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Université de Nantes.
July 2020.
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Abstract

This is the continuation of a series of works by the three authors
devoted to the justification of the Peierls substitution in the case
of a weak magnetic field. Here we deal with two 2d Bloch
eigenvalues which have a conical crossing. It turns out that in the
presence of an almost constant weak magnetic field, the spectrum
near the crossing develops gaps which remind of the Landau levels
of an effective mass-less magnetic Dirac operator. This involves
the semi-classical analysis for the Peierls-Onsager effective
Hamiltonian which is done through the combination of different
pseudo-differential calculi.
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On Peierls-Onsager substitution

Let us briefly recall that the Peierls-Onsager substitution is used by
physicists (Peierls, Luttinger) in the study of non-interacting
electrons in a periodic potential (describing the lattice of atoms in
the solid) and subjected to a magnetic field.
In the absence of a magnetic field, the periodic Hamiltonian is
described in the Floquet representation as the sum of a countable
family of multiplication operators living in some finite dimensional
subspaces and given by some real functions

{
λn : B → R

}
n∈N

defined on the Brillouin domain B; these are the Bloch functions.
We recall that the Brillouin domain is the unit cell in the
momentum space with respect to the dual of the lattice defined by
the periodic potential. The Peierls-Onsager substitution consists in
replacing the complete Hamiltonian in a magnetic field B = dA by
the effective Hamiltonian obtained by replacing the functions λn(θ)
with θ ∈ B by λn

(
θ − A(x)

)
.
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The function (θ, x) 7→ λn(θ − A(x)) can actually be considered as
the symbol of a pseudo-differential operator on R2.
Giving a mathematical meaning to these operators is not quite
evident and a rich literature has been devoted to this subject.
Some important restrictive hypothesis imposed in these studies
have been the existence of isolated Bloch bands (i.e. some
function λn0 that does not intersect with any other), the existence
of Wannier basis for such isolated Bloch bands and the constancy
of the magnetic field.

An important difficulty in using the Peierls-Onsager effective
Hamiltonians for obtaining a detailed spectral information comes
from the presence of the Bloch eigenprojections and the fact that
they live on subspaces that depend on the magnetic field.
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In our previous work [CHP-1]-[CHP-2], we have considered a
2-dimensional situation in which we can allow for some slow
variation of the intensity of the magnetic field and prove a rather
detailed spectral analysis of the effective Hamiltonians.

First, in [CHP-1] we studied the bottom of the magnetically
perturbed spectrum in a narrow window around the
non-degenerate minimum of an isolated Bloch energy whose
corresponding spectral projection had a zero Chern number and
admitted an exponentially localized Wannier basis.

Later on, in [CHP-2] we generalized these results to situations in
which the unperturbed bottom of the spectrum comes from a
single Bloch eigenvalue which either might cross with others
outside the narrow window, or its corresponding spectral subspace
has a non-trivial topology.
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Our general strategy is to isolate some simple effective Hamiltonian
that on a small neighborhood of some point in the Brillouin domain
approximates well the exact one in the absence of magnetic field.

We have in view

I either a minimum of a Bloch eigenvalue, where we use the
quadratic form given by the Hessian of the given Bloch
function,

I or a conical crossing point where we use a 2× 2-matrix valued
Dirac type Hamiltonian defined by the two crossing Bloch
functions and their 1-dimensional eigenprojections.

The magnetic field that we considered is of the form

Bε,κ(x) = εB◦ + εκB(εx)

where B◦ is a constant magnetic field producing some spectral
gaps controlled by ε ∈ [0, ε0] for some ε0 > 0 small enough and
εκB(εx) is a slowly varying magnetic field considered as a
perturbation controlled by κ ∈ [0, κ0] for some κ0 ∈ (0, 1].
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Our aim is to show that in a neighborhood of the special spectral
point corresponding to a conical crossing of two Bloch functions,
the above magnetic field produces a family of spectral gaps with
widths and separation controlled by ε and κ.
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The periodic Hamiltonian.

We work in R2 in which a regular lattice Γ is given.
(One can take Γ = Z2 as basic example).

Definition

We consider the Γ-periodic functions V Γ ∈ BC∞(R2;R) and
AΓ ∈ BC∞(R2;R2) and define the 2-dimensional Γ-periodic
Hamiltonian HΓ as the self-adjoint extension in L2(R2) of the
symmetric operator

−∆AΓ + V Γ : S(R2)→ S(R2) , (1)

with
−∆AΓ :=

∑
j=1,2

(
− i∂xj − AΓ

j (x)
)2
.
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We recall that the periodic operators on L2(R2) admit a kind of
’partial diagonalization’ given by the Bloch-Floquet unitary map
(see also section XIII.16 of [RS-4]). We define the
Bloch-Floquet-Zak transform of a test function φ ∈ S(R2) for
x ∈ R2 , θ ∈ R2,(

ǓΓφ
)
(x , θ) :=

∑
γ∈Γ

e−2πi [(x1−γ1)θ1+(x2−γ2)θ2]φ(x − γ) . (2)
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We notice that for any φ ∈ S(R2) we have the following behavior
of its Bloch-Floquet transform:

∀α ∈ Γ :
(
ǓΓφ

)
(x + α, θ) =

(
ǓΓφ

)
(x , θ), ∀(x , θ) ∈ R2 × R2,

(3)

∀ν ∈ Z2 :
(
ǓΓφ

)
(x , θ + ν) = e−2πi(x1ν1+x2ν2)

(
ǓΓφ

)
(x , θ). (4)

Due to the periodicity in the x-variable, we can project this
variable on the 2-dimensional torus T and consider functions
defined on T× R2. We restrict the variable θ ∈ R2 to the square
Q := (−1/2, 1/2)× (−1/2, 1/2).
The transformation ǓΓ defines a unitary operator
L2(R2)

∼→ L2(T)⊗ L2(Q).
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In this representation HΓ becomes the operator of multiplication
with an operator-valued function of θ ∈ R2 taking values
self-adjoint operators Ȟ(θ) acting in L2(T).

Proposition

The operators Ȟ(θ) with θ ∈ R2 are self-adjoint, lower
semi-bounded with compact resolvent in L2(T) and their
eigenvalues {λk(θ)}k∈N (also called the Bloch eigenvalues) in
increasing order taking into account their multiplicity.
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The magnetic field.

We are interested in exhibiting a structure of gaps created in the
band spectrum of HΓ by a weak constant magnetic field and in
studying their stability when perturbing the magnetic field by a
smaller bounded smooth magnetic field.
Given (ε, κ) ∈ [0, 1]× [0, 1], the magnetic field as the form

Bε,κ(x) = εB◦ + εκB(x) , (5)

where B◦ is a constant magnetic field that we shall take to be
positive and κB(x) is a weak magnetic field considered has a
perturbation of B◦.

Bernard Helffer, Laboratoire de Mathématiques Jean Leray, Université de Nantes. July 2020.Spectral analysis near a Dirac type crossing in a weak non-constant magnetic field (after H.D. Cornean, B. Helffer and R. Purice).



Let us choose some smooth vector potentials A◦ : R2 → R2 and
A : R2 → R2 such that:

B◦ = ∂1A
◦
2 − ∂2A

◦
1 , B = ∂1A2 − ∂2A1 , (6)

and

Aε,κ(x) := εA◦(x) + κεA(x) , Bε,κ = ∂1A
ε,κ
2 − ∂2A

ε,κ
1 . (7)

The vector potential A◦ is considered in the transverse gauge, i.e.

A◦(x) = (1/2)
(
− B◦x2,B

◦x1

)
. (8)
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We consider the following magnetic Schrödinger operator, that is
essentially self-adjoint on S(R2):

Hε,κ
Γ :=

(
−i∂x1−AΓ

1(x)−Aε,κ1 (x)
)2

+
(
−i∂x2−AΓ

2(x)−Aε,κ2 (x)
)2

+V Γ(x)

(9)
and treat it as a perturbation of

Hε
Γ :=

(
−i∂x1−AΓ

1(x)+εB◦x2/2
)2

+
(
−i∂x2−AΓ

2(x)−εB◦x1/2
)2

+V Γ(x)

(10)
that is also essentially self-adjoint on S(R2).
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Formulation of the main result.

Hypothesis H1

There exists a compact interval I := [−Λ−,Λ+] ⊂ R containing 0
in its interior, an index k0 ∈ N \ {0}, a point θ0 ∈ Q and a
compact neighborhood ΣI ⊂ Q of θ0, diffeomorphic with the unit
disk, such that:

I ∩ λk(T∗) 6= ∅ ⇒ k ∈ {k0, k0 + 1},
[−Λ−, 0] = λk0

(
ΣI

)
, [0,Λ+] = λk0+1

(
ΣI

)
,

λk0(θ) = λk0+1(θ) = 0⇒ θ = θ0. (11)
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For θ ∈ ΣI we shall denote by

λ−(θ) := λk0(θ), λ+(θ) := λk0+1(θ). (12)

We now express the nature of the touching of λ− and λ+ at θ0 ,
the so-called conical crossing type.

Hypothesis H2

The map ΣI 3 θ 7→ λ−(θ)λ+(θ) has a non-degenerate maximum
value equal to zero at θ0.
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We need one more notation. For any two subsets M1,M2 in a
metric space

(
M, d

)
we denote by

dH
(
M1,M2

)
:= max

{
sup
x∈M1

inf
y∈M2

d(x , y) , sup
x∈M2

inf
y∈M1

d(x , y)
}

(13)

their Hausdorff distance.
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Main Theorem

Under Hypotheses H1 and H2, let Hε,κ
Γ be the magnetic

Hamiltonian with a magnetic field Bε,κ as above. Then there exists
a self-adjoint operator L acting on L2(R) with discrete spectrum
σ(L) symmetric with respect to the origin, containing 0 and with
all the eigenvalues of multiplicity 1, such that for any L > 0
situated in the middle of a gap of (B◦)1/2σ(L), there exist positive
εL, κL, and CL such that for 0 < ε ≤ εL and κ ∈ [0, κL], we have

dH
(
σ
(
Hε,κ

Γ

)
∩
(
− Lε

1
2 , Lε

1
2
)
, (εB◦)

1
2σ(L) ∩

(
− Lε

1
2 , Lε

1
2
))

≤ CL (
√
κε+ ε).

Bernard Helffer, Laboratoire de Mathématiques Jean Leray, Université de Nantes. July 2020.Spectral analysis near a Dirac type crossing in a weak non-constant magnetic field (after H.D. Cornean, B. Helffer and R. Purice).



Remarks

I The set (εB◦)
1
2σ(L) ∩

(
− Lε

1
2 , Lε

1
2

)
consists of finitely many

isolated points situated at a distance of order
√
ε from each

other. Thus when both εL and κL are small enough, the set

σ
(
Hε,κ

Γ

)
∩
(
− Lε

1
2 , Lε

1
2

)
develops gaps of order

√
ε, uniformly

in κ.

I We only have to prove the main Theorem for κ = 0.

Perturbation Theorem ([CP-1] (2012))

If L is chosen as in Main Theorem, there exists a constant C > 0
such that

dH
(
σ
(
Hε,κ

Γ

)
∩ (−L

√
ε, L
√
ε) , σ

(
Hε

Γ

)
∩ (−L

√
ε, L
√
ε)
)
≤ C
√
κε.
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An important difficulty in the proof of Main Theorem comes from
the fact that while in [CHP-2] we were working near the bottom of
the spectrum, using positivity conditions for invertibility, we are
now working somewhere in the bulk of the spectrum, in the
interval I ⊂ σ

(
HΓ

)
.

Hence a new procedure for creating a spectral gap in the studied
region inside the interval I with some stability with respect to the
magnetic field perturbation has to be elaborated.

Moreover we have to replace the 1-dimensional smooth unit norm
global section defining the quasi-band associated with λ0 near its
minimum with a smooth global orthonormal pair of sections having
some good behavior with respect to the induced spectral gap.
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Magnetic pseudo-differential calculus
One basic tool is the magnetic pseudo-differential calculus
developed by the Roumanian school (V. Iftimie, R. Purice, M.
Mantoiu).
Given some magnetic field B with an associated vector potential A
with components of class C∞pol(X;R), we can define a magnetic
pseudodifferential calculus, ∀(Φ, φ) ∈ S(X× X∗)× S(X),(
OpA(Φ)φ

)
(x)

:= (2π)−2
∫
X dy

∫
X∗ dξ e

i<ξ,(x−y)>e
−i

∫
[y,x] A Φ

(
(x + y)/2, ξ

)
φ(y) .

(14)
Similarly we can define a ’magnetic’ Moyal product Φ ]B Ψ such
that

OpA(Φ ]B Ψ) = OpA(Φ) ◦OpA(Ψ). (15)

One can prove that it only depends on the magnetic field B and
not on the vector potential. Its properties, rather similar with those
of the usual Moyal product are studied by Iftimie-Mantoiu-Purice
in a series of papers.
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We will now focus in this talk on one other aspect of the proof
where two pseudo-differential calculus are involved:

I a global pseudo-differential calculus

I a semi-classical pseudodifferential calculus.
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Semi-classical analysis for 2× 2 systems

We present here the analog of [HS2](1990) in our more general
context. We start from a semi-classical system of 2× 2 matrix
valued symbols and we take, for comparison with the standard
semi-classical analysis, h as semi-classical parameter (called before
ε) and the Weyl quantification.
We present results which were initially developed in [HS1-HS2]
(1989-1990) in the context of the Harper’s model. Although most
of the analysis there is rather general, the case of ”touching
bands” is only solved in a particular situation and there is a need
to detail some new aspects.
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We consider a symbol in S0(R2,M2×2(C))

A(x , ξ, h) ∼ A0(x , ξ) +
∑
j≥2

Aj(x , ξ)h
j
2 , (16)

A∗(x , ξ, h) = A(x , ξ, h) , (17)

and assume that
A0(0, 0) = 0 . (18)

We consider Aw (x , hDx , h), the pseudodifferential operator whose
Weyl symbol is (x , ξ) 7→ A(x , hξ; h). Aw (x , hDx , h) is a bounded
selfadjoint operator on L2(R).
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Our aim is to analyze the spectrum Aw (x , hDx , h) in intervals of

the form (−Ch
1
2 ,Ch

1
2 ).

We assume a degenerate crossing point situation, i.e. that the
linear approximation of A0(x , ξ) at (0, 0):

Alin(x , ξ) =

(
α11x + β11ξ α12x + β12ξ
α21x + β21ξ α22x + β22ξ

)
,

has the property that there exists C > 0 such that

H3 − det(Alin(x , ξ)) ≥ 1

C
(x2 + ξ2) , ∀(x , ξ) ∈ R2 . (19)
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We will now consider two cases.

I The case when A0(x , ξ) is uniformly invertible outside of (0, 0)

I The case when A(x , ξ, h) is Γ× Γ∗ periodic and A0(x , ξ) is
invertible outside Γ× Γ∗

The first case will be called the one-crossing point case
The second one will be called the periodic case.
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A typical example of the second situation was met in [HS2]
(Harpers model with flux 1

2 ) :

A0(x , ξ) =

(
sin x sin ξ
sin ξ − sin x

)
with associated Alin(x , ξ) =

(
x ξ
ξ −x

)
.

All the models in [HS2] have the property that TrA0(x , ξ) = 0
and other nice properties which are not satisfied here.
This permits a deeper analysis but we can not make a direct
application of [HS2] for analyzing the first case.
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Analysis of the linearized operator

Under Assumption H3 there exists B(x , ξ) ∈ S−1
is (R2,C2) such

that
B(x , ξ) = Alin(x , ξ)−1 for x2 + ξ2 ≥ 1 . (20)

Here, for p ∈ R, Sp
is(R2,C) is the class of symbols a

|D`
xD

m
ξ a(x , ξ)| ≤ C`m(1 + x2 + ξ2)

p−`−m
2 for (x , ξ) ∈ R2 .

The theory of globally elliptic operators is presented in [He-84]
(mainly on the basis of results with D. Robert or on results of
Shubin).
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From this theory we obtain

Theorem

Alin(x ,Dx) is an essentially selfadjoint operator starting from
S(R,C2) and its closure A = Alin(x ,Dx) as an unbounded
selfadjoint operator in L2(R;C2) has a compact resolvent and
hence a discrete sequence of eigenvalues. In addition

1. Its domain is B1(R,C2) = {u ∈ L2(R;C2), xu ∈ L2, u′ ∈ L2}.
2. All the eigenfunctions are in S(R,C2).

3. The eigenvalues have multiplicity one.

4. If λ is an eigenvalue −λ is an eigenvalue.

Bernard Helffer, Laboratoire de Mathématiques Jean Leray, Université de Nantes. July 2020.Spectral analysis near a Dirac type crossing in a weak non-constant magnetic field (after H.D. Cornean, B. Helffer and R. Purice).



More on the spectrum

One can see that 0 belongs to the spectrum of A. Here is direct
proof by construction of the corresponding eigenfunction. By a
symplectic transformation, we can add the assumption that

detAlin(x , ξ) = −a (ξ2 + x2) . (21)

We then an element in the kernel in the form

Φ(x) = e−
x2

2

(
u1

u2

)
,

with (u1, u2) ∈ C2.
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Quasimodes near (0, 0)

Performing a dilation of size h
1
2 , it is easier to analyze

Aw (h
1
2 x , h

1
2Dx , h) .

Then we follow what was done for the so called harmonic
approximation in the case of the Schrödinger operator
−h2 d2

dx2 + V (x).

Nevertheless we are performing here a ”linear” approximation.
We consider the formal Taylor expansion in (x , ξ) at (0, 0) and

reexpress this expansion in powers of h
1
2 . This leads to

A(h
1
2 x , h

1
2 ξ, h) ∼ h

1
2Alin(x , ξ)) +

∑
`∈N,`>1

Â`(x , ξ) h
`
2 , (22)

where Â`(x , ξ) is a polynomial of degree `.
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Proposition

There exist two infinite sequences λ` and u` ∈ S(R) with (λ1, u0)
as above such that, for any k , we have

(Aw (x , hDx , h)− λ(k)(h))u(k−1)(x , h) = O(h
k+1

2 ) , (23)

in L2(R) with

λ(k)(h) =
∑

1≤`≤k
h`/2λ` , u

(k−1)(x , h) = h−
1
4

∑
0≤`≤k−1

h`/2u`(h
− 1

2 x) .
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As a corollary we obtain that for any k ≥ 1, there exists hk > 0
and Ck such that

dist(σ(Aw (x , hDx , h)), λ(k)(h)) ≤ Ckh
k+1

2 , ∀h ∈ (0, hk ] . (24)
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Quasiresolvents in the one crossing point situation

The construction is obtained by combining the resolvent of the
linearized operator and far from the crossing point the ”elliptic”
semi-classical inverse.
In this construction, we are obliged to mix the standard
semi-classical calculus and the globally isotropic global
pseudo-differential calculus.

Bernard Helffer, Laboratoire de Mathématiques Jean Leray, Université de Nantes. July 2020.Spectral analysis near a Dirac type crossing in a weak non-constant magnetic field (after H.D. Cornean, B. Helffer and R. Purice).



The periodic case

For this part, we simply refer to Helffer-Sjöstrand [HS1]. We have

determined the spectrum in (−Ch
1
2 ,Ch

1
2 ) of the ”one crossing

point” model (the crossing point being at (0, 0)). For our periodic
model it is enough, according to [HS1] to construct a family of one
micro-well operator indexed by the lattice. For this we eliminate all
the crossing points except (0, 0) by using a technique of
”destruction of the crossing” given in the neighborhood of each
point of Γ× Γ∗ \ {0, 0}.
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It is then proven in [HS1] that the spectrum is contained in a
O(h∞) neighborhood of the one crossing point model. Hence we
get:

Theorem

Let A(x , ξ, h) a periodic symbol in S0(R2,C2) over the lattice
Γ× Γ∗ whose linearized symbol at (0, 0) satisfies H3. Assume that
A0(x , ξ) is invertible for any (x , ξ) ∈ R2 \ {Γ× Γ∗}. Then, for any
C > 0, there exists h0 and C0 such that ∀h ∈ (0, h0] ,

dist(σ(Aw (x , hDx , h)) ∩ (−Ch
1
2 ,Ch

1
2 ), h

1
2σ(A)) ≤ C0h . (25)

Combined with the construction with quasimodes we can localize
in intervals of size O(h∞).
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Thank you for your attention.
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J. M. Gracia-Bondá, J. C. Vŕilly: Algebra of distributions
suitable for phase-space Quantum Mechanics II. Topologies on
the Moyal Algebra. J. Math. Phys. 29(4), 880–887 (1988).

A. Grossman, G. Loupias, E. M. Stein: An algebra of
pseudo-differential operators and Quantum Mechanics in phase
space. Ann. Inst. Fourier, 18(2), 343–368 (1969).

S. J. Gustafson, I. M. Sigal: Mathematical Concepts of
Quantum Mechanics (2-nd edition). Universitext Springer,
(2011).
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