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1. Setting

G semisimple Lie group (connected, noncompact, finite center)
K maximal compact subgroup of G

X = G/K Riemannian symmetric space (noncompact type)
Example: hyperbolic spaces

[ discrete subgroup of G (torsion free)

Y =T\G/K locally symmetric space (Riemannian manifold)

Cartan decomposition ~ polar decomposition:
G=K(expat)K ~ X=K(expat)K/K
Measure: dg = w(r) dkidrdky with w(r) ~e?»" and peat
e The positive Weyl chamber a™ is a cone in the Euclidean space a
e The rank of G/K is the dimension ¢ of a
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Ax on X=G/K

Laplacians
Ay on Y=T\G/K

e The bottom of the L? spectrum of —Ax is equal to |p|?
e Bottom of the L2 spectrum of —Ay: 0 < Mg < |p|?

Poincaré series:

P(TxK,TyK) =) e @010 (s> 0)
il

e P(MxK,lTyK) <400 for one (x,y) <= for all (x,y)

Critical exponent:
d=inf{s>0|Ps(leK,TeK)<+oo}

e Relation with the counting function
| Id K,yK)<R
5 — imeup ELIET [dOxK.yK) <R}
R—+o00 R
° 0§(5§2’p|

VxK,yKeG/K
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2. Rank /=1

Hyperbolic spaces

X | H(R) H"(C) H"(H) | H%O)
G | SOq(n,1) SU(n,1) Sp(n,1) | Fa—20)
K| so(n) |S[u(n)xU@)]]| sp(n) | SO(9)
d n 2n 4n 16
p o1 n 2n+1 11

Theorem 1 [Elstrodt, Patterson, Sullivan, Corlette]

N if 0<d<p
0~ p?—(6—p)? if p<5<2p
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Proof: The Green function provides a link between \g and ¢
e Green function on X=G/K
(A=t ) = [ £Xen) ey (020)
X
gX(x,y) = Co (cosh r)=P=7 oF1 (252,272 51 1;cosh?r)
= e~ ()" for large r=d(x, y)
e Green function on Y=T\G/K

Y _ X(,,—1
g(TXK TyK) =3 g5(yyx) VIxK#TyK

Ao is the supremum of p?— o2, over all o €[0,p] such that

g (TxK,TyK) < o0 VIxK#TyK
e 0<§<p:
ST el dkyk) < oo W 0<o<p
yer

e p<4<2p:

T e lorodoxkk ) <O if 0>0—p
ver =400 ifo<di—p
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3. Higher rank

Theorem 2 [Leuzinger, Weber]
Xo=|pl? if 0<d< pmin
|p|2_(5_pmin)2§/\0§|p|2 if pmin§5§|p|
max {0, |p|* = (0 — pmin)? } < Ao <|pl? = (0= |pl)* if |p|<d<2|p]

where pmin = inf o, |x=1(p, X) < ||

Green function estimate [A-Ji]

HaeR+d(1+<aaf>)e_<’”r>_"|'| for r=(y"x)* large
1
|r

X
<K, yK) =
ga( y ) { —(d—2), resp. |og_| for r= (y_lx)+ small

r]

v
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First improvement

Modified Poincaré series

lDS/(rXI'(7 ryK) = Z,yer e_Sdl(7XK>yK) (5>0)

where d'(xK,yK) = <ﬁ,(y‘1x)+> and (y~!x)* denotes the

at—component of y~1x in the Cartan decomposition G= K(expat)K

Modified critical exponent
§'=inf{s>0|P/(TeK,TeK) <+oo}

o fund < d'<dand §<5'<2|p

o 6'=limsupg_, , ., ELEIICKYKISRI vy K yKeG/K

Theorem 3
Ao=p[? if 0<6"<|pl
1o12 = (8'=[p))> <Ao< |l if 6<|p|<0

Ip[2 = (6" [p)2 < Xo < |plP = (6—pl)? if |p| <6 <0< 2|p]
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Second improvement

Modified Poincaré series

PUMK TyK) =D e ™00 (s>0)
where

ds(x,y) = min{s,|p|} d'(x,y) + max{s —|p|,0} d(x,y)
={sd’(x,y) if 0<s<|p|
sd(x,y) = lp{d(x,y)=d'(x,y)} if s>]p|

Modified critical exponent
§"=inf{s>0|P/(FeK,TeK) <+oo}

o sd’'<d.<sd Vs>0
e 0<5<0"<d'<2]p|
Theorem 4 .
v L if 0<46”<p|
pl2=(8"=pl)* if [p] <06 <2]|p]
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4. Lattice case

e If I'is a lattice (i.e., Y=T\G/K has finite volume),

then A\g =0 and 6 = §'= "= 2|p|
e Conversely, if G has Kazhdan's property (T),
then the following conditions are equivalent :
I is a lattice,
Ao =0,
6 =2pl,
6" =2]p).

e Question: What about the condition §'=2|p| ?

O O O O
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Thank you for your attention
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