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Outline.

Solvability of PDEs is still an open area, even after the solution of the
Nirenberg-Treves conjecture. Here | give some results, joint work with
Serena Federico, about solvability of operators with multiple
characteristics. | will describe models whose characteristic set is quite
degenerate (due to the cooperation of two kinds of degeneracies) for which
one can still have L2 (or “better”) local solvability.

1. Solvability (local, H® to H*).
Multiple characteristics.

The starting models.

Our models: (ST), (MT) and (MST).
Examples.

S

Remarks.
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Solvability. P a m-th order pdo, smooth coefficients.

Def. Local solvability.

P is locally solvable at xo € Q if 3V 5 xg such that for all v € C*(Q) there is
u € 2'(Q) for which Pu=vin V.

Def. H° to H' local solvability near xo:

Given xp € Q, 5,5’ € R, Jecmpct K CQ, xp € K = U, s.t. Vv € H3 (Q)
Ju € H () satisfying Pu= v in U. (When Vs, s' = s+ m —r, r = loss of
derivatives.)

Solvability estimate:

By using Hahn-Banach, existence of Cx > 0 such that
IP*el-s Ck = |l s, Yo € G°(K)

yields H® to H*' local solvability.
Hence, one may look also at necessary conditions to obtain a priori estimate. When
(say) s’ =0:

(PP 0,0) Z lels, Vo € G°(K).
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Muiltiple characteristics (m > 2). Work by:

@ Mendoza and Uhlmann: P = D1D, + Qi(x, D), P is not locally solvable if Im ¢
changes sign on bicharacteristics of symbols &1 and & (xi, x2 lines), at the double
characteristics points {&1 = & = 0}. (Condition sub(P).)

@ Corwin, Rothschild, Miiller, Peloso, Ricci, De Mari (left invariant vector field on
step-2 nilpotent group); Miiller: necessary conditions (suff. some cases).

@ Treves: P = PiP> + iQ1, p1, p2 real princ. type, qi real, p? + p3 + {p1, p2}?
elliptic. (H® to H** loc. solv., loss 1.) Helffer: P = PiP, + Q; P1, P2, Q 1st-order
(h.-e. with loss 1).

@ Kannai, Colombini-Cordaro-Pernazza, Federico-P. (see below);
@ J.J.Kohn: S-o-s of complex vector fields (div.-free, bracket condition).

@ Parenti-P.: Semi-global solvability (propagation of singularities) for multiple
transversal symplectic characteristics.

@ Dencker: Operators of sub-principal type (involutive characteristic manifold),
necessary conditions. (See also Popivanov.)

@ Treves: real or complex vector fields with critical points.
@ P” hypoelliptic = P locally solvable (Beals-Fefferman, Akamatsu, Zuily,
Boutet-Grigis-Helffer, Parenti-Rodino, Kohn, Parenti-P.).
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Models: Kannai* and Colombini-Cordaro-Pernazza.

@ Kannai: P = D,,x1D,, + iD,,. Then P* = D,,x; D,, — iD,, (Kannai's op.)
hypoelliptic and non-solvable near x; = 0. (Note: D = —id throughout.)
Hence P is loc. solv.

@ Colombini-Cordaro-Pernazza: (gen. of Kannai; also Beals-Fefferman,
Zuily/Akamatsu, condt’s for h.-e.)

P = X(x, D)*fX(x, D) + iXo(x, D) + ao,
iX, iXp real smooth vector fields, f € C¥ and ay € C*° real-valued,
Xo # 0 & transversal where f changes sign (suitable sense).
Thm. (Colombini-Cordaro-Pernazza)

f(0) = 0. Under the above assumptions, if iXgsgn(f) > 0 (they call it the (v))
condition) then L2 to L? local solvability near 0.

is

Main point: obtain the a priori inequality

lulo S IP*ulo, Yu € Cg°(neigh(0)).

Question: Can one hope for a better regularity of the solution?
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Our class(es) (Federico-P.).

On ©Q C R" open we are given a system (Xo, X1, ..., Xnt1)

N

(MT) PIZZ)Q*DQ‘FXNJA-FI-X()—FQ().
.

(ST) P> :ZXJ'*E'XjJrXNHJraO.
N =1

(MST) P = Z X X + Xng1 + iXo + ao.
j=1

@ Xo(x, D), Xi(x,D),..., Xnt1(x, D) 1st-order homogeneous pdos, Xo, Xn41 real
princ. symb., Xi,..., Xy real princ. symb. in (MT) and (MST), complex in (ST).
Write Xj(x,&) = (a;(x),&), o € C=(;R") or aj € C*(;C").

@ f fi,...,fv € C®(R), such that df|f,1(0)7e 0. ap € C™(2;C)

Remark:
@ This way we may study a degeneracy due to the interplay of the vanishing of f and
the characteristic set ¥ = ﬂjNZO Xj_l(O), of the system of vector fields. Also:
sub(P)(0) = Xn+1(0) + iXo(0), 0 € X; *(0) N ... N Xy (0).

@ Our class contains operators whose formal adjoint is not hypoelliptic (A, Z).
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Mixed-Type: Hypotheses (H1), (H2), (H3), (H4) and (H5).
(H1) ixofyf,1(0)> 0
(H2) VK CQ3C>0st Vj, 1<j<N+1,

N
{X, Xo}(x,€)* < €D Xu(x,€)?, V(x,6) € K xR
k=0
(H3) VK C Q 3C > 0 s.t., with dx, = —idivay,

|(Im dx, (x)) Xn+1(x, €)] < C(ZXJ(X, 5)2)1/2’ Y(x,€) € K xR,
(H4) o€ %, V(o) =Span{Ho(o),..., HN(QJ)_}, let J=J(o) C {0,..., N} s.t.
{Hj(e)}jes basis of V(o), M(0) = [{X;, Xj }(0)ljjres-
(H4) is satisfied at xo € f(0) if 7 *(x) N X # 0 and

rank M(g) > 2, Yoen '(x)NZ.
ine Tet -1
Hence Melin: Tr FZ,-N:o X, >0o0n 7 t(x)NX.

(H5) Zi(x) = Spang{iXo, ..., Xy and commutators up to length k at x}.
(HM5) is satisfied at xo € F1(0) if 71 (%) NE # 0 and Ir > 1 s.t.

dim % (x0) = n.
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N
P, = ijij + Xng1 + iXo + ao.
j=1

Thm. (Solvability of P; near S = f~1(0); Federico-P.)
Supposing (H1), (H2) and (H3), one has:
(i) For all xo € S the operator Py is L? to L? loc. solv. near xg;
(i) If xo € Siss.t. 7 1(x0) N X # 0 and (H4) holds at xo then P is
H=1/2 to0 12 loc. solv. near X0;
(iii) If xo € Siss.t. 7 (x0) N X # 0 and (H5) holds at xp, some r > 2,
then Py is H=Y/" to L2 loc. solv. near X0;

(iv) If xo € Siss.t. 7 (x) N =0 then Py is H~! to L2 loc. solv. near
X0-
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The Main Estimate:

3K C Q suff. small with xo € K, 3ck, Cx > 0 s.t.
N
. 3 -~
2Re (Pu, —iXou) > ck > _ [ Xjulg + §||Xou||8 — C|ulg, Yu € C5°(K).
j=0

ME goes through Fefferman-Phong inequality:

Let ¥ = —Re((Imds,)Xis1), and Py i= S (XX — £1X, Xl X, %ol ) + LV,
where € = |f| 0o (x) — 0 when K\, {x0}. If (H2) and (H3) hold then may shrink K
about xp so that (choice of €, 7)

(ﬁe,’yua U) Z —C"U”g, Yu € C(S)O(K)

Solvability estimate:

Gérding's/Melin's/Hormander’s hypoelliptic estimates (resp.) and
Poincaré (on shrinking K) to reabsorb the L2 error.

[P*ul§ 2> col Xoul§ + culul? — Gollullg, Yu € C5°(K) (s =1,1/2,1/r, 0).
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Examples.

Example 1.
In R?, x = (x1,x2), g(x2) =1+ X22, f(x)=x1— (x +x23/3),

A(x) = [g L } >0, dimKerA(x) =1, Vx.

1 1/g
2
P=3Y Dj(faﬂ,Dj,) + X3 + iXo + 20,
JjJ'=1
X(x,8) = g(x)1+&, Xo(x,§) = a£1+£7 X3(x, &) = pa (X)X (x, &) +p2(x) Xo(x, £),
with & > 1. Then P = 32, X*£X; + X3 + iXo + 2o with
X(x,§) 1 X(x,§)

X1(x,€) = Vg(x) Xa(x, ) =

1+ g(x)? VE(e) V1+g(e)?

Conditions (H1), (H2) and (H3) hold, but (H4) or (H5) does not
({Xo, X} = pu(x)X). We have L? to L? local solvability near f~1(0).
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Example 2.
In RS let k > 0 be an integer, let f(x) = xo,

X1,X2,X37

X1 = Dy, Xo = x{'Dsgy X3 = B(x)Dx, Xo = Dy, B € C%,
2
P=> " XfX;+ X3+ iXo.
j=1
Then dx, = 0, (H1), (H2) ({Xo0, X;} =0, j = 1,2, [{Xo, X3}> < X?) and
(H3) are fulfilled.
P is H=1/(k+1) to [2 locally solvable at x, = 0:
e k=0,x =0
e k=1, (H4) is fulfilled;
@ k> 2, (H5) is fulfilled.
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Example 3.

In this example (H4) is not always satisfied. In R®, x = (x1,x2,x3), {x1 = —1} C ,

Qr ={x1 =2 -1}, (x):xz—l—xg‘/3—x1X37
Xi(x,€) = &1 — x3&3, Xo(x,€) = (1 + x1)&, Xo(x,§) = &2 — xé&s,

2

X5(x.8) = 3 (0% (x. ) + 10X, X} (x.6) ).

Jj=0
Then {X1,Xo} = 7X2, {X17X2} = (2 <|>X1)f37 {Xz,Xo} = 0. Let

2
P =2 X X+ X+ iXo+ ao.
j=1
(H1)—=(H3) are all satisfied. If xo = (—1,x2, x3),
T ) NI #0, 7 1(Qe)NE = 0.

We have
@ if xg € f_l(O) N Q. then H ! to L2 local solvability near xo;

@ if xo = (x¥ = —1,x9,x) € F71(0) N Q has fiber intersecting ¥ then (H4

and H=Y/2 to L2 local solvability near xp.

) holds
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The Schrédinger-type case.

Let P, = Z, 1 X7 6X + Xnga + a0, with fi, ..., fy € C*°(;R) and suppose:
(S1) Xi,...,Xn have complex coefficients;

(S2) For all xo € 2 3 cnnctd nghbrhd V,, C Q2 and g € C*°(V,,; R) s.t
(i) Xig=0o0n V,, 1 <j<N,;
(i) Xnt182 #0on V.

Thm. (Federico-P.)

In the above hypotheses, P, is L% to L2 locally solvable at any given xp € Q.

No further regularity. Estimate Im (e P*u, e*u), A > 1,u € C§°(K).
Example.
Qo CRY xRy, Q=R; x Q. Let @ = Q(x) be a real-valued quadratic form,

X = Dy — i22(x)D,, 1<) <n Xus=Di+Y,
0x;
where Y = Y(x, y, Dy, D,) is a first-order homogeneous diff. op. with real symbol. We
may take g = g(t) = t. Then P =377, X/ fiX; + Xn+1 + a0 is L? to L? locally solvable
near each given xp € Q.

v
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The mixed-Schrodinger-type case.

Let Py = 3| XF6X; + Xng1 + iXo + ao, with fi,..., fiy € C(QR)
and suppose:

(M1) iXp has no critical point and iXofi >00n Q, 1< <N,

(M2) {Xo,Xj}=0foralll<j<N;

(M3) Vx € Q3K CQ xeK,3C>0st.

N

X0, Xiusa x, )17 < €(Xo(x,€)° + D (Xofi (D)X (x,€)%), V(x,€) € K x R".

j=t

Thm. (Federico)

P3 is L* to L? locally solvable near any given xo € Q. J

Estimate Re(P*u, —iXou), u € C5°(K).
Main estimate (allows use of Fefferman-Phong and Poincaré)
2Re(P"u, —iXou) > (Pou, u) + cx | Xoult — Ciclula,
N
Po=Xg + Y _[iXo, X/ :X] — €[Xo, X41]* [Xo, Xn1]
j=1
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Final remarks.

(i) One has also "mildly” complex cases (need of control on subprincipal
symbols).

(ii) How about local solvability in H* spaces?

e E.g., when (H1)—(H4) hold, do we have H® to H5T1/2 solvability?
e What is the loss of derivatives?

(iii) How about propagation of singularities (equivalently Sobolev
regularity) (WFs(u); real and complex cases) and hence semi-global
(and global) solvability?

(iv) How about LP to L9 local solvability (p, g # 2, start with
1<p,g<o0)?
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