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Abstract

Weighted local smoothing effect for £,

Global weighted smoothing and Strichartz estimates for L.

In what follows we shall present some recent results about the validity of smoothing and
Strichartz-type estimates for time-degenerate Schrodinger operators. These results have im-
portant applications in the study of the local well-posedness of the initial value problem (IVP)
associated with the operators under consideration.

Time degenerate Schrédinger-type Operators

We shall consider the following classes of degenerate Schrodinger-type operators
Lo =i0 + "Dy + b(t, ) - Vo, (1)
Le=idy + () A, ()
where a > 0, b(t, z) = (b1 (¢, z), ...,
while ¢ € C1(R).

The class (1) was considered in [1] where both homogeneous and inhomogeneous weighted lo-
cal smoothing estimates are derived. These estimates are also employed to obtain local well-
posedness results for the associated nonlinear IVP (see [1]).

bn(t,x)) is such that, forall j = 1,...,n, b; € C([0,T], C;°(R™)),

The class (2) was studied in [2] where global weighted homogeneous smoothing estimates are
proved by means of comparison principles. For the class (2) weighted Strichartz estimates are
proved in [2] where the application to the local well-posedness of the semilinear IVP is given.

The main difference between the operators of the form (1) and (2) and the other Schrodinger
operators studied so far is the presence of degeneracies. Specifically, the degeneracies are given
by the coefficient % and ¢/(¢) in (1) and (2) respectively.

Why to study smoothing and Strichartz estimates?

These estimates give us important information about the regularity properties of the solution
of the IVP. In particular:

= The homogeneous smoothing effect describes a gain of smoothness of the homogeneous
solution of the IVP with respect to the smoothness of the initial data.

= The inhomogeneous smoothing effect describes a gain of smoothness of the solution of
the inhomogeneous VP with respect to the regularity of the inhomogeneous data.

= Strichartz estimates describe a gain of integrability instead of a gain of smoothness of the
solution of the IVP.

Additionally, these estimates are fundamental in order to prove the local well-posedness of
the corresponding semilinear and nonlinear IVP through the standard fixed point argument.

What are comparison principles? (Following [3])

We consider the VP

{ Opu = it"Dgu+ib(t,x) - Vou+ f(t,x) @)

u(0, ) = ug(x).

When b = 0 one can proceed by using Fourier analysis. However, in the general case b # 0, the
use of pseudo-differential calculus is needed.

Theorem (F.-Staffilani)

Let ug € H*(R"), s € R. Assume that, for all j = 1,...,n, b; is such that b; € C([0,T], C;°(R™))
and there exists o > 1 such that

[Im O7bj(t, )|, |Re bt

and denote by A(|z|) := (z) =7 and by A := <§).
Then

(i) If f € LY([0,T); H5(R™)) then the IVP (3) has a unique solution u € C([0,T]; H¥(R™)) and
there exist positive constants C4, Co such that
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(i) If f € L2([0, T]; H*(R™)) then the IVP (3) has a unique solution u € C([0, T}; H*(R™)) and
there exist two positive constants Cy, Cy such that
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(i) If AS=1/2f € L2(0,T] x R™; t=2\(Jz|) " dtdz) then the IVP (3) has a unique solution
u € C([0,T]; H*(R™)) and there exist positive constants C7, C such that
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Local well-posedness results for £,

2
AS+1/2u| Alz|)de dt

2
As+1/?u| Ae|)de dt

0 |2
! A\H/zf‘ dzdt).

Question: Given two operators Py(t,z, Dt, D;) and Py(t,z, Dy, D) depending on two func-
tions a and b respectively, is it possible to compare (in a suitable sense) the solutions of the
HIVP (homogeneous IVP) for P, and P, if a and b are comparable (in a suitable sense)?

This is essentially what the comparison principles we refer to do, that is, they translate a rela-

tion between @ and b in a relation between the solutions of the HIVP for P, and P,.

Example (see [3]). Let a,a € C(R) be real valued and strictly monotone on the support of a

measurable function y, and let o, 7 € CO(R). Then, if V¢ € suppx we have
LGS

(@2~ " la()|V?

for all ¢ = p(x) smooth enough.

then  [|x(Dx)o(Da)e ™ Pgl| agey < ClIX(Da)7(Da)e ™ Pl o gy

We consider the nonlinear IVPs

_f Lau= iu\“|2k _J Lau= 1PV - w2k, B>a>0,
VL= {u(fhz) =ug(), VP2 = w(0, ) = ug(x).

Theorem (F.-Staffilani). Let £, be such that condition (4) is satisfied. Then the IVP1 is locally well
posed in H® for s > n/2.

Theorem (F.-Staffilani). Let £, be such that condition (4) is satisfied with o = 2N (thus A(\w|) =
(z)=2N) for some N > 1, and s > n + 4N + 3 such that s — 1/2 € 2N. Let HY = {up €
H3(R™); AM|z|)ug € H*(R™)}, then the IVP2 with 8 > o > 0, is locally well posed in HA
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For operators of the form L. several comparison principles are proved in [2]. These are used
to obtain global smoothing estimates. We state below only one of them, namely the one corre-
sponding to the suitable generalization of the standard (corresponding to the case ¢(t) = 1) global
homogeneous smoothing estimate. For more global smoothing estimates see [2].

Theorem (F.-Ruzhansky)

letn>1,ce CL(R) be such that it vanishes at 0. Then, Vz € R®,
(i) If cis such that {t € R;c/(t) = 0} is finite, then there exist a constant C' > 0 such that, for all

7

sup [1¢(2) /2| D |2 OB Rty < Clell e Vo € L3(R™);
‘]

(ii) If ¢ is such that the set {t € R;/(t) = 0} is countable, then there exists a function ¢ € C(R),
and a posm’ve constant C such that, for all j,

e O 1D, 2Ol oty < Cllellpagey, Vo € LR

where 2’ = (21, ..., Tj1, Tjbls - Tn)-

Both global and local Strichartz estimates are satisfied by £.. Below we give the statement of the
local ones which are those employed to prove the local well-posedness of the semilinear IVP.

Theorem (F.-Ruzhansky)

Let ¢ € C([0,T)) be vanishing at O and such that #{t € [0,T};¢/(t) = 0} = k > 1. Then, on
denoting by L{LE := L4([0, T}; LP(R™)), we have that for any (g, p) admissible pair (% +5= l})
such that 2 < ¢, p < oo, the following estimates hold
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Local well-posedness of the semilinear IVP for L.
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We can now apply the previous results to obtain the local well-posedness of the semilinear VP
Opu +ic () Au = p|d (t)|[ulP~u,  pER,
(5)
(0, 2) = ().

Theorem (F.-Ruzhansky). Let 1 < p < %‘F Land ¢ € CY([0,+00)) be vanishing at 0 and it is
either strictly monotone or such that #{t € [0, T]; /() = 0} is finite for any T < oo. Then for all
ug € LA(R") there exists T = T(||ug||2, 7, s, p) > 0 such that there exists a unique solution u of the
IVP (5) in the time interval [0, T] with u € C/([0, T); L3(R™)) () LA(0, T); L5 (R™)) and ¢ = ;Egj))
Moreover the map g — u(-, t), locally defined from L2(R™) to C([0, T); L%(R™)), is continuous.
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