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What is lifting

Example: Let 〈x〉 = (1 + |x|2)
1
2 and

Lps(R
d) = { f ∈ Lploc(R

d) ; ‖f‖Lps ≡ ‖f · 〈 · 〉
s‖Lp <∞}.

Then f 7→ f · 〈 · 〉s0 lifts Lps to Lps−s0 .

Example: The Sobolev space:

Hp
σ(Rd) = { f ∈ S ′(Rd) ; ‖f‖Hp

σ
≡ ‖〈D〉σf‖Lp <∞}

Then f 7→ 〈D〉σ0f lifts Hp
σ to Hp

σ−σ0

Example: The Sobolev Kato space:

H2
s,σ(Rd) = { f ∈ S ′(Rd) ; ‖f‖H2

s,σ
≡ ‖〈x〉s〈D〉σf‖L2 <∞}

Then f 7→ 〈x〉s0〈D〉σ0f lifts H2
s,σ to H2

s−s0,σ−σ0 .
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Preparations for more liftings - ΨDO and Toeplitz Ops.

Let a ∈ S ′(R2d) and let F be the Fourier transform given by

(Ff)(ξ) = f̂(ξ) = (2π)−
d
2

∫
Rd

f(y)e−i〈y,ξ〉 dy

when f ∈ L1(Rd).

Let φ ∈ S (Rd) and f ∈ S ′(Rd). Then

Vφf(x, ξ) = F (f · φ( · − x))(ξ)

is the Short-Time Fourier Transform (STFT) of f w.r.t. φ.

The Weyl operator is defined by:

Opw(a)f(x) =

∫∫
R2d

a

(
x+ y

2
, ξ

)
f(y)ei〈x−y,ξ〉 dydξ.

The Weyl (twisted) product # is defined by Opw(a#b) = Opw(a) ◦Opw(b).

The Toeplitz operator is defined by:

(Tpφ(a)f, g)L2(Rd) = (a · Vφf, Vφg)L2(R2d).

We have Tp(a) = Opw(a ∗Wφ,φ), where

Wφ1,φ2
(x, ξ) = (2π)−

d
2

∫
Rd

φ1(x− y/2)φ2(x+ y/2)ei〈y,ξ〉 dy

is the Wigner distribution.
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Preparations for other liftings - Modulation spaces

A moderate weight ω on Rd is a positive function on Rd such that
for some positive function v we have

ω(x+ y) . ω(x)v(y), x, y ∈ Rd. (*)

We let PE(Rd) be the set of all moderate weights on Rd.

(Gröchenig 2005) If ω ∈PE(Rd), then for some r > 0:

ω(x+ y) . ω(x)er|y|, x, y ∈ Rd. (*)′

We let P0
E(Rd) be all ω ∈PE(Rd) such that (*)′ holds for all r > 0

(GRS-weights).

We let P(Rd) be all ω ∈PE(Rd) such that for some N ≥ 0,

ω(x+ y) . ω(x)〈y〉N , x, y ∈ Rd. (*)′′

(Feichtinger 1983) Let p, q ∈ (0,∞], ω ∈PE(R2d), and φ ∈ Σ1(R
d) \ 0.

Then the modulation space Mp,q
(ω)(R

d) consists of all f ∈ Σ′1(R
d) such that

‖f‖Mp,q
(ω)
≡
(∫

Rd

(|Vφf(x, ξ)ω(x, ξ)|p)q/p dξ
)1/q

<∞.
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Preparations for other liftings - Modulation spaces

The Gelfand-Shilov space Σ1(R
d) (S1(Rd)) consists of all

f ∈ L∞(Rd) ∩FL∞(Rd) such that

|f(x)| . e−r|x| and |f̂(ξ)| . e−r|ξ|
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d) (f ∈ S1(Rd)), iff
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We have:

S1(Rd) ⊆Mp,q
(ω)(R

d) ⊆ S ′1(Rd) ⇔ ω ∈P0
E(R2d).

and
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(ω)(R
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Some properties

Let 〈x〉 = (1 + |x|2)1/2, and

Mp,q
s,t = Mp,q

(ω) when ω(x, ξ) = 〈x〉t〈ξ〉s

M2,2
s,0 = H2

s , M2,2
0,s = L2

s

if ω0(x, ξ) = ω(−ξ, x), then ‖Ff‖Mp,p
(ω0)
� ‖f‖Mp,p

(ω)

if 1 ≤ p, q <∞, then (Mp,q
(ω))
′ = Mp′,q′

(1/ω) (1/p+ 1/p′ = 1)

if p1 ≤ p2, q1 ≤ q2 and ω2 . ω1 then Mp1,q1
(ω1)

⊆Mp2,q2
(ω2)

Modulation spaces posses convenient discretization properties using
Gabor frames

J. Toft Liftings for modulation spaces Ghent, July 2020 7 / 14



Some properties

Let 〈x〉 = (1 + |x|2)1/2, and

Mp,q
s,t = Mp,q

(ω) when ω(x, ξ) = 〈x〉t〈ξ〉s

M2,2
s,0 = H2

s , M2,2
0,s = L2

s

if ω0(x, ξ) = ω(−ξ, x), then ‖Ff‖Mp,p
(ω0)
� ‖f‖Mp,p

(ω)

if 1 ≤ p, q <∞, then (Mp,q
(ω))
′ = Mp′,q′

(1/ω) (1/p+ 1/p′ = 1)

if p1 ≤ p2, q1 ≤ q2 and ω2 . ω1 then Mp1,q1
(ω1)

⊆Mp2,q2
(ω2)

Modulation spaces posses convenient discretization properties using
Gabor frames

J. Toft Liftings for modulation spaces Ghent, July 2020 7 / 14



For future references:

if ω ∈P, then S(ω) = { a ∈ C∞ ; ∂αa . ω }.

S0
0,0 = S(1).

if ω(X + Y ) . ω(X)er|Y |
1
s for every r > 0, then let

Γ
(ω)
s = { a ∈ C∞ ; ∂αa . h|α|α!sω for some h > 0 }.

By Cordero-Nicola-Rodino: Γ
(ω1)
s #Γ

(ω2)
s ⊆ Γ

(ω1ω2)
s

Let Γ0
s;0 = Γ

(1)
s . Then Γ0

s;0 ⊆ S0
0,0.
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Liftings again

Gröchenig-T. 2013: Let ω0, ω ∈P0
E(R2d) be radial symmetric in

each phase-shift variable, i.e.

ω(x, ξ) = ω̃(r1, . . . , rd), rj = (x2j + ξ2j )
1
2 .

Then Tp(ω0) lifts Mp,q
(ω0)

(Rd) to Mp,q
(ω/ω0)

(Rd).
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Boggiatto-Cordero-Gröchenig 2002: Let ωs = 〈 · 〉s and

Qs(R
d) = {Tp(ωs)f ; f ∈ L2(Rd) } (Shubin space).

Then M2
(ωs)

(Rd) = Qs(R
d), and Tp(ωs) lifts M2

(ωs)
(Rd) to

M2(Rd) = L2(Rd).
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Boggiatto-Cordero-Gröchenig 2002: Let ωs = 〈 · 〉s and

Qs(R
d) = {Tp(ωs)f ; f ∈ L2(Rd) } (Shubin space).

Then M2
(ωs)

(Rd) = Qs(R
d), and Tp(ωs) lifts M2

(ωs)
(Rd) to L2(Rd).

Boggiatto-T. 2005: Let ω0 ∈P(R2d) be such that
|∂αω0| . 〈 · 〉−r|α| · ω0 for some r > 0. Then Tp(ω0) lifts Mp,q

(ω0)
(Rd)

to Mp,q(Rd).

Gröchenig-T. 2013: Let ω0, ω ∈P0
E(R2d) be radial symmetric in

each phase-shift variable, i.e.

ω(x, ξ) = ω̃(r1, . . . , rd), rj = (x2j + ξ2j )
1
2 .

Then Tp(ω0) lifts Mp,q
(ω0)

(Rd) to Mp,q
(ω/ω0)

(Rd).

J. Toft Liftings for modulation spaces Ghent, July 2020 9 / 14



Liftings again
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Liftings again

1 Gröchenig-T. 2011: Let ω0, ω ∈P(R2d). Then Tp(ω0) lifts Mp,q
(ω0)

(Rd) to

Mp,q
(ω/ω0)

(Rd).

2 Gröchenig-T. 2013: Let φ be a Gaussian, and ω0, ω ∈P0
E(R2d) be radial in

each phase-shift variable, i.e.

ω(x, ξ) = ω̃(r1, . . . , rd), rj = (x2j + ξ2j )
1
2 .

Then Tp(ω0) lifts Mp,q
(ω0)

(Rd) to Mp,q
(ω/ω0)

(Rd).

3 Abdeljawad-Coriasco-T. 2017/2020: Let ω0, ω ∈P0
E(R2d). Then

Tp(ω0) lifts Mp,q
(ω0)

(Rd) to Mp,q
(ω/ω0)

(Rd).

The approach to prove (3) is similar to (1), and we now explain details.
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Arguments in the proof

Gröchenig-T. 2011

Let ω0, ω ∈P(R2d). Then Tp(ω0) lifts Mp,q
(ω0)

(Rd) to Mp,q
(ω/ω0)

(Rd).

(1) Tpφ(ω0) = Opw(ω̃0), where ω̃0 = ω0 ∗Wφ,φ ∈ S(ω0) and ω̃0 � ω0.
This gives Tpφ(ω0) is continuous from Mp,q

(ω) to Mp,q
(ω/ω0)

.

(2) ϑ = ω
1
2
0 . Then Tp(ω0) lifts M2

(ϑ) to M2
(1/ϑ) Let T1 be the inverse.

(3) By Bony-Chemin: There are a ∈ S(ϑ) and b ∈ S(1/ϑ) such that
Opw(a) ◦Opw(b) = Opw(a) ◦Opw(b) = IdS ′ .

(4) By (2)–(3): Opw(c) ≡ Opw(b) ◦ Tp(ω0) ◦Opw(b) is bijective on L2.

By symbolic calculus: c ∈ S(1) = S0
0,0.

(5) Since S0
0,0 is a Wiener algebra, c1 in Opw(c1) ≡ Opw(c)−1 belongs to

S0
0,0. This gives T1 = Opw(b) ◦Opw(c1) ◦Opw(b) ∈ Opw(S(1/ω0)).
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‖f‖M2
(ϑ)

= sup
‖g‖

M2
(ϑ)
≤1

|(f, g)M2
(ϑ)
| � sup

‖g‖
M2

(ϑ)
≤1

∣∣∣∣∫ Vφf(x, ξ)Vφf(x, ξ)ϑ(x, ξ)2 dxdξ

∣∣∣∣
= sup
‖g‖

M2
(ϑ)
≤1

|(ω0 · Vφf, Vφg)L2(R2d)| = sup
‖g‖

M2
(ϑ)
≤1

|(Tpφ(ω0)f, g)L2(Rd)|

� ‖Tpφ(ω0)f‖M2
(1/ϑ)

.
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Post-futuristic liftings

Thm. 1. Gröchenig-T. 2011 - Classic lifting

Let ω0, ω ∈P(R2d). Then Tp(ω0) lifts Mp,q
(ω0)

(Rd) to Mp,q
(ω/ω0)

(Rd).

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let ω0, ω ∈P0
E(R2d). Then Tp(ω0) lifts Mp,q

(ω0)
(Rd) to Mp,q

(ω/ω0)
(Rd).

Structure of the proof of Thm. 1.
(1) Tpφ(ω0) = Opw(ω̃0), where ω̃0 = ω0 ∗Wφ,φ ∈ S(ω0) and ω̃0 � ω0.

⇒ Tpφ(ω0) is continuous from Mp,q
(ω) to Mp,q

(ω/ω0)
.

(2) ϑ = ω
1
2
0 . Then Tp(ω0) lifts M2

(ϑ) to M2
(1/ϑ).

(3) Bony-Chemin: There are a ∈ S(ϑ) and b ∈ S(1/ϑ) such that
Opw(a) ◦Opw(b) = Opw(a) ◦Opw(b) = IdS ′ .

(4) By (2–3): Opw(c) ≡ Opw(b) ◦ Tp(ω0) ◦Opw(b) is bijective on L2, c ∈ S0
0,0.

(5) Since S0
0,0 is a Wiener algebra, c1 in Opw(c1) ≡ Opw(c)−1 belongs to S0

0,0.

Which steps work for the proof of Thm. 2?
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Step (1) works fine also when ω, ω0 ∈P0
E , provided φ ∈ S1.

Then (1) holds with ω̃0 ∈ Γ
(ω0)
1 .
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Step (2) works fine with the same arguments.
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Step (3) needs to be replaced by:
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Thm. 1. Gröchenig-T. 2011 - Classic lifting

Let ω0, ω ∈P(R2d). Then Tp(ω0) lifts Mp,q
(ω0)

(Rd) to Mp,q
(ω/ω0)

(Rd).

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let ω0, ω ∈P0
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(3) Bony-Chemin: There are a ∈ S(ϑ) and b ∈ S(1/ϑ) such that
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.

After these observations: How to make (3)′ ?
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Some comments to the proof of (3)′

Thm. (Abdeljawad-Coriasco-T. 2017)

Let ω ∈P0
E(R2d). Then there are a ∈ Γ

(ω)
1 (R2d) and b ∈ Γ

(1/ω)
1 (R2d)

such that
Opw(a) ◦Opw(b) = Opw(a) ◦Opw(b) = IdS′1 .

Reduction to confined symbols: If a ∈ Γ
(ω)
1 (R2d), b ∈ Γ

(ϑ)
1 (R2d), and

φY = φ( · − Y ) and ψZ = ψ( · − Z), are suitable, then

|Dα
X((φY a)#(ψZb))(X)| . h|α|α!e−r(|X−Y |+|X−Z|)ω(X)ϑ(X), (*)

for some r, h > 0.

Deducing Beals-characterisation of Opw(Γ
(ω)
1 )

Solving a symbol valued evolution equation:

(∂ta)(t, · ) = (logω)#a(t, · ), a(0, · ) = a0.

The choice a0 = 1 leads to (3)′.
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(ω)
1 (R2d) and b ∈ Γ

(1/ω)
1 (R2d)

such that
Opw(a) ◦Opw(b) = Opw(a) ◦Opw(b) = IdS′1 .

Reduction to confined symbols: If a ∈ Γ
(ω)
1 (R2d), b ∈ Γ

(ϑ)
1 (R2d), and

φY = φ( · − Y ) and ψZ = ψ( · − Z), are suitable, then

|Dα
X((φY a)#(ψZb))(X)| . h|α|α!e−r(|X−Y |+|X−Z|)ω(X)ϑ(X), (*)

for some r, h > 0.

Deducing Beals-characterisation of Opw(Γ
(ω)
1 )

Solving a symbol valued evolution equation:

(∂ta)(t, · ) = (logω)#a(t, · ), a(0, · ) = a0.

The choice a0 = 1 leads to (3)′.
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Two examples / consequences

By combining the recent results lifting results with some Fredholm theory
we get

Let p, q ∈ (0,∞], ω ∈P0
E(R2d), m,µ ≥ 1 are integers, r, ρ ≥ 0 are real

and
ω0(x, ξ) = (1 + |x|2m)

r
2m + (1 + |ξ|2µ)

ρ
2µ .

Then Tp(ω0) and Opw(ω0) are bijective mappings from Mp,q
(ω) to Mp,q

(ω/ω0)
.

Let p, q ∈ (0,∞], ω ∈P0
E(R2d), m,µ ≥ 1 are integers, 0 ≤ r, ρ < 1 and

ω0(x, ξ) = exp
(

(1 + |x|2m)
r

2m + (1 + |ξ|2µ)
ρ
2µ

)
.

Then Tp(ω0) is bijective and Opw(ω0) has index zero as mappings from
Mp,q

(ω) to Mp,q
(ω/ω0)

.
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Thank you for your attention !!
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