eigenfunction with non-zero
eigenvalue is highly concentrated on the time-frequency space.

An important role in the proofs is played by quasi-Banach Wiener amalgam and modulation spaces. As a byproduct, new convolution relations for modulation spaces in the quasi-Banach setting are exhibited. Finally, we
will show conjectures and partial results for eigenfunctions of localization and Kohn-Nirenberg operators on locally compact abelian (LCA) groups.
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Université de Rennes 1
France

Smoothing properties of semigroups generated
by accretive quadratic operators

Tuesday, 7 July
12:20-12:30




Abstract: Accretive quadratic operators are
differential operators defined by the Weyl
3uantization of complex-valued quadratic forms
efined on the phase space with non-negative
real parts. The smoothing properties of the
semiﬁgrou)gm generated by this class of operators
on L“(R ™) are encoded in the structure of a
vector subspace of the phase space intrinsically
linked to the quadratic operator at play (called its
singular space) introduced by M. Hitrik and K.
Pravda-Starov. This talk is devoted to present this
result in details and to give the sketch of its
proof. The method is based on a polar
decomposition approach, that is, on describing
the decomBosition of the evolution operators
generated by accretive quadratic operators as
the product of a selfagljoint operator and a
unitary operator on L“(R ™). Such a
decomposition is obtained by exploiting the
Fourier integral operator structure of these
evolution operators given in a paper by L.
Hormander. This is a joint work with J. Bernier.

Paul Alphonse

Université de Rennes 1, France
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Karel Pravda-Starov
Université de Rennes 1, France

Uncertainty principles and null-controllability
of evolution equations enjoying Gelfand-Shilov
smoothing effects

Tuesday, 7 July
14:20 - 14:50




Abstract: We discuss uncertainty principles for
finite combinations of Hermite functions and
establish some spectral inequalities for control
subsets that are thick with respect to some
unbounded densities growing almost linearly at
infinity. These spectral inequalities allow to derive
the null-controllability in any positive time for
evolution equations enjoying specific regularizing
effects in Gelfand-Shilov spaces.

This is a joint work with Jérémy Martin (Université
de Rennes 1).

Karel Pravda-Starov

Université de Rennes 1, France
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Alberto Parmeggiani
University of Bologna, Italy

On the solvability of degenerate PDEs

Tuesday, 7 July
15:00 - 15:30




Abstract: In this talk | will survey some
solvability results related to a class of
degenerate second order PDEs which are

generalizations of the (formal adjoint of the)
Kannai operator.

Alberto Parmeggiani
University of Bologna, Italy
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Ingo Witt
University of Gottingen
Germany

Hyperbolic problems with totally characteristic
boundary

Tuesday, 7 July
15:40 - 16:10




Ingo Witt

University of Gottingen, Germany

Abstract: We consider first-order NXN hyperbolic system
du + A(t, X, y, XDy, Dy)u = f(t, x,y) in (0, T)XIR}_*’d
(1) 1+d
Ule=o = Ug(x,y) on Ry
with variables (t,x,x) € (0,T)x R, X R%. The lateral boundary at x = 0 is totally
characteristic due to the presence of the derivative xD,. As the lateral boundary is
totally characteristic, no boundary conditions are required.

We show that the Cauchy problem (1) has a solution u in a class of Sobolev spaces
with asymptotics, where

u(t,x,y) ~ X xP logk x Upi(t,y) asx - +0
with (p,k) € CX Ny, Rp — o as |p| = o, provided that f and u, have assymptotics
of the same type. Furthermore, we show that the boundary traces u,, solve

hyperbolic Cauchy problems on (0, T)XR%. A special case arises when u(t,x,y) ~
ZleNoxlul(t, y) as x = +0in which case we solve in the standard Sobolev spaces

HS ((o, T)XRL¥; CN) .
This is a joint work with Zhuoping Ruan (Nanjing University).

ANALYSIS

Pseudo-differential
conference

UGENT BE HARMONIC WITH ANALYSIS



ANALYSIS

4l Pseudo-differential
conference

UGENT BE HARMONIC WITH ANALYSIS

[ Tr oG mf ) dut)

G

Make a difference: pseudo-differentiate
ntegrate with mind but psewdo-differentiate with heart

Pres tion:
Book of abstracts.



e o, Pseudo-differential
. . . M conference
Maciej Zworski

University of California
Berkley, USA

Analytic hypoellipticity of Keldysh operators

Tuesday, 7 July
16:30-17:00




Abstract: For operators modeled by P =
x1DZ + D, + aD, we show that if u is

smooth and P u is analytic then u is analytic.

This is motivated by the question of
analyticity of quasinormal modes of black
holes across event horizons and is a
consequence of a general microlocal result.
Joint work with J. Galkowski.

Maciej Zworski

University of California

Berkley, USA
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Gerardo Mendoza
Temple University, USA

R-actions and invariant differential operators

Tuesday, 7 July
17:10-17:40
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Abstract: A compact manifold together with a
nowhere vanishing real vector field that leaves
invariant some Riemannian metric behaves in many
senses like a circle bundle over a compact base. To
illustrate the point, | will discuss a theorem concerning
the action of the vector field on the kernel of an
invariant differential operator, the latter acting on
sections of a Hermitian vector bundle and assumed to
be normal with respect to the natural Hilbert space
structure, the former acting as a formally self adjoint
operator (all under certain hypoellipticity/ellipticity
condition). As an application | will discuss how this
generalizes Kodaira's vanishing theorem.



ANALYSIS

4l Pseudo-differential
conference

UGENT BE HARMONIC WITH ANALYSIS

[ Tr oG mf ) dut)

G

Make a difference: pseudo-differentiate
ntegrate with mind but psewdo-differentiate with heart

Pres tion:
Book of abstracts.



Ville Turunen
Aalto University, Finland

Time-frequency analysis on locally compact
groups

Tuesday, 7 July
18:00 - 18:30
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Ville Turunen
Aalto University, Finland

Abstract: Time-frequency analysis can be
described as Fourier analysis simultaneously
both in time and in frequency. Its origins are
in quantum mechanics, in signal processing in
Euclidean spaces, and in pseudo-differential
operators. In this presentation we show how
to generalize time-frequency analysis to those
locally compact groups that allow a nice-
enough Fourier transform: wide families of
non-commutative groups can be treated. Our
results on locally compact groups shed new
light also on the analysis in Euclidean spaces.

Ville Turunen
Aalto University, Finland
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Bernard Helffer
Université de Nantes, France

Spectral analysis near a Dirac type crossing in
a weak non-constant magnetic field (after H.
Cornean, B. Helffer and R. Purice)

Wednesday, 8 July
10:00 - 10:30



Bernard Helffer
Université de Nantes, France
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Abstract: This is the continuation of a series of works
devoted to the justification of the Peierls substitution
in the case of a weak magnetic field. Here we deal
with two 2d Bloch eigenvalues which have a conical
crossing. It turns out that in the presence of an almost
constant weak magnetic field, the spectrum near the
crossing develops gaps which remind of the Landau
levels of an effective mass-less magnetic Dirac
operator. This involves the semi-classical analysis for
the Peierls-Onsager effective Hamiltonian which is
done through the combination of different pseudo-
differential calculi.
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Claudia Garetto

University of Loughborough
UK

Hyperbolic Cauchy problems with multiplicities

Wednesday, 8 July
10:40 - 11:10
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Abstract: In this talk we give a survey on some
recent results, obtained in collaboration with
Michael Ruzhansky and Christian Jah, on
hyperbolic Cauchy problems with
multiplicities. In particular, we will explain
how the theory of pseudo-differential
operators is employed in order to get well-
posedness.
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Joachim Toft
Linnaeus University, Sweden

Liftings for ultra-modulation spaces, and
one-parameter groups of Gevrey type

pseudo-differential operators

Wednesday, 8 July
11:30-12:00




Joachim Toft
Linnaeus University, Sweden

Abstract: Let I (“9 pe the set of alla € C®( R?%) such that

1
10% a(X)| < Cq h%las wo(X), wo(X +Y) < Cwy(X)e™F,
forsome h > 0 and every r > 0. We deduce one-parameter group properties for pseudo-differential operators in Op (I’ §“’°)). We use this to show that

0p (@) o 0p (b) = Op (b) © Op (a) = Id forsome a € Op(I' ), beopr ).
By combining these results with the techniques [4], we explain how to deduce lifting property for modulation spaces and construct explicit isomorphisms between them. Some ideas

goes back [2,4]. Especially we prove that for w, wq in a general class of weight functions, the Toeplitz (or localization) operator Tp(wg) is an isomorphism from Mf)’qonto Mf,’q for
every p,q € (0, 00]. We also give some examples on specific liftings, e.g. that the operators

(1 + [x|*M)" +(1+AM2 )P and Tp (exp( (A + 1)+ @ +1E12)P)) )

t
t < 1/2, are bijective mappings between suitable modulation spaces. This can be used to deduce that the Weyl operator Op“’(exp( (A+xD"+ @+ |E)5P )) ) hasindex zero
as a map between these suitable modulation spaces. The talk is based on joint work with A. Abdeljawad and S. Coriasco.
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Joachim Toft
Linnaeus University, Sweden

References

[1] A. Abdeljawad, S. Coriasco, J. Toft. Liftings for ultra-modulation spaces, and one-parameter groups of Gevrey type pseudo-differential operators, Anal. Appl., appeared online 2019.
[2] P. Boggiatto, J. Toft. Embeddings and compactness for generalized Sobolev-Shubin spaces and modulation spaces, Appl. Anal. 84 (2005), 269-282.
[3] K. Grochenig, J. Toft. Isomorphism properties of Toeplitz operators and pseudo-differential operators between modulation spaces, J. Anal. Math. 114 (2011), 255-283.

[4] K. Grochenig, J. Toft. The range of localization operators and lifting theorems for modulation and Bargmann-Fock spaces, Trans. Amer. Math. Soc. 365 (2013),4475-4496.
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Discrete Pseudo-differential Operators and
Boundary Value Problems in Hypercomplex
Function Theory

Wednesday, 8 July
12:10-12:40




Paula Cerejeiras
Universidad de Aveiro, Portugal
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Abstract: During the last decades one can observe an
increasing interest in discrete structures due to a fast
growing computational power. This evolution in
computational power also allows to replace the
traditional approach of discretisation of partial differential
equations via a variational formulation by a finite element
modelation directly on the mesh. This also opens the way
for discrete analogues to the usual continuous structures,
in particular a discrete function theory. While there is a
deep and long standing theory in the two-dimensional
case, which has applications to problems in probability
and statistical physics (see D. Chelkak, R. Novikov, S.
Smirnoy, just to name a few) the higher dimensional case
is only recently being developed. One of the drawbacks of
the discrete case is the lack of explicit expressions for the
kernels of the corresponding discrete operators. In most
cases only their Fourier symbols are known. In this talk we
adapt the recent theories of discrete pseudo-differential
operators by Botchway/Kibiti/Ruzhansky and
Rabinovich/Roch/ Silbermann to the case of symbols with
values in a complexified Clifford algebras and construct
the necessary tools for a discrete hypercomplex function
theory, like discrete Cauchy kernels, discrete Hilbert and
Riesz-transforms, and Hardy spaces. Special emphases
will be given to the study and application of discrete
Riemann-Hilbert boundary value problems.
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University of Potsdam
Germany

Regularised traces and Getzler's rescaling

Wednesday, 8 July
15:00 - 15:30




Abstract: Inspired by Gilkey's invariance

theory, Connes' deformation to the normal cone and
Getzler's rescaling method, we single out a class of
geometric operators among pseudodifferential
operators acting on sections of a class of natural
vector bundles, to which we attach

a rescaling degree.

This degree is then used to express regularised traces
of geometric operators in terms of a rescaled limit of
Wodzicki residues. When applied to complex powers
of the square of a Dirac operator, this amounts to
expressing the index of a Dirac operator in terms of a
local residue involving the Getzler rescaled limit of its
square.

Sylvie Paycha

University of Potsdam

Germany
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Elmar Schrohe
University of Hannover
Germany

Degenerate Elliptic Boundary Value Problems
with Non-smooth Coefficients

Wednesday, 8 July
15:40-16:10




Elmar Schrohe
University of Hannover, Germany

Abstract: On a manifold of bounded geometry with boundary we consider a uniformly strongly elliptic second order

operator A that locally is of the form
A=— z QjiO O, + 2 bjdy, +c,
Jk J
together with a degenerate boundary operator T of the form
T = ¢oYo + P1V1,
where vy, and y;, denote the evaluation of a function and its exterior normal derivative, respectively, at the boundary,
and ¢, ¢ are smooth functions on the boundary with ¢ = 0, ¢p; = 0, and ¢y + ¢p; = co > 0. Unless either ¢, = 0,
or ¢, = 0 this problem is not elliptic in the sense of Lopatinskij and Shapiro. We show that the realization A of 4 in
LP(Q), has a bounded H*-calculus whenever the a;;, are Hélder continuous and b; as well as ¢ are L. For the proof
we first treat the operator with smooth coefficients on R?}. Here we rely on an extension of Boutet de Monvel’s calculus
to operator-valued symbols of Hormander type (1,8). We then use H*-perturbation techniques in order to treat the
nonsmooth case. As an application we study the porous medium equation. (Joint work with Thorben Krietenstein,
Hannover).
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Gunther Uhlmann

University of Washington, USA \/

Microlocal Analysis and the X-ray Transform

Wednesday, 8 July
16:40-17:10




Abstract: We will consider recent applications

of microlocal analysis to the study of the

geodesic X-ray transform which consists of Gunther Uhlmann
integrating a function along geodesics. This University of Washington, USA
type of transforms have applications to many

fields including medical imaging and

geophysics.
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Man Wah Wong
York University, Canada

The Heat Semigroup of the Twisted Laplacian
on the Non-Isotropic Heisenberg Group with
Multi-Dimensional Center

Wednesday, 8 July
17:20-17:50



Man Wah Wong

York University, Canada
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Abstract: We give a formula for the one-
parameter strongly continuous semigroup

e~ 1> 0, generated by the twisted
Laplacian A€ R™\{0}, on the non-isotropic
Heisenberg group R™ x R™ x R™ in terms of
Weyl transforms on theses groups, and use it
to obtain an L?-estimate for the solution of
the initial value problem for the heat equation
governed by L% in terms of the LP norm of the
initial data for 1 <p<eo. This is joint work with
Ms. Shengwen Yang of York University.
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Marius Mantoiu
University of Chile

Quantizations on Nilpotent Lie Groups and
Algebras Having Flat Coadjoint Orbits

Wednesday, 8 July
18:00 - 18:30




Abstract: For a connected simply connected nilpotent Lie
group G with Lie algebra g and unitary dual G’ one has (a)
a global quantization of operator-valued symbols
involving the representation theory of the group, (b) a
quantization of scalar-valued symbols defined on G Xg*,
taking the group structure into account and (c) Weyl-type
guantizations of all the coadjoint orbits. We show how : :

these quantizations are related, by a careful analysis of Marius Mantoiu

the composition of two different types of Fourier University of Chile, Chile

transformations, interesting in itself. We also describe the !

concrete form of the operator-valued symbol

qguantization, by using Kirillov theory and the Euclidean

version of the unitary dual and Plancherel measure. In the

case of the Heisenberg group, this corresponds to the

known picture, presenting the representation theoretical

pseudo-differential operators in terms of families of Weyl

operators depending on a parameter. For illustration, we

work out a couple of examples and put into evidence N— ) i
some specific features of the case of Lie algebras with PDE Pseudo-differential
one-dimensional center. When G is also graded, we make conference

a short presentation of the symbol classes S™ ,
transferred from G X G’ to G Xg* by means of the UGENT ° BE HARMONIC WITH ANALYSIS
connection mentioned above. Joint work with Michael

Ruzhansky.
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|§| NAZARBAYEV
©J UNIVERSITY

Description

This open access book provides an extensive treatment of Hardy inegualities
and closely related topics from the point of view of Folland and Stein’s homo-
geneous (Lie) groups, The place where Hardy inequalities and homogeneous
groups meet is a beautiful area of mathematics with links to many other sub-
jects. While describing the general theory of Hardy, Rellich, Caffarelli-Kohn-
Nirenberg, Sobolev, and other inequalities in the setting of general homoge-
neous groups, the authors pay particular attention to the special class of strat-
ified groups. In this environment, the theory of Hardy inequalities becomes
intricately intertwined with the properties of sub-Laplacians and subelliptic
partial differential equations. These topics constitute the core of this book
and they are complemented by additional, closely related topics such as un-
certainty principles, function spaces on homogeneous groups, the potential
theory for stratified groups, and the potential theory for general Hirmander’s
sums of squares and their fundamental solutions.
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Analysis on Homogeneous Groups:

Hardy Inequalities on Homogeneous Groups;

Rellich, Caffarelli-Kohn-Nirenberg, and Sobolev Type Inequalities;
Fractional Hardy Inequalities;

Integral Hardy Inequalities on Homogeneous Groups;

Horizontal Inequalities on Stratified Groups;

Hardy-Rellich Inequalities and Fundamental Solutions;

Geometric Hardy Inequalities on Stratified Groups;

Uncertainty Relations on Homogeneous Groups;

Function Spaces on Homogeneous Groups;

Elements of Potential Theory on Stratified Groups:

Hardy and Rellich Inequalities for Sums of Squares of Vector Fields.
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Hardy Inequality

Classical Hardy inequality in the Euclidean space R":
Cie(E"), we have

furnoraz (232) [ B3

aNe -
where the constant (1 — 2)* /4 is sharp,
and V is the standard gradient on E".

for all f €

- | g is the standard Euclidean norm,

Hardy inequality on homogeneous Lie groups G: forall f € C7°(G\{0}).

we have i ONZ £ IE(:
/|'th'.r)_”d.r"e (Q; ") / EA g,
JG & Je L7

where the constant (¢ — 2)?/4 is sharp, @ is the homogeneous dimension of
, | - | is any homogeneous quasi-norm on homogeneous Lie groups G, and

R is the radial derivative, R f(x) := 2=
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Abstract

We present the sharp LP-estimates for pseudo-
differential operators on arbitrary graded Lie
groups proved by the authors in [1]. The re-
sults are presented within the setting of the global
symbolic ealeulus on graded Lie groups by using
the Fourier analysis associated to every graded
Lie group which extends the usual one due to
Hormander on R", The main result extends the
classical Fefferman’s sharp theorem on the LP-
boundedness of psendo-differential operators for
Hérmander classes on R" to general graded Lie
groups, also adding the borderline p = 4.

Introduction

* The investigation of the L? boundedness of
pseudo-differential operators is a crucial task
for a large variety of problems in mathematical
analysis and its applications, mainly due to its
consequences for the regularity, approximation
and existence of solutions on L-Sobolev
spaces,

® There is an extensive literature on the subject,
in particular, devoted to operators associated
with symbols belonging to the Hormander
classes S74(R" x R"), (see for instance, J.J.
Kohn and L. Nirenberg [5]. L. Hérmander [4]
and C. Fefferman [2]).

® Our main goal is to extend a classical and
sharp result by C. Fefferman [2] and to provide
a critical order for the L-boundendess of
psendo-differential operators on graded Lie
groups based on the quantization procedure
developed by the third author and V. Fischer
in [3].

o Our main estimate recover the sharp Feflerman
theorem on R", adding the critical case p = 4.

Fourier analysis on nilpotent Lie
groups

e Let & be a simply connected nilpotent Lie group
and let G be its unitary dual

® Let exps g — G, be the exponential mapping
on G. The Schwartz class on G, is defined hy
those f € C(G), such that f o exp. € #(g),
with g ~ Relimi&
The Fourier transform of f € #(G), at 7 € G, is
defined by:

fm) = [ f@)n(z)dz
/

"ee ", Pseudo-differential
conference
UGCENT BE HARMONIC WITH AMALYSIS
J Trim(x)o(x, m)f (RNduln)

!
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Pseudo-differential operators on
graded Lie groups

® Roughly speaking, a pseudo-differential
operator is a continuous linear operator on
#(G), defined by the (quantization) formula:

In such a ease, we say that 7 is the symbol
associated with Op(a). We have denoted by
dp(w) the Plancherel measure on .

® A Rockland operator is a left-invariant
differential operator R which is homogeneous
of positive degree v = vg and such that, for
every unitary irreducible non-trivial
representation 7 € G, w(R) is injective on
HE: on(w) = m(R) is the symbol associated
to R.

e[t can be shown that a Lie group G is graded
if and only if there exists a differential
Rockland operator on G.

o The basic example of graded Lie group is the
Heisenberg group H".

f pseudo-differential operatc

Theorem (Fefferman type estimates on Graded Lie groups)

into LP(().

Let G be a graded Lie group of homogeneous dimension Q. Let A= Oplo) : C¥(G) — #'(G) be a

pseudo-differential operator with symbol o € S (G % G),0<d<p<],d#£1. Then,

ofa) ifm=9 ’_,' P then A extends to a bounded operator from L*(G) to BMO(G). from the Hardy
spuce H'(G) to L'(G), and from LP(G) to L)G) for all 1 < p < .

o (b) If m = my = Q1 - p) ;Ir — 4. 1< p<oo, then A extends to a bounded operator from LP(G)

Hoérmander classes on graded Lie
groups

Hérmander classes on the phase space G x G can
be defined by using Rockland operators. Indeed,
the Hormander class of order m, and of type (p, §),
ST(G > G, is defined by those symbols o satisfying
symbol inequalities of the kind:
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We prosent the: boundednes of global parudo.
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of monlinear partial differential equations.
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# An Lepmendo-difercntial opertor b s
continmons linear opetator P D E
ALCTM) — CF (M), deflond Ly

Afirl = 2;-.&:—-:. 0. f € DemiA)
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wssociated with A. Bolering S Il
# Denate by L° the densedy dofd aperator
wven by Loug = Ay, E€ 1.
® An L-peenido-differential operstor A is callod
Lo mnltigler 1 th "
function 7, : M x R — €, such that for every
EeT, and x & M, we huve
iz, £ = Tl Al S, A i given by

Aftr) = b, VEFL ) = ¥ gl brate Al FED
(3

In this oese, the function m - M e T -+ C, s
the Lsymbol

E = (O{AY), A —+ o0,
L T

where @ > 0. B Q' > @, thon N(A) = O(2¥),
A =0 ac, m that we s that € w U
mmalbest real number with 1l property,
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L0, T LM
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unill) = MIHBu(if" = 0,
() = {0 = wy
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Abstract

We present a notion of harmonic oscillator on the
Heisenberg group H,,. This operator forms a natural

BB

analogue of the harmonic oscillator on R™.

Introduction

Our ansatz is based on a few reasonable assump-
tions: the harmonic oscillator on H,, should be a
negative sum of squares of operators related to the
sub-Laplacian on H,,, essentially self-adjoint with
purely discrete spectrum, and its eigenvectors should
be smooth functions and form an orthonormal basis
of L*(H,). This leads to a differential operator on
H,, which is determined by the Dynin-Folland Lie
algebra, a stratified 3-step nilpotent Lie algebra.

Ansatz
Our approach is motivated by the following three

realizations of the classical harmonic oscillator Qg
on R":

: ! 2 i
(R1) the negative sum of squares —A + || of partial

derivatives of order 1 and coordinate
multiplication operators;

(R2) the Weyl and Kohn-Nirenberg quantizations on

R" of the svmbol o(x, £) := |€]" + |x|* with
z, EER";

(R3) the image dp(—Ly,) of the negative

sub-Laplacian — Ly, on H,, under the
infinitesimal Schrodinger representation dp; (of
Planck’s constant equal to 1) of the Heisenberg

Lie algebra B,,.

The Schrodinger representation py of H,, acting on
L?(R") and the associated Lie algebra representa-
tion, naturally acting on S(R"), clearly relate each
of the realisations (R1) - (R3) to the others. One can
expect that similar realisations should be available
for the canonical harmonic oscillator on H,,.

Main Result

asymptotically (as A — oo) given by

Ap o~ K

The harmonic oscillator Qg on the Heisenberg group H,, has a purely discrete spectrum spec(Qmn,) C
(0,00). The number of its eigenvalues, counted with multiplicities, which are less or equal to A > 0 is

N~ A",

and the magnitude of the eigenvalues is asymptotically equal to

Moreover, the cigenvectors of Qg are in S(H,,) and form an orthonormal basis of L2(HL).

Figure 1: The Harmonic Oscillator on H,,.

Definition

The Dynin-Folland Lie gronp H, » = R* 2% H,, acts on f € L?(H,,) by the unitary irreducible representation

(wl(z,u, 2) F)(t) = € el {tdr) F(t-x),

where ¢ -

For the basis {X

and ¢ - x denote the H,-group products of the corresponding coordinate vectors.
Y211, £} of its Lie algebra b, 2 we define the harmonic oscillator on H,, by

Qun, :=dn(—Ln,,) = (1"1.'()\'1)2

dm( ,\'_.,,)2 dm(Yanii ).'I.

where — Ly, is the sub-Laplacian on H,, . Its natural domain includes the smooth vectors H = S(H,).

Interpretation

The essentially self-adjoint differential operator Qyy,
on H,, admits analogues of (R1) - (R3):

(R1") the differential operator — Ly, + 73,47
(R2")1i) the Dvnin-Weyl quantization on H,, of the

symbol o(x, &) :=ﬂ§f +---+ &3, + 23, with

{J.‘ E) 1= R.’n-—l = R.’u-‘—l:

ii) the Kohn-Nirenberg quantization, in the sense
of [3], of the operator-valued symbol on H,, x H,

oz, pr) = —pa(X1)?2 — ... — pa(Xou) 2 + 2215

(R3") the image dw(—Ly,.) of the sub-Laplacian Ly,

on H, 2, here by definition.

Methods

Q. has purely discrete spectrum in (0, oc) by [5].
The asymptotic growth rate of its eigenvalues is ob-
tained via a powerful method developed in [8]. The
number of eigenvalues (with multiplicities). asymp-
totically behaves like the volumes of certain subsets
of the coadjoint orbit @, < b}, corresponding to
representation 7 € H,,. The subsets in question are
determined (up to a multiplicative constant) by a
(any) homogeneous quasi-norm on g*. The flatness
of @, and a convenient choice of quasi-norm facili-
tate the H)lnptnnlitmn' Hlllrﬁr;llltiai”_\t

Remark
The power 223 3 intimately related to the homoge-
neous structure of b, >: the nominator 6n 4+ 3 is
the homogenous dimension of the first two strata
g1 & g2 C b2, while the denominator 2 is the ho-
mogeneous degree of =Ly, .
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Abstract

Weighted local smoothing effect for £

Global weighted smoothing and Strichartz estimates for £

In what follows we chall present some recent results about the wvalidity of smoothing and
Strichartz-type estimates fi e-degenerate Schridinger ope These results have im
portant applications in the study of the local wel-posedness of the initial value problem (VP
assoclated with the operators under consideration

Time degenerate Schrédinger-type Operators

‘We shall consider the folowing classes of degenerate Schridinger-type operators
Lo =ik + t9Ap + bit, £) T,
Le=iB+ (DA,

where a > 0. ¥t x) = (B[t x},...bult. 2]} is such that foral j=1...n b € C([0.T].CP4(R"} )
while ¢ € CY R}

The class (1) was considered in [1] whera both homogeneous and Inhomogeneous weighted lo
cal smoothing L.L'n" ates are derived. These estimates are also employed to obtain local well
posedness results for the associated nonlinear |V

The class {2) was studied in [2] where globzl weighted homogeneous smoothing estimates are
proved by means of comparison principles. For the clasc weighted Strichartz estimates are
preved in [2] where the applcation to the local well-posedness of the semilinear VP is given.
The main difference between the operators of the form (1) and (2] and the other Schridinger
operators studied sofar is the presence of degeneracies. Specifically, the degeneracies are given
by the coefficient #* and «(t) In {1) and respectively.

Why to study smoothing and Strichartz estimates?

These ectimates give us important information about the regularity properties of the solution
of the IVF. In particular:

= The homogeneous smoothing effect describes a gain of smoothness of the homageneous
solution of the IVPwith respect to the smoothness of the initial data.

= The inhomogeneous smoothing effect describes a gain of smoothness of the solution of
the inhomogenecus IVP with respect to the regularity of the inhemogeneous data.

= Strichartz estimates describe a gain of irtegrability instead of 2 gain of smoothness of the
solution of the IVR,

Additionally, these estimates are fundamental in order to prove the local well-posedness of
the corresponding semilinear and nonlinear IVP through the standard fixed point argument.

What are comparison principles? (Following [3]1)

We consider the VP
{nm =it Agu+ib(t,x) - Vaeu+ f(t.x

alt),x) =uglr).

(3)

n proceed by using Fourier analysis. However, in the general case b £ 0, the

lifferential cak ulus is needed

Theorem (F.-Staffilani)

Let ug € HHR").s € B. Assume that, forall j
and there exists & = 1such that
[tm @b 5t )| | Redzbiin o) < 0%x) 711 s e R (4}
and denote by A |x|) ;=
Then
) if f e L'(j0. T}; H*(®")) then the VP (3) has a unique solubion u € C{[iL T). H*(R"}) and
there exist positive constants €, €5 such that

T (|u.,|. | /?r fit I.dl):

T} H*(R"}} then the IVP {3} has a unique solution w ¢ C{|0L T|: H*(IR"}) and
there exist two positive constants €. €, such that

1,....n, &, is such that b, € C([0. 7). C°(R")

“and by A =

sup [lult)l, < e
Oct=T

o i 12
sup [[u(f) ;+/ [ r"l\"-'-u| A o] ettt
pEteT Jo Jre
. parl 3 T
< i loar "'(m.i:u [ e Edr).
o

€ L[0T = B™: ¢ 4A(|x|}~dtd) then the IVP (3] has a unique salution

. T). H5(R"}} and there exist posi constants (7). Gy such that

; i
sap ||uit) f+/ [ r"i\" """.u|JJ||r! Jelr et
=t T Jo JEY
e e 1 12 42
o= (g2 + / [ £ |2]) 1\ --—j| deat | .
Jo S

Local well-posedness results for O,

Question: Given two operators Fy(t.x, Dr. Dy} and Pyt =, Dy, D.} depending on two func
tions « and b respectively, is it possible to compare (in a suitable sense) the solutions of the
HIVP {homogeneous IVIP) for B, and B ITa and b are comparable {in a sultable sense)?
This s essentially what the comparison principles we refer to do, that &, they translate arela-
tion between a and bin a relation between the solutions of the HIVP for I, and I},
Example (see [3]. Let a.i = C'(R) be real valued and strictly monotone on the support of a
mezsurable function y, and let o7 € C*R). Then, if ¥& € suppy we have

|exi g
|’ EN = — Iu 13 R

for all = () smoath enough.

then | x(Dada(De ™ Plop 0 o < Ol DL DL 20| 1 oy

e concider the nonlinear ['ViPs

Lou=2t"u u® gd>a=0,

ull), x) = up(x).

WPL = { Lyu = :u|e.f!"i'

VP2 =
ufll. 2} = uglx). L {
Theorem (F.-Staffilani). Let £, be such that condition {4) i satished. Then the I'VP1 is locally well
posed in B for s = n/2
Theorem (F.-Staffilani). Let £,, be such that condition (4] is satished with o (thus A(|=f)
{c}~2N) for some N > 1, and 5 > n + 4N + 3 such that s — 1/ 2N. let HY fug £
H*(R" }; Al| 2| iy € H* (R" 1}, then the VP2 with 3 = o > 0, Is locally well posed in H‘

The auther has received funding from the Eurspean Unions Haizon

veral comparison principles are proved in [2]. These are used
ates. We state below only one of them, namely the one corre
: sndard {eorres pondin he case (1) = 1) global
hamogeneous qm%rhrgrlrm,tr For more global smoothing es fimatec see [2].

Theorem (F-Ruzhansky)

Let m = 1, ¢ € (R} be such that it vanishes at 0. Then, ¥r £ R",
{it IF €is suchthat {t & B (1)
a

0} is fnite. then there exist a constant € = 0 such that, for all

.~||r||; [ 4 1|D,._I "-’r"""-\'p'|‘,__,m.;—_ Byl = 2gey: Yo € L3R},
it If ¢is such that the set {t & Rt} = 0} is countable, then there exists a function ¢ € C(R),
and a positive constart ¢ such that, for all 7,
sup ||| &) 2D, Rk ”“‘“P'lf_.’,;p;—-'n = Clellrzmsy:
i
where o = (£, iz 1 1oty

Both global and local Strichartz estimates are satisfied by £.. Below we give the statement of the
local onec which are those employed to prove the local well-posedness of the semilinear VP

Thearem (F-Ruzhansky)

Let ¢ € €1{[0,T]} be vanishing at O and such that #{¢ € [0.T): /() = 0} = & = 1. Then, on
denoting by LY LY = LI([0, T]; LP{R")). we have that for any (g, p) admissible pair
suchthat 2 < g.p < ac. the following estimates hold

e/} ¥ 2™ 2l o < O, 4. p Yl g2 my

delt)A Lo
| €5l 2llezige

’
I (23] £ [ (shel AR gy g < Cln, g k) |;'|-'-"f.rr|;_1f.',l,,

&
I bttt —eta A oy e Ol gw k| & 1/ 2
/ | (s}l glalds]| pocyz = Cln. g p B|||] 'q'll_'.’m’

Local well-posedness of the semilinear IVP for £

W can now apply the previous results to obtain the local well-posedness of the semilinear VP
{UH: i (A = plef(t)||aP e, g c R -

Thearem (F-Ruzhansky). 1et 1 < p < S+ 1ande e O Y[t +20)) be »r-\mthng at0and it is
either stricth monotone or such that § 11 3 |c| T| e'(t) z her f*}r all
uo € LR

NP {5] in the time |nt€.~rr [t T|‘.’ch e ('lt ]I"| LR |’]I_" [t T‘| Ay Y

Mareover the map uy s+ u(-, 1}, locally defined from L3{R") to ¢'( 0, T} L5 R"))
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Aim

= Tix prove: Handy-Littlewsod inequality and
Paley inequality for compuat, hypergrougs [£,

& Ty eatablish Hoemander’s L2 L5 Foorier
avltiplier thecsesn on cotmpsact by pergronps
foe the range 1 < p <2 < g < o [8],

e GHENT
ANALYSIS
PDE

o T estabilish HavsdorfE-Youug-Pales lneguality
we first prove Paley inequadity [2, 1] for
compart Typergronps (8] and then we nae
weighted interpolagion with Hanadorf-Young

ety

UGENT

 Honghly, a hypergronp & i a locally eompact
Hansdordf apiace with a comvodution on the
spmce My W) of regular bousnded Borel
measares on K with properties similar to those
of gronp comvolution,

# In nen commutative setting, the anslys=s on
hypergronps provides o natural extension of
analysis on locally compact gronps. While in
commutative setting, they extend the theory of
spleerical functions and Gelfand pairs,

# Seane ol lmportant exanples ane double cosel
spaves, the space of conjugacy clisas oo (Liv)
graups and the spawe of growp ofbils

® lu particular, the results presentel bere are
true for several interesting exampbes incdluding
Tarnbi hvpergroups with Jacohi polynaomiaks as
charai . pompact. hypergronp strichime on
the fundamental aleove with Heckman-Opdam
polynomials as claracters and mltiariane
dlisk hypergroups,

A compact hypersroup can be countable

= An lication of Pabey inequality gives
Hardy-Littlewood inequality for compact S T it Scapudliey B e oealy
Lvpergroups. stalished for compact homog spares |2]

» W obtain Homoander £ 27 boundedness of and for compact quantum groups [1, 11].
Foaurier pulli |71 it context of compaet ® LFCE8 bonndeduess of Fourier multipliers on
bypersroup with the help of the Tovally compeact animedular groups was proved
HansdorEYoung-Paley inequality in (3] using vou- Newmsnn algebra wechnigues,

H-L inequality for C
Il =p=2and [ e LAConj(SUH2)), then we
have

2: (2 + 1P TP < CLf | woicoisvi)
[

H-L for D-R hypergroups [6]

If 1 < p = 2 then these exists o eonstant. (7 =
Cip) sach that

10+ 30000 —ad =2 il < O ey

Hausdorff-Young-Paley inequality on compact hypergroups

Theorem (Hausdor{f- Young-Paley (Pitt) inequality)
Let B be a compact hypergroup and Iet 1 < p = b < ¢’ < oo, If a pesitive sequence piv), 7 € K,
satisfics the condition

= spy E B <o,
wo &

Hhien we have
'

- By &
e (—"ﬂf{ﬂ"*;«mi -‘) <M P oo
ekl i

infinite also (]6]) This property distingish
them from eompeet groups.

# Unlike Tocally ecompeacs sbelion gronps, the
support of e Planchere! mensure on e dual
spane iy o he fll space in the ese of
enmlative by pergrongs,

& For more decaila om an; 5 i hypergronps
and several interesting examples, see [4, 10, 6],

Fourier ana on compact

hypergroups
sl Ly penzroup with monualised

Haar mussare X, Denote Ty & the dual spao:
squivalent contimons
pipped with the disente

mensienal Tan may not

itary in contrast to compact grong

fave & hypergroup stnture, in contrary
to ahelian gron)
= Denote the dimenson and byperdin
7 & K by dy sod .
& For each 7 £ K, the
[ € LK) Is defines] as

7= [ storeta)ana)

wrier teansforn | of

where 7 is the conjngate represenzation of 7.
or b |10, 4, Y| v details an Fourder
nd representation theory of compaet
hypergroups,

Non-commutative version of Hardy-Littlewood inequality

Theovem (Hardy-Littlewood incquality for compact hypergrowps )

Let | p < 2 and bt K be o compoet hypergronp. Asswme that o sequenes { g }eege grows sufficiently

Just, that s,

Zw < oo for somed =0,
kT

Then we have

¥ Bl

ek

‘~boundedn

Theorem (Hirmander theorem for Fourier multipliers)

Let K be a eomparct fypergronp and let | < p < 2= g < oo, Let A be o loff Fourder multiplier wsth
symbal 7y, that iz, A sotisfies
Afizml = aqlm)f]

Theetr e have

[ET— e D -

T

Contact:  Email: vishweshmishraBgmailcom,  Webpage: https:; /analysis-pde.crg/vishvesh-kumar |
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Introduction

In harmonic analysis, one of the most important es-
timates is the van der Corput lemma, which is an
estimate of the oscillatory integrals. This estimate
was first obtained by the Dutch mathematician Jo-
hannes Gaultherus van der Corput [1] and named
in his honour. While the paper [1] was published
in Mathematische Annalen in 1921, he submitted it
there on 17 December 1920 (from Utrecht). There
fore, it seems appropriate to us to dedicate this pa-
per to the 100" anniversary of this lemma.

Let us state the classical van der ('Ul'pllt lemnmas as
follows:

e van der Corput lemma. Suppose ¢ is a
real-valued and smooth function in [a,b]. If ¢ is a
smooth function and l(_‘)r-;'"t.r]| =1,k =1, for all
x € (a,b), then

C

ALK A —roc, (1)

for k = 1 and ¢' is monotonic, or k = 2. Here C

does not depend on A.

b
j exp (iAg(x))v(x)dr <

Formulation of problem

The main goal of the present paper is to study van
der Corput lemmas for the oscillatory integrals de-
fined by (see [2]. [3]) respectively:
I g(A) = | Eaa(iAd(x)) t(z)dx, (2)

and

Zos(A) = [ Eas (i"Ad(x)) ¢(z)de, (3)
where a¢ = 0, 3 = 0, ¢ is a phase and v is an
amplitude, and A is a positive real number that can
Here E, 5(z) is the Mittag-Leffler function
defined as

Eas(z) =

vary.
K
§o0 =
“*=0r(ak + 3)
with the property that
Ey1(2) =e€"

a>0, 3R,

Main results for [,

van der Corput lemmas on R: consider [, 3 defined by (2).
Let ¢ : R — R be a measurable function and let ¢+ € L'(R). Suppose that 0 < a < 1. 8 > 0, and
m = essinf,-g |¢(x)| > 0, then

M

( =
IL...*[’\)I =1+ Am

where M does not depend on ¢, ¢¥» and A.
van der Corput lemmas on I = [a.b| C R, —co <a < b < +oc.

)l rmy. A = 1.

elet 0 <o <1, 3 =0, ¢ be a real-valued function such that ¢ € C-';"(I}. k>1, and let ¢ € C'(I). If
|o*)(x)| = 1 for all = € I, then
Moz (M) < MpA hlogh(l + A), A > 1,
where M does not depend on A.
slet —c<a=<b<+ocand I = [a,b] C R. Let 0 < a < 1 and let ¢ be a real-valued function such
that ¢ € C*(1), k > 1. Let ¢ CY(I) and I(b”“{.}’.‘” > 1forall x € I. Then
Moo (N)] < MpAVE, X > 1, (5)

for k = 1 and ¢’ is monotonic, or & = 2. Here My does not depend on A.

Main results for 7,

van der Corput lemmas on R: consider Z,, 5 defined by (3).
Let ¢ : R — R be a measurable function and let ¢ € L'(R). Suppose that 0 < a < :
m = essinf, cg |¢(x)| > 0, then
M
<<
o < 155
[Za.s(X)| =

1, and

Nellpmy. A= 1, 0=saa<2 B=a+l,

TE }i_,“'i.-'-'H.a_urm., A==l Di==a=2 1 <B<<ait+l
+ Am) =

where M does not depend on ¢, i and A.
van der Corput lemmas on / = [a,b| C R, —cc <=a < b < +o0.
elet D < v < 2, 3> 1, ¢ be a real-valued function such that ¢ € C*(I), k = 1, and let ¥» € CY([I). If
@) (x)| = 1 for all x € I, then
|Zas (N)] € M Flogh(1 +A), A>1,0<a<?2, 8>a+1,
gD S M AT ML A A=l 0<a<2 T=f<ail
where M} does not depend on A.
elet —co<a<b< +toocand I = [a,b] C R. Let 0 < e« < 2 and let @ be a real-valued function such
that ¢ € C¥(1), k = 1. Let v € C'(1) and |¢*¥)(z)] = 1 for all # € I. Then
aa (O] =Moahs A=, (6)

for £ = 1 and ¢’ is monotonic, or k& = 2. Here M} does not depend on A.

Remark

The ease of @ = 1 in (5) and (6) corresponds to the
classical van der Corput lemma (1).

Conclusion

The main goal of the paper was to study van der
Corput lemmas for the integrals defined by (2) and
(3). Van der Corput type lemmas were obtained, for
the different cases of parameters o and 3.

As an immediate application of the obtained results,
time-estimates of the solutions of time-fractional
Klein-Gordon and Schrodinger equations and gen-
eralisations of the Riemann-Lebesgue lemma were
also considered in [2] and [3].
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Abstract

A Gelfard triple is a triple of spaces (E.H. E’) such that H is a Hilbert
space and there are conlinuous dense embeddings E — H — E. A
classical axample is (5(G). L%]G), S7G)) in which 5{G) is the spece of
rapidly decreasing functions on a r'rlrmsnr Lia group G. But character-
izing the image of 5{G) under the group Fowrier transform F is difficult
and unwigldy. For this purpose we define and study new Gelfand triples
for the Fourier transform and the Kohn-Nirenberg quantization.

The new Gelfand triples contain distribution spaces for which we may de-
fine multiplication on the Fourier side for a large class of smooth coerator
valuad functions

In this regime we may alsc show that the formula a = ¢ (A& 1)) for
the Kohn-Nirenberg symbal & holds for any operator A < Wan.

Gelfand triples for the Fourier transform
Homogeneous Lie groups

Let @ be a homegenecus Lie group, ie. G is a nilpotent Lie group to-
gether with an invertible derivation Acon the Lie algebra g with only positive
elgervalues, The group of automerphisms
R —+ Hom{G): A= 4, wheta §,x=0""" loglx)

are the diations on G. The race Q — w(A) is lhe homogeneous dimen-
sion of G. Let G be the dual of G, ie. the set of unitary equivalence
classes of imeduchle unitary representaticns. Since G is nilpotent we
may use Kirillov's correspendence between etements of G and coadioint
orbits.

The group Fourier transform for dim Z(G) = 1 and 5[/Z £ 0

Let = be a fived ireducible unitary ermenta ion that is square integrable
moduio the center {in symbals = £). Furthermore we choose a real
struciure &, on (H>, H,, H. ), whare H the representation space of
=. H* is the space of smoath vectors of = and H. ™ — [H*]". We will write
k) =aldx). A=0 and mx) = Coaux) G A =R\ {0).
Using this definition, we may define the following isomerphism of measure
spaces a
(B ¢ N90) = (G, i) A [m] in
inwhich &, c G are the equivale classes comesponding to ganaric
orbits and ii ls the Plancherel measure, Since (G, G 0, we may
use (1) and F‘F(!Pl"ien s machinery [“i] 1o construct & unitary isomorphism
= Fal?(G).

Wa will use | o deline an adjusted ranm translorm as described n
Figure 1

Defining new Geltand triples

But It s rather incon
venient that the Fourier
image of the space of
- Schwartz functions .5((G)
€. | AT UA) By HS(HL) does not  decompose
Into a tensor product of a
lunclions space and an
oparator space. In order to bypass the problematic behaviour of Fo{A)
in A = Qfor {xl we will use 'Tlp?l'ﬁ]ﬂ valued tunctions that \lﬁnlsn
In -0 .']enom by 5.(R) the space of Schwanz functions on & that are
orthogonal to all polynomials. We will also dencte by S(R*) the set of
Schwartz funclions on 3 that vanish of arbitrarily high order in A — 0.
We spit the Lie algebra ino vector subspaces g — Z(g) & w ano dafine
8,(G) = {p £ S(G) | [} *) ~ v o expgl Az — x)] € &(R] &. S(w)}
forany z = Z(p)" [0}, Using this delinition we may lormulate the following
Theorem.

Figure 1: Comirulalive diagram describing 7.

Theorem
The map F- 15 an isomanphis i sach row of

Gelfand triples for the
Kohn-Nirenberg quantization on
a homogeneous Lie group

Jonas Brinker

Wirth

Multiplication operators on the Fourier side

Due 1o [1] we may identify a large class of operator valued functians that

act as multiplication operators an &% =) and & In the following
,i[-) denctes the space of multipfication operators on

Thearem

Thee pnullipleation (L) [, defined by

bl map

B R¥) 8, CIHT) = SIR
and by iranso imare s &
(R B E(H™) x SR ) —

Gelfand triples for the Kohn-Nirenberg quantization

We may see the Kohn-Nirenberg quantization a3 the map
Op: L7(G) s L2(G) —+ HS(LAG)), Opla)= KT
i which Tix, ¥) = Hx xp ") and K. HS(L t(.r)l —+ L ‘(G = G is e
cananical isomorphism with (4. LAY . Let us call Op, the
map we obtain by substituting F by 7. Similar o Fugure 1 we get the
commutative diagram
- o As belore, we wanl 1o
HS(L(G)) +— =L G) construct Gelfand triples
Uv_]‘ such that Op, bacomes
an easy 1o describe
LY@ Epl (B, isomarphism betwean
Gelland Irples. For this
purpose it & encugh lo
realize, that T resliricis to an isomorphism on ¢ 5,1 G) such that
(Tt = . T 'g). By j4) we may formulate the next theoram

Figure 2: Commuiative dagram describng Op,

Thearem
The Moty v

SR £l
O [ ] - mu?'m]
| S1G) & SR~ LI5(G) 5161)

On the integral formula for Kohn-Nirenberg operators

Wa may reazuza lha' oo i, M) — (% A) is an operator valued funclion in

- }. By using the continuity and invertibility of Op,. the
ooru unus dense cmb«]:tu(, 5G] —+ O &) and the hypocontinuous
mulliplication on Oy{G = B*) & C{H), we are able to prove tha loflowing
thearam

Thearem
’oral?,.ﬁc-,.u." WG, .E} E £ |51G). Oy Gl the squaily
-1 (] = Op, (A} 5 vahid and we may svalats 4 oy
Ay l,f__ vy al A Faelal el ? Yan dor g e S(G)
whang e infagea! aasts weakly in £, Furthermons
Op; ! LIOUIGI) - Oyl » BT B LMX)
15 camtinuous
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Abstract

This work begins with a systematic study of abstract noncommutative
Fourier series on TS E(2), where T is a discrete and co-compact sub
group of SE(2), the group of handedness-preserving Euclidean isome-
tries of the Euclidean plane

Introduction

The 2D special Euclidean group, usually denoted as SE(2), is one of
the simplest examples of a noncommutative, noncompact real finite di-
mensional Lie group. The right coset space of discrete and co-compact

ibgroups in SE(2), such as ZA\SE(2), appears as the configuration
space in many recent applications in computational science and engi-
neering including computer vision, robotics, mathematical erystallogra-
phy. computational biology, and material science [2, 3, 4],

Preliminaries and Notation

The 2D special Euclidean group, SE| is the semidirect product of
R? with the 2D special orthogonal group SO(2). We denote elements
g € SE(2) as g = (x,R) where x € R and R € SO(2).
The classical Fourier Plancherel formula on the group SE(2) is
? o0 7] )
Jopo (@)dg = [ 17 lfispdp,
and also the noneommutative Fourier reconstruetion formula is
flg) = Lk tr f(p)U,(q)] pdp. (1)
for f € L' N L*(SE(2)) and g € SE(2), where for each p > 0, the
irreducible representation [7, : SF(2) — U( LA(8Y) is
[U(@)l(u) := e~ "M (RTu), (2)
for all g = (t,R) € SE(2), ¢ € LY8"), u € 8!, and the Fourier
transform of each f € LY(SE(2)) at p > 0 is given by
i) = f J@Wplg™")dg. (3)

SE(2
The standard orthonormal basis for the Hilbert function space L*(§')
is B:={ey: k€ Z}, where for each k € Z, e;. : 8' = C is given hy
e, = eplcos o, sina) = eihe
For each g € SE(2) and p > 0, the matrix elements of the operator
Uyl g) with respect to the basis B, are expressed as
Una(g, p) = (Up(g)em, en} 15, (4)
for each m.n € &, see [1]

State of the problem

o Let T be a discrete co-compact subgroup of SE(2).

® Suppose ¢ is the finite SE(2)-invariant measure on the right coset
space M SE(2) which is normalized with respect to Weil's formula
given by

f g FT)R(Tg) = [, flg)dg,

for f € LN(SE(2)). where
fTg) =% f(veoq),
for g € SE(2).
elet o= f e LY([\SE(2),u) with f € L'(SE(2)) be given.
® How to expand i using cocfficients of Fourier matrix elements of f
on SE(2) given by (3)7

Theorem (GF-Chirikjian)

Let I' be a discrete co-compact subgroup of SE(2) and E(T) :=
{tyy : T\SE(2) = C | £ € [} be a (discrete) orthonormal basis for
the Hilbert function space L*(T\SE(2), n). Let f € L'NLY(SE(2))
such that f € LYT\SE(2), u). We then have
(Ftd =3 X [ F0)unQ ®mapdp. (7)
ned mel
where

Q' (Phm = [y, W9, PJTTG),

and
F(P)am = (f(plen. em),

forp>0, £l and m,n € E.

Let f € LY(SE(2)) and ¢ € L'u"\sr“ 1. jt). We then define the
convolution of f with ' as the function v+ & f : TN\ SE(2) — C via
(@ [)(Tg) = ,{_,,__“ (T fh o g)dh, (9)
for g € SE(2).
Theorem (GF-Chirikjian)
Let T' be a discrete co-compact subgroup of SE(2) and E(T) =
{y : T\SE(2) =+ C | £ € I} be a (discrete) orthonormal basis for
the Hilbert function s;:m-a-_{.'-'.,'r\SE:_Q],;:] Let fi € LYSE(2))
with & € {1,2} such that |f)| € L*T'\SE(2), ). We then have
(10 fov) = £ X T [* H@)ule@)nQ (Dmapdp.  (10)

neZ meZ kek

Proposition (GF-Chirikjian)

Let I' be a discrete co-compact subgroup of SE(2) and E(I') =
{th : I\SE(2) = C | £ € I} be a (discrete) orthonormal basis
for the Hilbert function space LAT\SE(2), p). Let f € LY(SE(2))
such that |f| € LYI'NSE(2), u). We then have

)= T [ F@hnQ Plunrip. ®)

neL meL ™"
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PROPAGATION OF SINGULARITIES ON HYPO-ANALYTIC STRUCTURES

o

GEVREY VECTORS

Let £2 be a smooth manifold of dimension m > 0
and consider {Ly,....L,}, pairwise commuting
complex vector fields defined on {1, where n < m.
Let s > 1, we say that a distribution » € D'(2) is
a Gevrey-s vector for {L, Ly} if u € C=(2)
and for every K C {1, compact set, there is a posi-
tive constant C' = (' such that

sup |[L%u(z)| < 1l al®,
xEK
and we write u € G*(Q; L, L,). If s = 1 we
write u € C¥(f%; Ly, ..., L,), and we say that u is
an analytic vector for {L;,... L,}.
N

Ve £ Z:f‘

HYPO-ANALYTIC STRUCTURES

Let 2 be a smooth manifold of dimension n + m.
A hypo-analytic structure on {} of corank m is
a family {Us, (Za1. -+, Za.m) faca satisfying the
following conditions:

e {U,}.ca is an open covering of €2;

e Z,; : Uy — CisaC™ function for every
j=1,-- . manda € A;

e dZ, ., - .dZ, ., are C-linearly indepen-
dent at each point of l/,,, for every o € A

o If U, NUg # 0 then for every p € U, N Uy
there exists a biholomorphic map F! ; such
that Z3 = FY , o Z, in some neighborhood
of pinU, NUg.

We call a pair (U, Z) a hypo-analytic chart. We can
associate it a locally integrable structure V setting
its orthogonal, T", as the complex bundle defined,
Llocall_v, by the differentials d .z, dZ,,.

EXAMPLE

Let M ¢ CV" be a generic CR submanifold of
codimension d, so the CR dimension is equal to
N — d. We can associate a hypo-analytic struc-
ture on M setting 7 = z|ar, for every holomor-
phic coordinate system (U7, z). In this case the lo-
cally integrable structure V is equal to TOIM, ie.,
the collection of all anti-holomorphic vector fields

that are tangent to M.
\

NICHOLAS BRAUN RODRIGUES  UNIVERSIDADE DE SAO PAULO
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THE LOCAL SET UP AND THE REAL STRUCTURE BUNDLE

For simplicity assume that 0 € (2. There is a hypo-analytic chart (U, Z,(x.t) Zm(x,t)) centered at
Owith 7 = V x W, where V. C B™ and W C R" are open balls centered at the origin, and the map
Z=(Z14.00, zm) is given by

Zi(x,t) = zj +ig,(x, t),

with (., t) € V x W, where the map ¢(z,t) = (d1(x,t),..., @y (2, 1)) is smooth, real-valued, ¢(0) = 0
and d,¢(0) = 0. We associate the complex vector fields {M;....,M,,.L;,....L,} with the following
properties:
L;Zy=0
L.J e = 6.)2&'
For every t € W the set &; = {Z(a.1) :
structure bundle of ¥, RTS, , is given by

RTS, = {(Z(2,t), 22 (2, 1) 7€) :

M, Z; = 6,4
M;ty, = 0.

x € V}is a maximally real submanifold of C™. The real

\ reV,E€eR™}

AN FBI CHARACTERIZATION OF GEVREY VECTORS
Let H c C™ be a maximally real submanifold and u € £'(H). We define the FBI transform of u by
Blu)(z,¢) = (u[:*}. G-~ 0=V A(z - 2,()),

forzeC"and( € €; = {ne C™ : [Imy| < |[Rey|}, where A(z.(¢) = det(Id + i(z © ¢)/(()). Now if u
is a distribution on U7 (the same as before) such that L;u € G*(I; Ly, ... L, My, ..., M, ), then actually
u e C=(W:D'(W)). So we define the FBI transform of u € C>=(W; £(V)) by

Flu)(t; 2,¢) = Fluz](z, ),
where u; is the compactly supported distribution on ¥, defined by u;(z) = u(x
Theorem 1 (N. Braun Rodrigues, 2020) Let u € C*(W:D'(V')) be a solution of

1), for z = Z(x,t).

Liu= fi,

Low = fp,

where f; € G*(U; Ly, -+« ,Lp, My, ..., M), j = 1,....n. Then are equivalent:

1. u|y, € G*(U; Ly, -+ Ly, My,..., M, ), for some open neighborhood of the origin Uy;
2. Forevery y € C(V), with 0 < y < land y = 1 in some open neighborhood of the origin, there exist

V © V, W C W, open balls centered at the origin, constants C, e > 0 such that

vt e W,(2,¢) € RTg, | \ 0,

where (z,() € IR.T;-_r i means that z = Z(x,t), { =" Zy(z,t) 6, E e R™ \ODand z € V.
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"PROPAGATORS"

We shall consider only analytic tube structures,
i.e., locally the hypo-analytic structure is given by
Z(z,t) =z +ig(t), definedon U/ = V x W, and
o(t) is analytic. One of the reasons we are only
dealing with tube structures is that the real struc-
ture bundle is trivial, i.e.,

RT;:{ = {(Z(z,1),&) : x e V,§ e R"},

for every t € W. Let ¥ C € be a connected

submanifold of 2, satisfying the following prop-
erties:

1. For every p € ¥ there is (U, Z), a hypo-
analytic chart, with p € U, such that 0/
Z=1(0);

. In the same situation as above, for every g €
YN, and E?’| € U7, an open neighborhood of
p, there is E"g & U/, an open neighborhood of
¢, such that the connected component of the
fiber Z~'(Z(g')) that contains ¢’ intersects
7, for every ¢’ € Uy

. themap £ 3 p— sup{r >0 :
is continuous.

B.(p) Cc U}

PROPAGATION OF SINGULARITIE

Let u € D'(2). We say that Lu € G* if for ev-
ery (U, Z) described in the local setup section we
have that

Lju € G*(U;L1, ¢+ yLn,M1,..., M),

for § = 1,..:; n. MNote that since the structure is
real-analytic, this is equivalent to L;u € G*(U).

Theorem 2 (N. Braun Rodrigues, 2020)

In the same situation as above, if v € D'(f1) is
such that Lu € G*(2), then singsupp, uN ¥ = 0 or
L,‘_' C singsupp, u.
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Overview

Abstact: The license plate location plays an important role in license plate
recognition systems. As a premise of character recognition, the accuracy and
robusiness of license location directly determine the performance of the en-
tire license plate recognition system. In many practical applications, license
plate recognition systems mostly work outdoors, and the captured images
inevitably suffer from different kinds of degradations caused by lighting,
weather, and complex backgrounds, and so on. In general, it is a challenging
problem under such a diverse, uncertain and complex environment and has
also attracted considerable attention in both academic and industrial fields.

Main Idea: In regard to the complex background in license images, we first
use an edge-aware filter, L”-norm smoothing to remove the majority back-
ground textures but keep the license plate characters. Then, we take a series
of feature filtering steps based on the geometrical textures and structures to
furtherly to reduce the interference of pseudo-licenses. Finally, a simple pro-
Jjection location method is used to extract the position and size of the license
plates. The whole location procedure is:

L0 Smoothing
<y

<

iy

Feature filtering

Contributions:

» Propose a practical license plate location system based on a series of fea-
ture extraction and filter steps.

o Use L image smoothing algorithm to remove the background noise.

o Use a binarized image for fast multiscale resolution analysis.

o Take full use of textural information and projection location method to
extract license plates.

Algorithm

L" Smoothing: In license plaie images, license
characters have high contrast textures, while the
image background contains abundant low contrast
details. We use the Lg-norm smoothing filters to
suppress the details, which can be phased as,

;wg:nin-‘,'[j) =|If = gz + MV fllo, I

where g and f are the source and target images in
R™, ¥ is gradient operator, |||z is L%-norm, and
||/l is s0-called L"-norm, counting the number of
non-zero elements of an vector, which leads 1 a
sparse regularization, and A is a weight scalar.
L"-norm minimization: The Eq.(1) is NP-hard 1o
solve, we instead introduce two auxiliary variables
h; and v; for the 2D discrete image, and rewrite it
as,
in E = \',—r["— Tk v)
in E(/) Z Ji— 9 £ A0, 5
+ 38 fi — ) + (D f — ).
where C'lh,v) = 1if [hy| + 15| #£0, else 0. Itis
clear that the solution of Eq. (2) approximates that
of Eq. (1) when § — +00. We solve the Eq. (2)
minimizing (f, v) and f alternatively.

Experiments & Results

1. L"-norm smoothing

® Left: input image, right: L"-norm smoothing result, 1t is clear that the low-contrast details are

significantly suppressed with LV-norm smoothing.

3. Feature filtering

® Edge extraction, removing lines, o The horizontal and vertical projection

structural and textural analysis.

4. Projection results

1. Computing [: By fixing h; and v; and minimizing
the function,

min E(f)=3 (fi- gif +8((@: fi~hiF+ @y fi-vif). (3

The above function is quadratic and thus has a global
minimum. Here we use fast Fourier transform (FFT) to
accelerate the solver,

o1y Flo)+B(F(0:)0F (h)+F ()« Flv)
/=% {.Fil}--.i[ rfa,]..?:a_,]-ﬁw,,)‘.ﬂe:.,]r}‘ o

where # is a component-wise multiplication, .7 and

F =1 denotes FFT and its inverse operators, and 7 (1)

is the Fourier Transform of 4 function.

2. computing (h,v): We solve (h,v) by minimizing

:rm'n E(f)=AClhv)+8((8: fi — hi)* + (B fi =)’ 5

where C'(h, v) returns the number of non-zero elements
of |0, fi| + 3, fi]. Eq. (5) can be spatially decomposed
and solved fastly, because each element f;, and v, can
be estimated individually. It reaches its minimum E*
under the condition,

(0,0), (B fi + 8, ) < %

0, otherwise.

2, Binarized image

multiscale analysis for licenses,

Quantitative evaluation:

® The binwized image provides a

ANALYSIS
PDE

Post-processing: To exiract and locate the
license more accurately, we also introduce
the following post-processing steps:
Binarized image: Let | be an image, and
I, is resized from [ with a scale s, where
SES={sma}={27".27"}, cparerow
and column scales. I we rearrange the im-
ages {1, }scs ona 2-D plane in descending
scales, a new image B = {I,} ¢, called bi-
narized image, is obtained, which provides a
multiscale analysis of license image.
Feature Filtering: By using the L"-norm
smoothing, a mass of local textures can be
removed and an optimal scale of the license
is also available with binarized image. We
further propose a feature filtering, that is,
edge extraction, removing long lines, struc-
ture analysis, and texture density analysis to
further remove the pseudo-licenses.
Projection Location: After the above steps,
the license is easy to locate, we use a very
simple projection location method to extract
the position and size information.
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Description Richard Feynman’s drum Open Access Book
The aim of Spectral Geometry of Partial Differential Operators is 1o provide
a basic and self-contained introduction to the ideas underpinning spectral ge-
ometric inequalities arising in the theory of partial differential equations.

Historically, one of the first inequalities of the spectral geometry was the min-
imisation problem of the first eigenvalue of the Dirichlet Laplacian. Nowa-
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It is proved that the deepest bass note is produced by the circular drum
among all drums of the same area (as the circular drum). Moreover,
one can show that among all bodies of a given volume in the three-
dimensional space with constant density, the ball has the gravitational
field of the highest energy.

Cauchy-Robin heat operator m M = - =
Cauchy-Neumann and Cauchy-Dirichlet-Neumann heat operators Rex is minimising the strain energy by circling

5
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where 2 ¢ B? is a set with finite Lebesgue measure.
Rayleigh-Faber-Krahn inequality: The ball {2* is the maximiser of the first
eigenvalue of the operator R, ¢, among all domains of a given volume, i.e.

0 < A (82) < A(02%)

for an arbitrary domain £ ¢ RY with |02 = 27|,

Hong-Krahn-Szegi inequity: The maximum of the second eigenvalue
A2(92) of R, among all sets £ C R with a given measure is approached
by the union of two identical balls with mutual distance going to infinity.
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Abstact

Associated symbol classes and operators

Anarmonic oscillators and Schatten-classes of operators

We study a dass of anharmonic escillators within the framework of the Weyl-Hormander calou-
lus. By associating a Harmander metric to a given anhamonic oscllator we extend the so-called
Shubin classes associated to the harmonic oscillator and the corresponding pseudo-differential
caloulus. Spectral properties of negative powers of anharmonic oscllalors, as well as of the
operator itself, are derived.

Introduction

In the stuchy of the Schrddinger equation iy A 4 V(X )op the analysis of the energy levels
is often reduced to the corresponding eigenvalue problem for the operator = 4 15
Spectral properties of the anharmanic oscillator, on B or more penerally on B®, with different
potentials V' have been studied (c.f, [1112].04]) by several suthors in the last A0 years, However,
the exact solution of walue prol stil unknown.

Here we consider a i peneral case on R where a prototype s of the form

A={-A) + [z, where k{21 Integers,
and more generally we consicler operators of e form
T =gl +plx).

where g, g are special polynomials on R, In particular we write p € Py,g € Py, lor some
integers kI > 1, where we have defined

Py = {p- R" - R, with deglp) = 2k, and lim in

Therefore, for p € Py land similarly for g, there exists g, > 0 such that

plzh+m >0, forevery reR*

Weyl-Hormander classes associated to the anharmonic oscillators

= In the case of the general anharmonic oscillator T as in [2) with (rescalled) symbol « we
o Tiz.£) = plz) + gl£) € SIMM, &),
whese the Himuander mefric ¢4, and the g-weight M are given by
drt de*
(o +au+ pie) + gl i o+ + K} + gl

B{E!_rf.r,dfj =

and
MM(z.8) = o+ o+ plr) +4l5)

* In the case of the prototype of the anharmenic oscillator A 2 in (1) the metric (3 is
equivalent to the metric

Y] : st dE?
¢ e ) = T+ .
i (eI (L oo+ e

* Inthe symmetric case where & = [ in (1) the metnic associated (o the operalor A is
equivalent to
d‘.l 2
gy, df ) = ————
Sedlie ) = o Ier T Tl
which comesponds to the sympiectic metric defining the Shubin dasses assodated to the har-
monic oscilkitor.

Let m £ R We say Lhat Ihe function e € C*(R*) is In the class of symbols 5 (R"). if
|88 alx, &) € Codir €77, forall aBE N,

£) = (14 |«f™ + |6M, for k0 = 1integers. The associated
J.and in particular
YE(R") = Op(Z3R").
For example (e prototype anharmonic escillator A & in (1) is an operator in 95 R*).

where we have denoted
operators are denoted by &

Pseudo-differential calculus on &

The following can be viewed as a consequence of the Weyl Hirmander calcuus:
* The dlass of operators Unes¥ 57 (R™) forms an algebra of operators that is stable under
taking the adioint.
* lebrmy, my € Rand lel k1 = Lintegers, If a € 7 and b € 7}, then there exisls
" sich that Op®{a) o Op*ib) = Op*ie). Moreover, we have the asympiotic
formula

25i) -l
i Z %lﬂ'ﬂfiﬁfhi =

* The operators in $E, extend boundedly to L*(R"). Furthermore, there exists € > 0 and
N & N such that if A= Op*(a] € ¥E,, then

1Al g € Cllle, -

.. denotes the inherited seminorm in the class in the class of symbols

11,4}

where || .

Associated Sobolev spaces

Uking the functional calcutus on {the compacl, poesitive operator) A as in (1), we define the
operator A, form € B by
x

A=Y

=1

wpdy, for oe Llrmr{,vi?} "
WhEME () ex 15 an orthonormal basis of L{R*) made of eigenfunctions of A and (A;)ex the
corresponding eigenalues.

The Sobolev spaces related to A denoted by AT(R") for m € B, L1 > L integers, is the
subspace S (B that is the completion of Dom [AT) for the norm

[P T Py

Continuity Properties

The identification of the Sobolev spaces AF(R*) with suitable Sobolev spaces HM, g) in the
Weyl-Hrmander setting, and the general theory yield:

sletmeRand k1 = 1integers. Hn € E5(R"), then

Op%(a): AR = AR, WsER.
Mare generally, equivalence of quantizations in our particular case yield:
* fora € B (R (m € B, k.1 = 1) we have

Op'la): AL(R") = AR, YseRVreR.

For 1 € r < o we denote by S0 LHR™)) the r*-Shatten clzss of operators.
« Forg =g asin (3), and fora € S(0%, g), p > 2, we have
Op(a) € S{LFR")), forall reR.
perator A as in (1), or more generally, for the operator T as in (2), and for
L {for k.4 as in (1) or accordingly to the choices of p,q asin (2 we have
T A" e S{LYR").

Eigenvalue asymptotics for negative powers of operators

The general theory on the Schatten-classes S.0LHR™)) and the Wey-inequality see 5] )
r=0,
imply:
= Forg = g™ asin (3. and fora € S(A7%, gl g > &, and for any 7 € R we have
MopTa)) =i}, 3 joao.

» For the operator A as in (1), or more generally, for the operator T as in (21, and for
>S5 (e k1 3 in (1), or accordingly to the chiices of pg 2 in (2]} we have

MAF = olj™), a8 j =00,

Rate of growth of the eigenvalues of the anharmonic oscillator A

letkibeasimil)and r > '—:.1,—" Then for every N € N there edsts Ny € N such that

Njt <M, for 52 8.
Thus. the eigenvalies A;(A) are at least of growth
jro B =,
Asymplotic expansions of X;{A) have also been studied in [1] and [2],

References

= e, v Ut 1 At &

846, 1962,

i and quarenmechunik

146, 4927




Hyperbolic systems with non-diagonalisable principal part

Claudia Garetto,
Mathematical Sciences, Loughborough University, UK

ristian Jah & Michael Ruzhansky

Mathematisches Institut, Georg-August University Gottingen, Germany
Ghent Analysis & PDE Center, Ghent University, Belgium /Queen Mary Unhemt} of London, UK

c.garettollboro.ac.uk  christian. jachfuni-gocttingen.de

Introduction

W consider

Delu | Bit.x, Byl
where n > m 2z We assume that Air
foglt, e 133, we dependent pacude-diific
operators of e 1L and that Bit.x,

s o o b <ievari operates of b s,
alkin sssurv thal the mustrin A s uppes triangualar snd byperbalic, i

A, Db = AL r, Dy 7.0,
At o, D)o Ml £, Dl

with real eigervalues Aylf 2.8 Atun €L dlt, 2.8) of ALt 5, 8) and

Fustherenoge, we istrodsor U followiog two by poleses:

(H1) Far the cnefficionts of the lowar ceder term B, =, [,
the lower arder berma by bobong 1o O, T1.87) for
{112} Por some theorems, we assume that A does rol depend on f, Le. A

Ayl
voch that
Afw e Adm ) e NF D (A A ) - M€

where som beacket [} in MY i iterated ¥ times
Well-posedness

In Garetio et al. [3015], we prove a well-poscdness result for {1} under hypothesis (H1
Theirem 1. G the Cancliy problem (1), tolene
seribeed dn U ntradvction and 1, x,
¥ ') for &
i

thon leratinchy bullding the sobusion af the sysicm frm the selutions o sealer equations.
For each charscteriabie A, af A, we denote by the respective solidion solutsm o

" 1 | i Byt = byit, v, Dy + T
d { u10,4)

v 1) can be micralocally epresented by Fourier integral operators

¢
sigisa = |

s £ sclving the eikonal equation
will. 2.0

The sneplitudes Ay it ».x, £l aforder & ke X, giving A4y ~ T F
the wual transport oquations wish initial data att = s, and we laven

Thie comgoninss of the soltion o of (1) i given by a compesifion of the operators doseribed
above together with principal part eocficients and lower onder cocfiEcents. That & whes:
oy pothosis (H1] comes into play. For example in the case i = 2, we got

That then gives

Onie them gets 1o the final result by setiing ep a fixed point problem to which Banach's flved
paint theorum can be applicd. A gereral time interval 0.7 can be iteratively covered since
the cstimates awalved for the s do only depend on the cocfficients and not the initial data.

hansky@ugent . be

Solution representations and regularity results

In the case of A = Aje. I, lashngmaﬁd:‘m o Il}onﬂ'elcwﬂoldukmuboiilz for
the peincipal part, the sol. of ()¢

i, Hlors rstakehe pelwcipel el e to Gasetin friey |m| for the detals
and proafs

Theorem 2 Consicer (1) arith A = Aix. D) and J1(2,r. £, satisfying propertivs deseribed abooe
el Lt i culditions (7 ) (142} e satisfiee. Lot myyaud | ave companents ol and [, sespecifecy,
e H =10 and f, & € Tho, for wry ¥ € N, fic
conprments g, j = | o, of e b

) and the epossiors W, K]
) ave gt Faneie Indegrel Operstors ofordir | - .

Using the explicit solution representations, we gel

Theorem 3. Lef p € (L o) anaf o = (n — 1[4 — &, Comsieler (1) wder (H1) vt (2L Then,
for wuy conpactly -,mr..\r g € LR 1 L2 the solution #,2) uf tlae Caniclry pooblern (1)
salisfies w(t. ) & & ferall 1 cansbret €y sxch tal

Local estimates can be ebiained in other spaces as well, for « ¢ Tt and « as sbove.
assuming w betow b compacthy supported. we have that s & 12, implies il

implies uft, ) ¢ €% and, for | < p < g <

Propagation of singularities

Cperations of the foem (] 1, 5,1, whiich appear in the solution representation above i the
eperators K7, are of the general form

Q- .'f Jlr ;{Im HFy. iy,

For these operators, we bave @ ¢ L0, 5040, s i anl = 0. The

Letd = (i
canonical M)Imn Ve

M= {, "
and the 4 are the n—mumar.mmrmwh.—,l_m & shift by ¢ ‘rmg the trajectarios of the
Hamiltonkn flov defined by the

Lot #,(t, =5 b the comesponding broken Hamilanian flow. It means that points fallow
icharacteristics of A, until meeting the charscteristic of A, and then cominue along the
bbcharacterisbe of 4, e

Operatoss of the fype &) con be revritten a5 standand Fouricr m‘csr.\loocnlcrsv\'l‘m the
domain of inlegration is nedt thy bait a simplex. For 2 fallowing
arguments of Hoemarstey, we get W) © L AW Flu . Far desnlls sow Kntotakd drat
Ruzhansky | 2007, Casetto ot al. [2020].

M, [0} urnder iypofiveses (H1) and
solution 5. Consequerttly, up o any

N

ity cch o e wnse froirt sets for devmes o e gt Wl e of (2) given by e prepugmion aiong
the bkt 1amilfensian flete e described abeay.
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Abstract

This work [3] is devoted to present the geometric Hardy and Hardy-Sobolev
inequalities for the sub-Laplacian in the half-spaces of the Heisenberg group
with a sharp constant. This result answers a conjecture posed by S. Larson
in [2]. As a consequence, a geometric Hardy-Sobolev-Maz"ya inequality is
recovered.

Preliminaries on the Heisenberg group:

Let H" be the Heisenberg group, that is, the set B! equipped with the
group law

n
Eofi=(x+Ty+yt+t I-?Z[-‘F:‘.&’e

i=1

xili)),

where £ = (z,4,1) € H*, = = {z1,...,3 tal ¥ = (th tn ), and
£71 = —£ is the inverse element of £ with respect to the group law. The
dilation operation of the Heisenberg group with respect to the group law has
the following form 8, (£) := (Ax, Ay, A*t) for A > 0.

The Lie algebra b of the left-invariant vector fields on the Heisenberg group
H" is spanned by

(! d el a
Xi=—+2y d Y5 21—
ki Yo = on g
and with their (non-z¢ro) commutator [X,, Y] =
dientof H" is Vi := (X1,...,] X ¥y
Let us define the half-space of the Heisenberg group by

-1%. The horizontal gra-
HY :={£eH": (£ v) >d},
where v = (v, 1, 14) with 1,7, € R" and 1y € R is the Riemannian
outer unit normal to JH* (see [1]) and « € R. The Euclidean distance to the
boundary JH ™ is defined by

dist(§,0H7) == (£, v) —d.

Let us define

——
X6 =(0,..., ey 11| P 0, 2u3),

n n
I—A_': s
Yi(€) = (0,..., 0;0.::; 1,...,0,—2x).
S, e,
n n

Then we have
(Xi(E) V) = vui + 2000, (Yil&), v) = vy — 251,

where £ := (z,y,1) withz,y € R" and t € B, v := (v, 0, 14).

Hardy and Hardy-Sobolev inequalities on Heisenberg groups
, Bolys Sabitbek®?, Durvudkhan Suragan®
!Ghent University, 2Queen Mary University of London, *Kazakh National University, “Nazarbayev

Michael Ruzhansky'+*

University

Introduction

The Hardy inequality in the half-space on the Heisenberg group was shown
by Luan and Young in [4] as follows

f VJ;'N.P(L‘: > [ || r_, yl

An alternative proof of this inequality was given by Larson in [2], where the
author generalised it 10 any half-space of the Heisenberg group,

[_ |V pul?ds > EI[ Loy (Xil©, ) +

dist(£,0HT)
where X; and Y; (fori = 1 n) are left-invariant vector fields on the
Heisenberg group, v is the Riemannian outer unit normal to the boundary.
Also, there is the LP-generalisation of the above inequality

g i » iy KX (€), »)I” + | (Yi(€). )P
[_ VaulPde = ( ) / Tist (&, 0Ty

|| dE. ()

\Yl

u| d€,

2)

Conjecture posed by S. Larson

A more natural weight in the right-hand side of (2) would be

(T (Xil€),1)2 + (Vi(6), )"
dist(£, JH+ ) ’

LP-Hardy inequality on H™

Let H' be a half-space of the Heisenberg group H".
we CFF(HY) and p > 1 we have

[ |Y’;;u|”d§)€[

where the constant €' 1=

Then for all functions

(50 (Xi(€), 0)? + (¥il€), )2)"*

dist(€. 0" ) ful*de,

P
( -u) is sharp.
»

L*-Hardy inequality on H"

Let Y be a half-space of the Heisenberg group H",
w € Cg°(HY) we have

f V gul?de Z)f hl'r%"!l'

where the constant is sharp.
This corollary can be proved by considering p = 2, dist(£, dHT) = ¢ and
v =(0,0,1).

Then for all functions

|ul?dg, ()

[ulPdE.

‘@s'_; Queen Mary
University of London

Rl

(O

NAZARBAYEV
UNIVERSITY
Hardy-Sobolev inequality on H "
Let H* be a half-space of the Heisenberg group [H". Then for every function

ue CF(HY)and 2 < p < @ with @ = 2n + 1, there exists some €', > 0
such that we have

1
| (T Xi(©,* + @ )™ o\

7 erulPdf — P
(L_ |V g Pdg (‘[ dist(€. OHF)? |ufPde | =

where p* 1= Qp/(Q — p) and the constant C' ;= (”L,—])P-

Hardy-Sobolev-Maz’ya inequality

Let H' be a half-space of the Heisenberg group H". Then for every function
u & C5°(H™), there exists some C' > 0 such that we have

a E *
([ [V srul?de [ Mrﬂwa«) >C([ |-u|2'dg)

where 2* := 2Q /(@ — 2) with the homogeneous dimension € = 2n + 1.
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