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AnfEpIleg

This Is joint work with my Ph.D. student, Ms.
Shengwen Yang, of York University. In this short talk, I'll

describe some results in her Ph.D. dissertation. | have
chosen the heat semigroup to be presented in this talk.
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AV eEIsenpeligiGieoupiwiinkigheREemiplexity:

Let By, By, ..., B, € O(n,R) be such that
Bi'By,=—B;,'Bj, j#k
We let

BA—Z)\BJ, = (A, A2, A € R\ {0}

and suppose that
detB)\ # 0.




AV eEIsenpeligiGieoupiwiinkigheREemiplexity:

The group G is the set R" x R" x R" with the group
law -¢ given by

1
(2,1) g (2, 1) = (Z + 2t 4+t + 5[2,7;’])

forall (z,t), (2, t") € G, where [z, 2’| € R™ is given by

2,2, =2"-Bjy—x-Byy, j=1,2,...,m.




Nen=lsereplc RESCNOEr) CEues Wil  Mullils

Dimensionc@lf€entelr

B G Is a unimodular Lie group with Haar measure
dz dt.

B Its centeris {(0,0,7) € R" x R" x R"}.

B’ <n.
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A=POUICEWICINEE IFCSIOMNS

Let A € R™*. Then for all f and ¢ in L*(R"), we define
the A-Fourier—Wigner transform V) (f, ¢g) to be the
function on R" x R" by

VA(f.9)(q:p) = (2m) 7" / et f (az + g) g (5’7 N g)dx

for all ¢,p € R"™. Thus,
W(f.9)(a.p) =V (f,9)(Bx¢,p), q,p€R"

n




A=WICRER IFCRNSIOMMAS

Let A € R™. Then for all f and g in L*(R"), the
A-Wigner transform W, (f, g) is the function on R" x R”
defined by

W)\(fv g) — V)\(fa g)/\
By a simple calculation,

WA 9)(w.) = o W) (B '0.8), 2.6 € R




A=\WEVI eSS

Let A € R™*. Let o € L*(R™ x R"). Then we define the
A-Weyl transform of f € L?(R") by

W29 = @0 [ [ ol WalF,9)(w.6) dodg
for all ¢ € L*(R"). So,
(W2 9) 2@ = (2m) " / n / 6(q,p)V(f.9)(a,p) dg dp

for all g € L*(R").




A=\WEVI eSS

Theorem Let o € L*(R" x R"). Then

WA =W,,,

o

where
cm(:z:,f) — O'(B)\x,g), x, & E R".




Fefi=lnViehicnitVectiorEields

A basis for left-invariant vector fields on G Is given by
{X1, X, ..., X,,, Y1, Y5, ... Y, T} }, where

O 1 — O
(X]f)(ZE,y,t) — Té(zayat)+§ (Bkyaej)a—tj;(xayat)?
k=1
5, 1 — O
Vi)(w.9:0) = 5(m,.t) = 5 3@ B 51 (av.)
J k=1
%,
(Tof ),y t) = 2,y 1)




IheSuesEEaplecicn

The sub-Laplacian £ on G is given by

L=-) (X7+Y)).
j=1
Explicitly,
1
L= =8 =4y — (]2 + yP)A
~ 0 0] 0
Y B + B |
Lj

i1 h—1 8y]~ 8tk
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Iwistecdrlaplaciens

Taking the inverse Fourier transform of £ with respect
to ¢, we get for A € R™*,

LY = A, —Ay+ - (\az\2+|y| )l

z 0 o
—1 E —(B - | B
[ [ ( Y, 6])5,%_ (37 Ae])f)’y]

j=1




SpectralFAnalysistoffiwisteditaplacians

For all A € R™ and multi-indices « and 3, we define
the function e, ; by

e _ n/2Y 7\ q
Cap(d, ) = [A["7V 7 (eas €5) ( )\P)
VIA

for all ¢, p € R"™. Then

LYens = [A"2IB] +n)e; 5.




IheHeatiEquationtferineriwisie diiaplacicn

We consider for simplicity the initial value problem for
the heat equation generated by the twisted Laplacian.
Let A € R"™*. Given

0

a—u(z, Nz, 7)+ (L) (z,7) =0, z,y€R"7>0,
-

with u(-,-,0) = f, where f is a given function in

L2(R" x R™).




2 FEEl KEmE

Theorem Let A € R™*. Then for all f € L*(R" x R")
and 7 > 0,

(e~ ) (2) = / Rz w)f(w)dw, 2 € C"

where

A —n ‘)\|n — LI\ |z—w|? COth(T|)\|n)6_%>"[z’w]
we(2w) = C2m) e (AP

for all z and w In C".




/A L2P=1L°° ESilhneE

Theorem Let A € R™*. Then for 7 > 0,
e ™1 IP(R" x R") — L®(R" x R")

IS a bounded linear operator for 1 < p < oc.
Proof

KMz, w)| < ar, z,weC,
where
Al

ar = (2m) 2 sinh(|A\[rr)]"




So,

- A
He 5 fHLOO(R”an) < atHfHLl(R”xR”)-
On the other hand,

e 1
©.) ’I'LX mn < oo nX TV ) »
le fllz (RnxRn) > [cosh(|)\]”7]””f”L (R?xR")

o A
e T fHLoo(Rann)

A !
2 np P(RnxR™)-
) G S ()] feosh () 1 17 Rk




IhelHeaiFSemigrel®

Theorem Let A € R™. The 7 > 0,

—7 LA n n —TIA|" n
T = A 3 T ey ),
5
Proof A key step in the proof is the spectral analysis of

the twisted Laplacian using special Hermite functions
on R"” x R™ and the spectral mapping theorem.




AR LP=1LA [ESinaenE ier WeEY icnsiernns

Theorem Let o € LP(R"” x R") with 1 < p < 2. Then for
A € R™, the Weyl transform W2, originally defined on
S(R™ can be extended to a unique bounded linear
operator on L*(R"). I\/Ioreover,

(W2l < (2m) =22/ |A)" =D la |, where] || is the
norm in the C*- -algebra of all bounded linear operators
on L*(R™).




AR EstimetelforinelHe@ifSEmigiov®

Theorem Let A eR™. Thenfor r > 0, e %" is a
bounded linear operator from LP(R" x R") into

LX(R" x R"), 1 < 2, and

1

—7L* n(1—(2/p"))
2(Rn R™ < 2 - P(R*<R™) -
He f”L (R xR™) = [2 Slnh(|)\|n7')]n||f”L (R™ xR"™)




ARV ESESHimete

Interpolating the LP-L? estimate for 1 < p < 2 and the
LP-L> estimate for 1 < p < oo, we get
Theorem Let A € R™*. Then for 7 > 0,

e~ ™ LP(R" x R") — L(R" x R") is a bounded linear
operator forallpand gwith 1 <p <2and 2 < g < .

M. W. Wonag, York University — p. 22/22



	
ormalsize An Epilog
	
ormalsize References
	
ormalsize A Heisenberg Group with Higher Complexity
	
ormalsize A Heisenberg Group with Higher Complexity
	
ormalsize Non-Isotropic Heisenberg Groups with Multi-Dimensional Center
	
ormalsize $lambda $-Fourier--Wigner Transforms
	
ormalsize $lambda $-Wigner Transforms
	
ormalsize $lambda $-Weyl Transforms
	
ormalsize $lambda $-Weyl Transforms
	
ormalsize Left-Invariant Vector Fields
	
ormalsize The Sub-Laplacian
	Twisted Laplacians
	Spectral Analysis of Twisted Laplacians
	The Heat Equation for the Twisted Laplacian
	
ormalsize The Heat Kernel
	
ormalsize An $L^p$-$L^infty $ Estimate
	
ormalsize Proof
	
ormalsize The Heat Semigroup
	
ormalsize An $L^p$-$L^2$ Estimate for Weyl Transforms
	
ormalsize An $L^p$-$L^2$ Estimate for the Heat Semigroup
	
ormalsize An $L^p$-$L^q$ Estimate

