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Plan of the talk

© Motivations and preliminaries

© More general lifting results
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What is lifting

The spaces V7 and V5 are said to perform lifting property if there is a
"convenient” map 1" which maps V; bijectively into V. The map T is
then said to lift V7 into V5.
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What is lifting

Example: Let (z) = (1 + |33|2)% and

LERY) ={f e Lj, R); Iflz =If(-)lle» <o}
Then f— f-(-)% lifts LEto L¥_ .
Example: The Sobolev space:

HY(RY) = {f e " R | flluz = (D) fllzw < 00}
Then f = (D)0 f lifts H§to HY
Example: The Sobolev Kato space:

H,(RY) ={fe " R); | flluz, = Ix)*(D)7 fll 2 < o0}

Then f— (z)*(D)?f lifts HZ, to HZ  , ..
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Preparations for more liftings - YDO and Toeplitz Ops.

Let a € ./(R??) and let .Z be the Fourier transform given by

Fy)e "o dy
Rd

i 4
2

(F &) = f(§) = (2m)~

when f € L'(RY).
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Preparations for more liftings - YDO and Toeplitz Ops.

Let a € ./(R??) and let .Z be the Fourier transform given by

Fy)e "o dy
Rd

i 4
2

(ZNHE) = f(&)=(2m)"
when f € L'(RY).
@ Let p € Z(RY) and f €.7'(R%). Then

Vof(z,6) = Z(f-o(- —2))(E)
is the Short-Time Fourier Transform (STFT) of f w.r.t. ¢.
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Preparations for more liftings - YDO and Toeplitz Ops.

Let a € ./(R??) and let .Z be the Fourier transform given by

Fy)e "o dy
Rd

i 4
2

(F &) = f(§) = (2m)~

when f € L'(RY).
@ Let p € Z(RY) and f €.7'(R%). Then
Vof(@,8) =Z(f-o(- —))(§)
is the Short-Time Fourier Transform (STFT) of f w.r.t. ¢. If f € L', then

Val(e.&) = n) ¢ [ wiali=o)e v dy
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Preparations for more liftings - YDO and Toeplitz Ops.

o Let ¢ € Z(RY) and f € .7'(R%). Then
Vof(x,6) = Z(f - (- —x))(E)
is the Short-Time Fourier Transform (STFT) of f w.r.t. ¢.

@ The Weyl operator is defined by:
w x+ Y i(r—y,
Op*(a)f(z) = / / a (2,5) Fly)e =70 dydg.
R2d
The Weyl (twisted) product # is defined by Op" (a#b) = Op"(a) o Op" (b).
@ The Toeplitz operator is defined by:

(Tp¢(a)f, Q)LZ(Rd) =(a-Vsf, V¢9)L2(R2d)~
We have  Tp(a) = Op“(a* Wy,4), where

Wi on(w.6) = @m) 7% [ oo —/200a T 07D dy

is the Wigner distribution.
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Preparations for other liftings - Modulation spaces

e A moderate weight w on R% is a positive function on R? such that
for some positive function v we have

w(x+y) Sw@h(y), x,yeR™ (*)
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Preparations for other liftings - Modulation spaces

e A moderate weight w on R% is a positive function on R? such that
for some positive function v we have

w(z+y) Swlz)o(y),  zyeR. (*)
o We let Z5(R%) be the set of all moderate weights on R,
o (Grochenig 2005) If w € Zp(RY), then for some r > 0:

wiz+y) Swxe™,  zyeR” *)
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Preparations for other liftings - Modulation spaces

e A moderate weight w on R% is a positive function on R? such that
for some positive function v we have

w(z+y) Swlz)o(y),  zyeR. (*)
o We let Z5(R%) be the set of all moderate weights on R,
o (Grochenig 2005) If w € Zp(RY), then for some r > 0:

wiz+y) Swxe™,  zyeR” *)

o We let 2%(R?) be all w € Zx(RY) such that (*)’ holds for all 7 > 0
(GRS-weights).
o We let Z(R%) be all w € Zg(R?) such that for some N > 0,

wz+y) Sw)y?, zyeR™ (*)”
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Preparations for other liftings - Modulation spaces
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Preparations for other liftings - Modulation spaces

@ The Gelfand-Shilov space ¥;(R?) (S1(R?)) consists of all
f € L®R%) N.ZL>®R?) such that

F@) e and [fe) S
for every r > 0 (for some r > 0).
Equivalently, f € 31(RY) (f € S1(R%)), iff
[20° ()] 5 7 Plat

for every r > 0 (for some r > 0)
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Preparations for other liftings - Modulation spaces

@ The Gelfand-Shilov space ¥;(R?) (S1(R?)) consists of all
f € L®R%) N.ZL>®R?) such that

F@) e and [fe) S e
for every r > 0 (for some r > 0).
Equivalently, f € 31(RY) (f € S1(R%)), iff
207 f(@)] S i+ lalg)
for every r > 0 (for some r > 0)
@ Wehave ¥, C&5 C¥ and ' CSCY.
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Preparations for other liftings - Modulation spaces
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Preparations for other liftings - Modulation spaces

(Feichtinger 1983) Let p,q € (0,00], w € Zr(R??), and ¢ € ¥1(R9) \ 0.

Then the modulation space M(I’U’S(Rd) consists of all f € ¥ (R?) such that

1/q
g = ( [, Vot 0ate ) a) < .
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Preparations for other liftings - Modulation spaces

(Feichtinger 1983) Let p,q € (0,00], w € Zr(R??), and ¢ € ¥1(R9) \ 0.

Then the modulation space M(I’U’S(Rd) consists of all f € ¥ (R?) such that

1/q
g = ( [, Vot 0ate ) a) < .

M{:;‘;(Rd) is independent of ¢.
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Preparations for other liftings - Modulation spaces

(Feichtinger 1983) Let p,q € (0,00], w € Zr(R??), and ¢ € ¥1(R9) \ 0.

Then the modulation space M?*?

1/q
g = ([, (Ve Outmpy ag) < o
We have:
SIRY) CMIRY) CSI(RT) & we ZE(RY).

and

S (RY) C (pg(Rd) CsRY) o we 2(RYM).
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Some properties
Let (z) = (1+|=>)"/2, and

MY =M when  w(z,€) = (z)'(€)°
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Some properties

Let

() = (14 |z[>)"/?, and

MY =M when  w(z,€) = (z)'(€)°

2,2
M2 =H2, Mgl =L

S

f wo(e,€) = w(=€,2), then [\ Z Flager = | lasps

if 1 <p,q < oo, then (M(pwg) Mﬁfd) (1/p+1/p'=1)

if p1 <p2, 1 < g2 and wp S wy then Mffjl’()h C M{E;gz’

Modulation spaces posses convenient discretization properties using
Gabor frames
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For future references:

o ifwe P, then S@ ={aecC>®; 0 Sw}.
S8, =8W.

1
if w(X +Y) Sw(X)eYl® for every 7 > 0, then let
) = {a € C®; 0% < hl*la!w for some b > 0}.

By Cordero-Nicola-Rodino: Fgwl)#f‘gw) C FS““?)
Let 1%y = I'". Then I'%, C 53,
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Liftings again

o Boggiatto-Cordero-Grochenig 2002:  Let ws = () and
Qs(RY) = {Tp(ws)f; f € L*(RY)}  (Shubin space).
Then M(Qws)(Rd) = Qs(R%), and Tp(ws) lifts M(zws)(Rd) to
M?(RY) = L2(RY).
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Liftings again

o Boggiatto-Cordero-Grochenig 2002:  Let ws = () and
Qs(RY) = {Tp(ws)f; f € L*(RY)}  (Shubin space).
Then M(Qws)(Rd) = Qs(R%), and Tp(ws) lifts M(zws)(Rd) to
M?(RY) = L2(RY).
Notice that in contrast to earlier lifting results, the weights and
operator symbols are not of split form - i.e. not of the form
wi(x)wa(&). This make it more complicated because of strong

interactions between differentiations and space variables
(multiplications).
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Liftings again

Qs(RY) = {Tp(ws)f; f € L*(R")} (Shubin space).
Then MZ, ) (R?) = Qs(R?), and Tp(ws) lifts M{, )(R?) to L*(R?).
o Boggiatto-T. 2005: Let wp € Z(R?%) be such that

@ Boggiatto-Cordero-Gréchenig 2002: Let ws = (-)® and

10%g| < (-)77lel . wy for some 7 > 0. Then Tp(wp) lifts M(po’g)(Rd)
to MP4(R%).
J. Toft
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Liftings again

@ Boggiatto-Cordero-Gréchenig 2002: Let ws = (-)® and
Qs(RY) = {Tp(ws)f; f € L*(R")} (Shubin space).
Then MZ, ) (R?) = Qs(R?), and Tp(ws) lifts M{, )(R?) to L*(R?).

@ Boggiatto-T. 2005: Let wo € Z(R>?) be such that [0%wo| < ()"l wp for
some 7 > 0. Then Tp(wo) lifts M”? (R?) to MP?(R?).

(wo)

o Grochenig-T. 2011: Let wp,w € Z(R?*¥). Then Tp(wo) lifts

y2U d y2U d
M2 (RY) to MPY(RY).
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Liftings again

@ Boggiatto-Cordero-Gréchenig 2002: Let ws = (-)® and
Qs(RY) = {Tp(ws)f; f € L*(R")} (Shubin space).
Then MZ, ) (R?) = Qs(R?), and Tp(ws) lifts M{, )(R?) to L*(R?).

@ Boggiatto-T. 2005: Let wo € Z(R>?) be such that [0%wo| < ()"l wp for
some 7 > 0. Then Tp(wo) lifts M”? (R?) to MP?(R?).

(wo)
@ Grochenig-T. 2011: Let wo,w € Z(R??). Then Tp(wo) lifts M(p:;)(Rd) to
M (RY).

w/wo)

o Grochenig-T. 2013: Let wp,w € Z%(R??) be radial symmetric in
each phase-shift variable, i.e.

~ 1
W(x,f)ZW(T’l,...,Td), T]:(x§+£]2)2
Then Tp(wp) lifts Mﬁ;g)(Rd) to Mf"f/wo)(Rd).
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Liftings again

O Grochenig-T. 2011: Let wo,w € Z(R*?). Then Tp(wo) lifts M7 (R?) to

P,q d
M)y (RY).

@ Grochenig-T. 2013: Let ¢ be a Gaussian, and wp,w € 2% (R??) be radial in

each phase-shift variable, i.e.

W(l’7f):a(7"1,...,7'd), Tj:(x§+£]2)%
Then Tp(wp) lifts M(p“’)z)(Rd) to M&Cng)(Rd).
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Liftings again

O Grochenig-T. 2011: Let wo,w € Z(R*?). Then Tp(wo) lifts M7 (R?) to

P,q d
M)y (RY).

@ Grochenig-T. 2013: Let ¢ be a Gaussian, and wp,w € 2% (R??) be radial in
each phase-shift variable, i.e.

W(l’7f):a(7"1,...,7'd), Tj:(x§+£]2)%
Then Tp(wp) lifts M(p“’)z)(Rd) to M&Cng)(Rd).

© Abdeljawad-Coriasco-T. 2017/2020: Let wp,w € Z%(R??). Then

Tp(wo) lifts M(puf))(Rd) to M{ij)(Rd).
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Liftings again

O Grochenig-T. 2011: Let wo,w € Z(R*?). Then Tp(wo) lifts M7 (R?) to

P,q d
M)y (RY).

@ Grochenig-T. 2013: Let ¢ be a Gaussian, and wp,w € 2% (R??) be radial in
each phase-shift variable, i.e.

w(:E?S):a(rlv"'vrd)a TJ:(£C5+£]2)%
Then Tp(wp) lifts ]VI(”“’)Z)(RCI) to M&’fng)(Rd).

© Abdeljawad-Coriasco-T. 2017/2020: Let wp,w € Z%(R??). Then
Tp(wo) lifts M2\ (R?) to MP7F (RY).

The approach to prove (3) is similar to (1), and we now explain details.
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Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wy) lifts M(’:g)(Rd) to M(pﬁwo)(Rd).
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Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wy) lifts M(’:g)(Rd) to M(pﬁwo)(Rd).

(1) Tpy(wo) = Op”(wo), where wo = wo * Wy 4 € S(@o) and @y = wp.
This gives Tp,(wo) is continuous from ]\/[(ptﬂ to ]W&q/w :
‘ 0)
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Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wy) lifts M&g)(Rd) to M., )(Rd).

(1)  Tpy(wo) = Op*(@o), where &o = wo * Wy, € 5(0) and Ty = wo.
This gives Tp,(wo) is continuous from Mp‘i to MP19

(w/wo)"
1
(2) ¥ =wg. Then Tp(wo) lifts M( 9) to M(21/19) Let 77 be the inverse.
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Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wy) lifts M&g)(Rd) to M., )(Rd).

(1)  Tpy(wo) = Op*(@o), where &o = wo * Wy, € 5(0) and Ty = wo.
This gives Tp,(wo) is continuous from Mp‘i to MP19

(w/wo)"
1
(2) ¥ =wg. Then Tp(wo) lifts M( 9) to M(21/19) Let 77 be the inverse.

1, = s |9z, | = [ Ver@,&) Vel @, 0w, €)? dud
S lollarz, < ® ||g||M2 <1
e Ve Ve = s (Toun). o)uncas)
lollgz, <t Iz, <t

= ||'T
1 Tpo w0} fllass, , -
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Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wy) lifts M&g)(Rd) to M&%O)(Rd).

(1)  Tpy(wo) = Op*(@o), where &o = wo * Wy, € 5(0) and Ty = wo.

This gives Tp,(wo) is continuous from M(p;; to M&‘;wo).

1
(2) 9 =wi. Then Tp(wo) lifts My to M 4. Let Ty be the inverse.
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Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wy) lifts Mﬁf))(Rd) to M&%O)(Rd).

(1)  Tpy(wo) = Op*(@o), where &o = wo * Wy, € S50) and Ty < wo.
This gilves Tpy(wo) is continuous from ]\J(‘L‘i to ]\J&‘;wo).

(2) 9 =wi. Then Tp(wo) lifts My to M 4. Let Ty be the inverse.

(3) By Bony-Chemin: There are a € S and b € S0/?) such that

Op“(a) o Op™(b) = Op®(a) o Op™(b) = Id ».
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Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wy) lifts Mp:é)(Rd) to MP% (RY).

( (w/wo)

1)

()
3)

(4)

Tpy(wo) = Op“(@o), where o = wo * Wy 4 € 5(0) and Ty = wo.
This gilves Tpy(wo) is continuous from ]\J(‘L‘i to ]\J&‘;wo).

¥ = wg. Then Tp(wo) lifts M) to M7 5. Let Ti be the inverse.
By Bony-Chemin: There are a € S™ and b € S&/?) such that
Op*(a) o Op”(b) = Op"“(a) o Op"(b) = Id.s.

By (2)—(3): Op¥“(c) = Op“(b) o Tp(wp) o Op®(b) is bijective on L2
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Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wy) lifts Mp:;)(Rd) to MP% (RY).

( (w/wo)

1)

()
3)

(4)

Tpy(wo) = Op™(@o), where Wo = wo * W, € 5(0) and Ty = wo.

This gilves Tpy(wo) is continuous from ]\J(‘L‘i to ]\J&‘;wo).

¥ = wg. Then Tp(wo) lifts M) to M7 5. Let Ti be the inverse.

By Bony-Chemin: There are a € S™ and b € S&/?) such that

Op“(a) o Op*(b) = Op*(a) o Op”(b) = Id.»-.

By (2)—(3): Op¥“(c) = Op“(b) o Tp(wp) o Op®(b) is bijective on L2
By symbolic calculus: ¢ € S®) = 5§ .
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Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wy) lifts Mp:;)(Rd) to MP% (RY).

( (w/wo)

1)

()
3)

(4)

(5)

Tpy(wo) = Op™(@o), where Wo = wo * W, € 50 and Ty = wo.
This gilves Tpy(wo) is continuous from M{:}‘i to ]\J&‘;wo).
¥ = wg. Then Tp(wo) lifts M7y to M7 5. Let Ti be the inverse.

By Bony-Chemin: There are a € S™ and b € S&/?) such that

Op“(a) o Op*(b) = Op*(a) o Op“(b) = Id.»-.

Op*“(c) = Op®(b) o Tp(wo) o Op™(b) is bijective on L2, Symb. calc.: c € 5'8,0.
Since S is a Wiener algebra, ¢, in Op”(c1) = Op™(c)~" belongs to
500 This gives 77 = Op™(b) 0 Op"“(cy) 0 Op™ (b) € Op™ (5/w0)).

J. Toft Liftings for modulation spaces Ghent, July 2020 10 / 14



Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wy) lifts M&‘;)(Rd) to M&% )(Rd).

(1) Tpy(wo) = Op™(&o), where &o = wo * Wy € 50 and Ty = wo.
This gives Tp,(wo) is continuous from ]\1"‘% to M(Z;/ o)
2 v= Wo%- Then Tp(wo) lifts M(Qﬁ) to M(lw). Let 77 be the inverse.
(3) By Bony-Chemin: There are a € S and b € S®/?) such that
Op“(a) o Op”(b) = Op¥(a) o Op™(b) = Id &.
(4) Op“(c) = Op“(b) o Tp(wo) o Op*(b) is bijective on L. Symb. calc.: ¢ € Sg..
(5) Since S0, is a Wiener algebra, c1 in Op*(c1) = Op*“(c)~" belongs to
58,0. This gives 71 = Op™(b) 0 Op“(c1) 0 Op™(b) € Op“'(S(l/W)).
From these properties: By (1), (5) and general continuity results:

Tp(wo) : MP? — MPH T — M

(w) (w/wo)? (w/wo) (w)

are continuous.
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Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wy) lifts M&‘;)(Rd) to M&% )(Rd).

(1) Tpy(wo) = Op™(&o), where &o = wo * Wy € 50 and Ty = wo.
This gives Tp,(wo) is continuous from ]\1"‘% to M(Z;/ o)
2 v= Wo%- Then Tp(wo) lifts M(Qﬁ) to M(lw). Let 77 be the inverse.
(3) By Bony-Chemin: There are a € S and b € S®/?) such that
Op“(a) o Op”(b) = Op¥(a) o Op™(b) = Id &.
(4) Op“(c) = Op“(b) o Tp(wo) o Op*(b) is bijective on L. Symb. calc.: ¢ € Sg..
(5) Since S0, is a Wiener algebra, c1 in Op*(c1) = Op*“(c)~" belongs to
58,0. This gives 71 = Op™(b) 0 Op“(c1) 0 Op™(b) € Op“'(S(l/W)).
From these properties: By (1), (5) and general continuity results:

P,q P,q P4
Tp(wo) + ME — MEF,, . Tu MG, — M

are continuous. By (2), Tp(wg) o T1 = T3 o Tp(wp) = Id.».
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Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wy) lifts M&‘;)(Rd) to M&% )(Rd).

(1) Tpy(wo) = Op™(&o), where &o = wo * Wy € 50 and Ty = wo.
This gives Tp,(wo) is continuous from ]\1"‘% to M(Z;/ o)
2 v= Wo%- Then Tp(wo) lifts M(Qﬁ) to M(lw). Let 77 be the inverse.
(3) By Bony-Chemin: There are a € S and b € S®/?) such that
Op“(a) o Op”(b) = Op¥(a) o Op™(b) = Id &.
(4) Op“(c) = Op“(b) o Tp(wo) o Op*(b) is bijective on L. Symb. calc.: ¢ € Sg..
(5) Since S0, is a Wiener algebra, c1 in Op*(c1) = Op*“(c)~" belongs to
58,0. This gives 71 = Op™(b) 0 Op“(c1) 0 Op™(b) € Op“'(S(l/W)).
From these properties: By (1), (5) and general continuity results:

P,q P,q P4
Tp(wo) + ME — MEF,, . Tu MG, — M

are continuous. By (2), Tp(wp) o Ty =T o Tp(wp) = Id». By duality,
Tp(wo) o Tl = Tl ] Tp(wo) = Idy/
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Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wp) lifts MP? (R?) to MP?  (RY).

(wo) (w/wo)

()
3)

(4)
(5)

Tpy(wo) = Op™(@o), where Wo = wo * W, € 50 and Ty = wo.

This gives Tp(ﬁ(wo) is continuous from Mp% to M(Z/ 0)"

9= Wo%- Then Tp(wo) lifts M(ﬁ) to M(lw). Let 77 be the inverse.

By Bony-Chemin: There are a € S™ and b € S&/?) such that

Op“(a) o Op*(b) = Op*(a) o Op”(b) = Id.»-.

Op*“(c) = Op®(b) o Tp(wo) o Op™(b) is bijective on L2, Symb. calc.: c € 58,0.
Since S{ is a Wiener algebra, c¢1 in Op®(c1) = Op™(c)~" belongs to

58.. This gives 71 = Op™(b) 0 Op™(c1) 0 Op®(b) € Op™ (S/=0)).

From these properties:

p,q p,q
Tp(wo) : MPS — MES, o Ta + MPY,, — MPS *)

are continuous and Tp(wo) 0 71 = T4 o Tp(wo) = Id o.
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Arguments in the proof

Grochenig-T. 2011

Let wp,w € Z(R?). Then Tp(wy) lifts M&‘;)(Rd) to M&% )(Rd).

Tpy(wo) = Op™(@o), where Wo = wo * W, € 50 and Ty = wo.

This gives Tp(ﬁ(wo) is continuous from Mp% to M(Z/ 0)"

2 v= Wo%- Then Tp(wo) lifts M(ﬁ) to M(lw). Let 77 be the inverse.
(3) By Bony-Chemin: There are a € S and b € S®/?) such that
Op“(a) o Op®(b) = Op¥(a) o Op™(b) = Id &.
(4) Op“(c) = Op“(b) o Tp(wo) o Op*(b) is bijective on L. Symb. calc.: ¢ € Sg..
(5) Since S0, is a Wiener algebra, c1 in Op*(c1) = Op*“(c)~" belongs to
58,0. This gives 71 = Op™(b) 0 Op“(c1) 0 Op™(b) € Op“'(S(l/W)).
From these properties:

. P.q
Tp(wo) M —) M(w/wo), T : M(w/w>

are continuous and Tp(wop) 071 = T4 o Tp(wo) =Idw,.  This implies that the
mappings (*) are bijective and inverses to each others, giving the result.

— M3 *)
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts Mﬁ;‘é)(Rd) to M(pﬁw())(Rd).

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to M(pﬁwo)(Rd).

Structure of the proof of Thm. 1.
(1) Tpg(wo) = Op*™(@o), where o = wo * Wy 4 € S50) and Ty = wo.
= Tpy(wo) is continuous from Mp§ to M ..
2) 9= wé . Then Tp(wo) lifts My to M7 /).
(3) Bony-Chemin: There are a € S and b € S/ such that
Op*“(a) o Op*(b) = Op™”(a) o Op™(b) = Id &/.
(4) By (2-3): Op“(c) = Op“(b) o Tp(wo) o Op™(b) is bijective on L?, c € S0,.
(5) Since S{, is a Wiener algebra, c1 in Op“(c1) = Op™(c) " belongs to S0 0.
Which steps work for the proof of Thm. 2?
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 -  Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts Mp;;)(Rd) to MP% (RY).

( (w/wo)

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to MP1 (R9).

(w/wo)

(1)

Tpy(wo) = Op™(@o), where Wo = wo * W, € S5«0) and Ty < wo.

= Tp1¢(wo) is continuous from Mg;‘i to M(TZ‘}WO).

¥ = wg . Then Tp(wo) lifts My to M(21/19).

Bony-Chemin: There are a € S”) and b € S®/?) such that

Op“(a) o Op*”(b) = Op“(a) o Op™(b) = Id o.

By (2-3): Op“(c) = Op™(b) o Tp(wo) o Op™ (b) is bijective on L?, c € SQ .
Since 5870 is a Wiener algebra, ¢; in Op®(c1) = Op™(c) ™" belongs to 88,0.
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts M&‘;)(Rd) to M&%O)(Rd).

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to M(pﬁwo)(Rd).

(1)  Tpy(wo) = Op™(Wo), where wo = wo * W, € S5«0) and Ty < wo.

H H P,q p,q
= Tp,(wo) is continuous from ME'§ to My .

2) 9= wé. Then Tp(wo) lifts M) to M 9.
(3)  Bony-Chemin: There are a € S and b € S/ such that
Op“(a) o Op*”(b) = Op“(a) o Op™(b) = Id o.
(4) By (2-3): Op“(c) = Op™(b) o Tp(wo) o Op™ (b) is bijective on L?, c € SQ.
(5) Since S{ is a Wiener algebra, c1 in Op“(c1) = Op™(c)~" belongs to SQ .
Step (1) works fine also when w,wo € 2%, provided ¢ € Si.
Then (1) holds with @y € T,
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 -  Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts Mp;;)(Rd) to MP% (RY).

( (w/wo)

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to MP1 (R9).

(w/wo)

(1)

Tpy(wo) = Op™(@o), where Wo = wo * W, € S5«0) and Ty < wo.

= Tp1¢(wo) is continuous from Mg;‘i to M(TZ‘}WO).

¥ = wg . Then Tp(wo) lifts My to M(21/19).

Bony-Chemin: There are a € S”) and b € S®/?) such that

Op“(a) o Op*”(b) = Op“(a) o Op™(b) = Id o.

By (2-3): Op“(c) = Op™(b) o Tp(wo) o Op™ (b) is bijective on L?, c € SQ .
Since 5870 is a Wiener algebra, ¢; in Op®(c1) = Op™(c) ™" belongs to 88,0.
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts M&‘;)(Rd) to M&%O)(Rd).

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to M(pﬁwo)(Rd).

(1) Tpy(wo) = Op™(&o), where Lo = wo * Wy € S5«0) and Ty < wo.
= Tp1¢(wo) is continuous from Mg;‘i to M(TZ‘}WO).
(2) 9 =wi. Then Tp(wo) lifts M to M7 /).
(3)  Bony-Chemin: There are a € S and b € S/ such that
Op“(a) o Op*”(b) = Op“(a) o Op™(b) = Id o.
(4) By (2-3): Op“(c) = Op™(b) o Tp(wo) o Op™ (b) is bijective on L?, c € SQ.
(5) Since S{ is a Wiener algebra, c1 in Op“(c1) = Op™(c)~" belongs to SQ .
Step (2) works fine with the same arguments.
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 -  Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts Mp;;)(Rd) to MP% (RY).

( (w/wo)

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to MP1 (R9).

(w/wo)

(1)

Tpy(wo) = Op™(@o), where Wo = wo * W, € S5«0) and Ty < wo.

= Tp1¢(wo) is continuous from Mg;‘i to M(TZ‘}WO).

¥ = wg . Then Tp(wo) lifts My to M(21/19).

Bony-Chemin: There are a € S”) and b € S®/?) such that

Op“(a) o Op*”(b) = Op“(a) o Op™(b) = Id o.

By (2-3): Op“(c) = Op™(b) o Tp(wo) o Op™ (b) is bijective on L?, c € SQ .
Since 5870 is a Wiener algebra, ¢; in Op®(c1) = Op™(c) ™" belongs to 88,0.
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 -  Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts Mp;;)(Rd) to MP% (RY).

( (w/wo)

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to MP1 (R9).

(w/wo)

(1)

(3)

(4)
(5)

Tpy(wo) = Op™(@o), where Wo = wo * W, € S5«0) and Ty < wo.

H H P,q p,q
= Tp,(wo) is continuous from ME'§ to My .

9= wO%. Then Tp(wo) lifts M) to M(21/19).

Bony-Chemin: There are a € S”) and b € S®/?) such that

Op“(a) o Op*”(b) = Op“(a) o Op™(b) = Id o.

By (2-3): Op“(c) = Op™(b) o Tp(wo) o Op™ (b) is bijective on L?, c € SQ .
Since 5870 is a Wiener algebra, ¢; in Op®(c1) = Op™(c) ™" belongs to 88,0.

Step (3) needs to be replaced by:
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts M&‘;)(Rd) to M&%O)(Rd).

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to M(pﬁwo)(Rd).

(1) Tpy(wo) = Op™(&o), where Lo = wo * Wy € S5«0) and Ty < wo.
= Tpy(wo) is continuous from Mg;‘i to M(TZ‘}WO).
1 .
(2) ¥ =wi. Then Tp(wo) lifts Mf,) to M(21/19).
(3) Bony-Chemin: There are a € S and b € S®/?) such that
Op“(a) o Op*”(b) = Op“(a) o Op™(b) = Id o.
(4) By (2-3): Op“(c) = Op™(b) o Tp(wo) o Op™ (b) is bijective on L?, c € SQ.
(5) Since S{ is a Wiener algebra, c1 in Op“(c1) = Op™(c)~" belongs to SQ .
Step (3) needs to be replaced by:

(3) Thereare a € I''" and b € T{"/”) such that
Op" (a) 0 Op™(b) = Op*(a) o Op" (b) = Id,.
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts Mp;;)(Rd) to MP% (RY).

( (w/wo)

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to MP1 (R9).

(w/wo)

(1)

©)

Tpy(wo) = Op™(@o), where Wo = wo * W, € S5«0) and Ty < wo.

= Tp1¢(wo) is continuous from Mg;‘i to M(TZ‘}WO).

¥ = wg . Then Tp(wo) lifts My to M(21/19).

Bony-Chemin: There are a € S”) and b € S®/?) such that

Op“(a) o Op*”(b) = Op“(a) o Op™(b) = Id o.

By (2-3): Op“(c) = Op™(b) o Tp(wo) o Op™ (b) is bijective on L?, c € SQ .
Since 5870 is a Wiener algebra, ¢; in Op®(c1) = Op™(c) ™" belongs to 88,0.
There are a € 1"<119> and b € Fglw) such that

Op* () 0 Op" (b) = Op" (a) o Op" (b) = Ids;.
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts M&‘;)(Rd) to M&%O)(Rd).

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to M(pﬁwo)(Rd).

(1) Tpy(wo) = Op™(&o), where Lo = wo * Wy € S5«0) and Ty < wo.

= Tpy(wo) is continuous from Mg;‘i to M(TZ‘}WO).

l .

(2) ¥ =wi. Then Tp(wo) lifts Mf,) to M(21/19).
(3)  Bony-Chemin: There are a € S and b € S/ such that

Op“(a) o Op*”(b) = Op“(a) o Op™(b) = Id o.
(4) By (2-3): Op“(c) = Op™(b) o Tp(wo) o Op™(b) is bijective on L?, c € SQ.
(5) Since S{ is a Wiener algebra, c1 in Op“(c1) = Op™(c)~" belongs to SQ .
(3) Thereareac I'{") and b € T'{"/” such that

Op" () o Op" (b) = Op® (a) o Op”(b) = Ids;.

Step (4) is working fine with T')., in place of S{ , provided (3)’ has been proved.
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts Mp;;)(Rd) to MP% (RY).

( (w/wo)

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to MP1 (R9).

(w/wo)

(1)

©)

Tpy(wo) = Op™(@o), where Wo = wo * W, € S5«0) and Ty < wo.

= Tp1¢(wo) is continuous from Mg;‘i to M(TZ‘}WO).

¥ = wg . Then Tp(wo) lifts My to M(21/19).

Bony-Chemin: There are a € S”) and b € S®/?) such that

Op“(a) o Op*”(b) = Op“(a) o Op™(b) = Id o.

By (2-3): Op“(c) = Op™(b) o Tp(wo) o Op™ (b) is bijective on L?, c € SQ .
Since 5870 is a Wiener algebra, ¢; in Op®(c1) = Op™(c) ™" belongs to 88,0.
There are a € 1"<119> and b € Fglw) such that

Op* () 0 Op" (b) = Op" (a) o Op" (b) = Ids;.
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts M&‘;)(Rd) to M&%O)(Rd).

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to M(pﬁwo)(Rd).

(1) Tpy(wo) = Op™(&o), where Lo = wo * Wy € S5«0) and Ty < wo.

= Tpy(wo) is continuous from Mg;‘i to M(TZ‘}WO).

l .

(2) ¥ =wi. Then Tp(wo) lifts Mf,) to M(21/19).
(3)  Bony-Chemin: There are a € S and b € S/ such that

Op“(a) o Op*”(b) = Op“(a) o Op™(b) = Id o.
(4) By (2-3): Op“(c) = Op™(b) o Tp(wo) o Op™ (b) is bijective on L?, c € SQ.
(5)  Since SQ is a Wiener algebra, c1 in Op“(c1) = Op“(c)~" belongs to Q0.
(3) Thereareac I'{") and b € T'{"/” such that

Op" () o Op" (b) = Op® (a) o Op”(b) = Ids;.

Step (5) also works with T'Y,; in place of S . Again it is essential to prove (3)’.
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts Mp;;)(Rd) to MP% (RY).

( (w/wo)

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to MP1 (R9).

(w/wo)

(1)

©)

Tpy(wo) = Op™(@o), where Wo = wo * W, € S5«0) and Ty < wo.

= Tp1¢(wo) is continuous from Mg;‘i to M(TZ‘}WO).

¥ = wg . Then Tp(wo) lifts My to M(21/19).

Bony-Chemin: There are a € S”) and b € S®/?) such that

Op“(a) o Op*”(b) = Op“(a) o Op™(b) = Id o.

By (2-3): Op“(c) = Op™(b) o Tp(wo) o Op™ (b) is bijective on L?, c € SQ .
Since 5870 is a Wiener algebra, ¢; in Op®(c1) = Op™(c) ™" belongs to 88,0.
There are a € 1"<119> and b € Fglw) such that

Op* () 0 Op" (b) = Op" (a) o Op" (b) = Ids;.
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Post-futuristic liftings

Thm. 1. Grochenig-T. 2011 Classic lifting

Let wp,w € Z(R?). Then Tp(wy) lifts Mﬁ;‘é)(Rd) to M(pﬁw())(Rd).

Thm. 2. Abdeljawad-Coriasco-T. 2017 - Post-futuristic lifting

Let wo,w € 2% (R?*?). Then Tp(wp) lifts Maz)(Rd) to M(pﬁwo)(Rd).

(1) Tpy(wo) = Op™(&o), where Lo = wo * Wy € S5«0) and Ty < wo.

= Tpy(wo) is continuous from Mg;‘i to M(TZ‘}WO).

l .

(2) ¥ =wi. Then Tp(wo) lifts Mf,) to M(21/19).
(3)  Bony-Chemin: There are a € S and b € S/ such that

Op“(a) o Op*”(b) = Op“(a) o Op™(b) = Id o.
(4) By (2-3): Op“(c) = Op™(b) o Tp(wo) o Op™ (b) is bijective on L?, c € SQ.
(5) Since S{ is a Wiener algebra, c1 in Op“(c1) = Op™(c)~" belongs to SQ .
3)  Thereare a € T'\" and b € (/") such that
®3) 1 1

Op* () 0 Op" (b) = Op" (a) o Op" (b) = Ids;.

After these observations: How to make (3)/ ?
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Some comments to the proof of (3)’

Thm. (Abdeljawad-Coriasco-T. 2017)

Let w € 29 (R2). Then there are a € I'*)(R24) and b € T{/*)(R2)
such that

Op*“(a) o Op*(b) = Op“(a) o Op*“(b) = Idsg; .
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Some comments to the proof of (3)’

Thm. (Abdeljawad-Coriasco-T. 2017)

Let w € 29 (R2). Then there are a € I'*)(R24) and b € T{/*)(R2)
such that
0p"(a) 0 Op"(b) = Op®(a) 0 Op(b) = Ids;

The result is reached by expanding the theory of DO with symbols in I's.o(R2?)
and rf:’)(RQd) in the lines of Bony-Chemin approaches. For example:
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Some comments to the proof of (3)’

Thm. (Abdeljawad-Coriasco-T. 2017)

Let w € 29 (R2). Then there are a € I'*)(R24) and b € T{/*)(R2)
such that

Op*“(a) o Op*(b) = Op“(a) o Op*“(b) = Idsg; .
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such that

Op*“(a) o Op*(b) = Op“(a) o Op*“(b) = Idsg; .

e Reduction to confined symbols: If a € I'“)(R2?), b € I'{")(R29), and
oy =¢(- —Y) and Yz = (- — Z), are suitable, then

D% ((¢y @) #(120))(X)|  hl*late 7 IX=YIHX=2Dy(x)9(X), (%)
for some r, h > 0.
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Some comments to the proof of (3)’

Thm. (Abdeljawad-Coriasco-T. 2017)

such that

Let w € 29 (R2). Then there are a € I'*)(R24) and b € T{/*)(R2)

Op*“(a) o Op*(b) = Op“(a) o Op*“(b) = Idsg; .

e Reduction to confined symbols: If a € I'“)(R2?), b € I'{")(R29), and

oy =¢(- —Y) and ¢z = (- — Z), are suitable, then

D% ((dy a)#(12b))(X)| S Bl*lale (X =YIHX=2ZDe(x)9(X),
for some r, h > 0.

By integrating (*) w.r.t. Y, Z we get

| D% (a#d)(X)] S 71" adw(X)9(X)
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Some comments to the proof of (3)’

Thm. (Abdeljawad-Coriasco-T. 2017)

Let w € 29 (R2). Then there are a € I'*)(R24) and b € T{/*)(R2)
such that

Op*“(a) o Op*(b) = Op“(a) o Op*“(b) = Idsg; .

e Reduction to confined symbols: If a € I'“)(R2?), b € I'{")(R29), and
oy =¢(- —Y) and Yz = (- — Z), are suitable, then
DS ((dya)#(120))(X)] S hllate™ XY =Dy (X0 (X), (%)
for some r, h > 0.

@ Deducing Beals-characterisation of Opw(I‘g‘”))
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Some comments to the proof of (3)’

Thm. (Abdeljawad-Coriasco-T. 2017)

Let w € 29 (R2). Then there are a € I'*)(R24) and b € T{/*)(R2)
such that
0p"(a) 0 Op"(b) = Op®(a) 0 Op(b) = Ids;

e Reduction to confined symbols: If a € I'“)(R2?), b € I'{")(R29), and
oy =¢(- —Y) and Yz = (- — Z), are suitable, then

D% ((¢y @) #(120))(X)|  hl*late 7 IX=YIHX=2Dy(x)9(X), (%)
for some r, h > 0.

@ Deducing Beals-characterisation of Opw(I‘g‘”)) (suitable estimates of powers

of commutators of such operator with operators with linear symbols).
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Thm. (Abdeljawad-Coriasco-T. 2017)
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Some comments to the proof of (3)’

Thm. (Abdeljawad-Coriasco-T. 2017)

Let w € 29 (R2). Then there are a € I'*)(R24) and b € T{/*)(R2)

such that
Op®(a) 0 Op®(b) = Op®(a) 0 Op®(b) = Ids, .

e Reduction to confined symbols: If a € I'“)(R2?), b € I'{")(R29), and

oy =¢(- —Y) and ¢z = (- — Z), are suitable, then
D% (¢y @) #(120))(X)| S hl*late 7 (IX=YIHIX=2Dy(x)9(X),
for some r, h > 0.

@ Deducing Beals-characterisation of Opw(I‘g‘”))

@ Solving a symbol valued evolution equation:
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Some comments to the proof of (3)’

Thm. (Abdeljawad-Coriasco-T. 2017)

Let w € 29 (R2). Then there are a € I'*)(R24) and b € T{/*)(R2)
such that
0p"(a) 0 Op"(b) = Op®(a) 0 Op(b) = Ids;

e Reduction to confined symbols: If a € I'“)(R2?), b € I'{")(R29), and
oy =¢(- —Y) and Yz = (- — Z), are suitable, then

D% ((6ya)#(620)(X)] S Allate= XY HIX=2Dy(x)9(X),  (¥)
for some r, h > 0.

@ Deducing Beals-characterisation of Opw(I‘g‘”))

@ Solving a symbol valued evolution equation:

(Ora)(t, -) = (logw)#a(t, -), a(0,-) = ap.
The choice ag = 1 leads to (3)'.
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Two examples / consequences

By combining the recent results lifting results with some Fredholm theory
we get
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Two examples / consequences

By combining the recent results lifting results with some Fredholm theory
we get

Let p,q € (0,0], w € Z%L(R??), m, > 1 are integers, r,p > 0 are real

and i )
wo(x, &) = (14 [z*™)zm + (1+ [¢[*) 2.

Then Tp(wp) and Op"™(wp) are bijective mappings from Mﬁ’g to Mfi’}q/wo).
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Two examples / consequences

By combining the recent results lifting results with some Fredholm theory
we get

Let p,q € (0,0], w € Z%L(R??), m, > 1 are integers, r,p > 0 are real
and )
wo(x, &) = (14 [z*™)zm + (1+ [¢[*) 2.

Then Tp(wp) and Op"™(wp) are bijective mappings from M&% to M&'J/wo).

Let p,q € (0,0], w € Z%L(R??), m, > 1 are integers, 0 < r,p < 1 and
wol, €) = exp ((1+ ™) 77 + (1 +|¢[) %) .

Then Tp(wp) is bijective and Op™(wp) has index zero as mappings from

P,q D,q
M(w) to M(w/wo).
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Thank you for your attention !!
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