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Introduction Formulation of the problem

We study the hyperbolic I(B)VP

d
" QU+ x At X, y)oxu + Y Aj(t, X, y)gu = f(t, x, y),
j=1

ul,_g = to(x,¥).

where (t.x,y) € (0. T) x R, x R9, 9; = 9/dy;, and

A,Aj € (goo([07 T] X @l—&—d; MNXN(C))'

As we will see, no boundary conditions are to be imposed at x = 0
due to the fact that the boundary is totally characteristic.
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Introduction Main results

We allow (formal) asymptotics of the form

\k
u(t,x,y) ~ Z (k1l) x7Ploghx (vpru)(t,y) as x — +0,
(p,k)eP ’

where P C C x Ny is an asymptotic type.

@ We show well-posedness in function spaces HS"( 1+d).
@ Results comparable to ours were obtained by R. Sakamoto (1989)
(well-posedness in function spaces H: 1+d) for s > 0, but

with different techniques).
@ New is that the boundary traces ypcu solve hyperbolic Cauchy

problems in the boundary (0, T) x 8R1+d

TOP s(

Ingo Witt (Géttingen) Totally Characteristic Boundary July 7-8, 2020 5/22



Introduction Possible extensions and applications

1. Hyperbolic problems with characteristic boundary of constant rank

2. Compressible Euler equations with vacuum boundary in 3D:
Op+Vv-Vp+ pdivy =0,

6tv+v-Vv+1;Vp:0,
Bte+v~Ve+§divv:O,

written in non-conservative coordinates (p, v, e)”, where p is mass density,
v = (w1, v, vs)" is velocity, e is specific internal energy, p is pressure, and c is speed
of sound.
@ Moving vacuum interface (Jang-Masmoudi, 2015): ¢ ~ /x as x — +0, where
x > 0 is the distance measured from inside the flow region.
@ Stationary vacuum interface: ¢ ~ x as x — 40. Here, we have, among others,
2
that p ~ x7=7 as x — +0, where 1 < v < 3 is the adiabatic constant.
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Jodifferential calculus

@ The pseudodifferential calculus
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The pseudodifferential calculus Weighted Sobolev spaces

We first need function spaces.

1. The weighted Sobolev space HS‘V’(R‘jd) for s € Ny, v € R consists
of all u = u(x, y) such that

TI(xdYoyu e AR, j+lal<s.

For general s € R, v € R, these spaces are defined by interpolation
and duality.

2. We also set
KSY(RIFY) = {u | pu € HETRIFY), (1 —p)u e HS(R]jd)} .

Here, ¢ € €°(Ry), p(x) =1 for x < 1, and p(x) = 0 for x > 2.
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The pseudodifferential calculus Asymptotic types

We now fix a basic conormal order § € R. The space K%°(R'9) will
be our basic Hilbert space.

An asymptotic type P € As’ is given by a discrete set 7¢P c C and
sequence {Mp}per.p C N with the following properties:

@ rcPCc{zeC|Rz<1/2-4},
@ Rp —» —o0 as p € ncP, |p| = oo,
@ pcnacPimpliesp—1¢c acPand my_1 > mp.

It is convenient to write P as a set, i.e.,
P={(p,k) e Cx Ny |pemncP, k<mp}.
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The pseudodifferential calculus Asymptotic terms

Due to lack of regularity, we cannot write asymptotic terms as tensor
products. Instead, for w € HS()(RY), we have

FHp(x(n))(n)}xPloghx € [ HE+o/2-FP—<(R]F)

e>0

and

F ()W) b x P logx — o(x)x P loghx w(y)
c m Hs—e,1/2—§Rp+e(R1r+d)

e>0

w € H>%)(R?) means that (n)° log* (n)W(n) € L2(R?). Here, (n) = (2 + |n[?)"/2.
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The pseudodifferential calculus Weighted Sobolev spaces with asymptotics

For (p, k) € P, define the potential operator I'px by

_ 1)k
(pem)(x.y) = 0 1 (o (xl)) (o)) xP gl

Definition
LetscR, PcAs’, 0>0.ForrcPN{zeC|Rz=1/2—-6—0} =0,

the space Hﬁ’%(@fd) consists of all u € £5°(R1"7) for which there are

Upi € Hs+Ro+5-1/2,(k) (R )

for (p,k) € P, Rp > 1/2 — 6 — 0 such that

p()u(x,y)— > (Toklpk)(X,y) € HSPHP(RITY),
(p,k)€EP,
Rp>1/2—6—0

For general 6 > 0, these spaces are defined by complex interpolation.
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The pseudodifferential calculus The standard Sobolev spaces as an example

We shall write 7, U = Upk.

Lemma
Fors > 0,
o He(R1H) = HE® (RY™), where Py = {(—£,0) | £ € No} is the
asymptotic type that arises from Taylor expansion,
o HE[R™) = Hg’f’s(@fd), where O is the empty asymptotic type.
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The pseudodifferential calculus Cone-degenerate pseudodifferential operators

Let \U“( ) denote the class of classical cone-degenerate
pseudodlfferentlal operators on "%, of order u € R, with holomorphic
conormal symbols.

We formally write A(x, y, xDx, D,) for elements of W4 (R 1er) Then
ol (A)(z z)=1 L OLA(0,y,iz, D)) € WH(RY) for j € No.

Elements of the calculus
o VAR, o wy(®}"Y) C wit (R plus symbolic rules for the
composition.
@ Formal adjoints belong to the calculus as well.

14d 1+d 1+d
® WHRL™) C Nggpp LIHEH @), HEH®RL))

Important note

Symmetrization of a hyperbolic systems requires neither inversion of
nor a parametrix construction for elliptic operators.
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e Well-posedness results
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Well-posedness results The Cauchy problem

We now study the Cauchy problem

2 { Oru+ A(t, x,y, XDy, Dy)u = £(t,x,y) in (0, T) x R},

ul,_, = to(x,y) onRi™

1+d

where A € ([0, T]; Wl(R,"; CNY).

Hyperbolicity assumption (existence of a symbolic symmetrizer)
There exists a b € ([0, T]; S(O)(T*R1L+d \ 0; Matyn(C))) such that
@ D(t) is positive definite,

@ b(t)5'(A(t)) is skew-Hermitian.
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Well-posedness results Existence, uniqueness, and higher regularity

Theorem (Existence, uniqueness, and higher regularity)
Let ug € HSS (R CV) and f € Mi_o WK ((0, T); HS (R, CV))
for some ¢ € Ng, where 6 = 6y > 61 > ... > 6,. Then the Cauchy

problem (2) possesses a unique solution

l
ue (2 (0. I HE S (R cVy).
k=0
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Well-posedness results Equations fulfilled by the boundary traces

Furthermore, the boundary trace ~pcu for (p, k) € P, ®p >1/2 -0 — 0
solves the problem

(o) + ¢ (A1) (P)Yprt = i

1 i .
o - Y SO AP+ ) ),
j>0,l—-r=k,
(j,I,r)#(0,k,0)

Yok U] 1—g = Yk Uo-

This is Cauchy problem for an N x N first-order hyperbolic system in
(0,T) x RY.

Hyperbolicity is implied by o' (¢2(A(1))(p))(v,n) = &' (A(1))(0, y,0,n).
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Well-posedness results Basic energy inequality

The main step in the proof is to establish a corresponding a priori
estimate.

Theorem

Letu e 7([0, T HE, (RL,CM) n ([0, T): H(R ™, CV)). Then

)
< s .
[0 < 1U(0)] s+ [ 101D + AQ)(D) g

Utilizing an order reduction, we can first reduce to the case s = 0.

Then we split the proof into two parts:

@ #=0and Hg"é(ﬁfd) = KO9(R1) (i.e., without asymptotics),

@ 6 > 0 (i.e., possibly with asymptotics).
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Well-posedness results Basic energy inequality in case 6 = 0

Let B € €°°([0, T]; V(R R\, CN)) be a symmetrizer for 9 + A({), .
@ B(t)=B(t)* > cl forsome c>0,
@ 35 (BA)=0

In fact, we can choose B such that 5°(B(t)) = b(t).

Derivation of the energy inequality in case 6 = 0 relies on the following
facts:

@ (B(t)v,v) is equivalent to ||v||? uniformly in t € [0, T].

@ Integration by parts produces no boundary terms, i.e.,
(Au,v) = (u, A*v) for A€ WL(R}") and u, v € K19(R1HY).

0 BA+ (BA)* € €°([0, T]; V(R 1*" .CMY).
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Well-posedness results Basic energy inequality in case 6 > 0, |

In case 6 > 0, we can assume icPN{zeC|Rz=1/2—-§ -6} = 0.

Write up = u(0) and f = d;u + Au.

Successively solving the Cauchy problems (3) for the boundary
traces ypkU, we find

OrgtagXT ”’}/pku(t)”Hs+§Rp+671/2,<k> <
-
Z <”7p+j7IUOHHS+D?p+6+j1/2,(/) +/ H’YerL/f(t)‘|Hs+ﬁp+6+j71/2,</> dt).
>0, 1>k 0
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Well-posedness results Basic energy inequality in case 6 > 0, Il

Setting o = to — > (psyer, (Tokvprl)],_, € KSOFTOHO(RIF CN),

Rp>1/2—5—0

f=1Ff— (0 + A(1)) <Z (p,k)EP, rpkﬁ’pk“) €
Rp>1/2—5—0

% ([0, T]; Ks~99+9(R1; CN)), we next solve the hyperbolic system

Then

-
002X [U(D)llics-o0.5+0 S [Uolligs-o.540 +/0 [F()l]1cs-0.0+0 dL.
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Basic energy inequality in case 6 > 0, Ill

Because of u= U+ > (pk)ep, [pkipkls it follows that
Rp>1/2—-6-0

i
u(t S,0 < u S, ft S d .
s [0 < Nenllgs + [ 1A 0
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