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Fedor Sukochev

University of New South
Wales, Australia

Singular traces and the density of states

Tuesday, 18 August
9:00-9:40




Abstract: The density of states is a non-negative
measure associated to a Schrodinger operator H
which is supported on its essential spectrum.
Theoretical questions concerning the existence and
properties of the density of states are of interest in
solid state physics. We have recently found that
quite generally the density of states measure can
be computed by a formula involving a Dixmier
trace, a tool from quantised calculus of A. Connes.
This is a surprising new application of singular
traces and methods from quantised calculus to
mathematical physics which also uses recently
developed techniques in operator integration
theory. Joint work with N. Azamov, E. McDonald
and D. Zanin.

Fedor Sukochev

University of New South
Wales, Australia
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Margit Rosler

Paderborn University, Germany
Riesz distributions and the Wallach set in
rational Dunkl theory

Tuesday, 18 August
9:40-10:20




Abstract: We introduce Riesz distributions
associated with rational Dunkl operators of type A,
which are closely related to the well-known Riesz
distributions on symmetric cones. The study of
these distributions relies on a suitable Laplace
transform in the Dunkl setting. In particular, we
shall present an analogue of a famous result of
Gindikin for symmetric cones, which states that a
Riesz distribution is actually a positive measure if
and only if its index belongs to the so-called
Wallach set. We further explain the relevance of
this generalized Wallach set in connection with the
existence of positive intertwining operators for
root systems of type B.

Parts of the talk are based on joint work with
Michael Voit, Dortmund.

Margit Rosler

Paderborn University, Germany
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Jean-Philippe Anker R —

Université d’Orléans, France

Bottom of the L? spectrum of the
Laplacian on locally symmetric spaces

Tuesday, 18 August
10:40-11:20




Abstract: We estimate the bottom of the L?
spectrum of the Laplacian on locally symmetric
spaces in terms of the critical exponents of
appropriate Poincaré series. Our main result is the
higher rank analog of a characterization due to
Elstrodt, Patterson, Sullivan and Corlette in rank
one. It improves upon previous results obtained by
Leuzinger in higher rank. This is joint work with
Hong-Wei Zhang [arXiv:2006.06473].

Jean-Philippe Anker

Université d’Orléans, France
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Radouan Daher

Universite Hassan Il de
Casablanca, Morocco

Some new results on g-Dunkl harmonic
analysis

Tuesday, 18 August
11:20-12:00

Noncommutative conference
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Abstract:

Using the g-harmonic analysis associated with the g-Dunkl
operator, we prove an analog of Titchmarsh's theorem for
functions satisfying the g-Dunkl Lipschitz condition, we
look at problems in the g-version of approximation theory
of functions in the space L%I,a(Rq), more precisely, we
prove analogues of the direct and inverse Jackson's
theorems. In the end, we show the g-analogue of the
equivalence theorem between the modulus of smoothness
and K-functional.

Radouan Daher

Université Hassan Il
de Casablanca, Morocco
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Stefaan Vaes

KU Leuven, Belgium

Classification problems in operator
algebras

Tuesday, 18 August
2:00 - 2:40




Abstract: The talk starts by an elementary
introduction to the theory of operator algebras:
C*-algebras and von Neumann algebras.
| will review the fundamental classification results
for amenable von Neumann algebras due
to Connes and Haagerup. The second part of the
talk will focus on similar classification problems for
von Neumann algebras given by Bernoulli actions
of discrete groups, highlighting the role of
harmonic analytic properties of free groups,
hyperbolic groups and property (T) groups.

Steefan Vaes

KU Leuven, Belgium

Noncommutative conference

18-20 August 2020, Ghent University
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Marius Mantoiu

University of Chile, Chile

Some Spectral Results for Pseudodifferential
Operators on Noncommutative Groups

Tuesday, 18 August
2:40-3:20

Noncommutative conference

18-20 August 2020, Ghent University

Be howmonic with anadysiy




Abstract: We connect the global quantisation with
operator-valued symbols on locally compact type |
groups with a C™-algebraic formalism involving
dynamical systems. We use this connection to
deduce several spectral results, for which the
behavior of the symbol at infinity is relevant.

Marius Mantoiu

University of Chile, Chile
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Sundaram Thangavelu

Indian Institute of Science,
Bangalore, India

Holomorphic extensions of eigenfunctions
on NA groups

Wednesday, 19 August
9:00-9:40




Abstract: Let X = G /K be arank one Riemannian symmetric
space of non-compact type. In view of the Iwasawa
decomposition G = NAK of the underlying semisimple Lie
group, we can also view X as the solvable extension S =
NA of the lwasawa group N which is known to be a H-type
group. In this work we study the holomorphic extendability of
eigenfunctions of the Laplace-Beltrami operator Ag to certain
domains in the complexification of the nilpotent group N. We
can also do the same for any H-type group N not necessarily
an lwasawa group. The results are accomplished by making use
of the connection with solutions of the extension problem for
the Laplacian or the sublaplacian on the corresponding N. This
talk is based on joint work with Luz Roncal.

Sundaram Thangavelu

Indian Institute of Science,
Bangalore, India

Noncommutative conference

18-20 August 2020, Ghent University

Be hawmonic withy analysis



Noncommutative conference
18-20 August 2020, Ghent University

Be howmonic with analysiy

Adam Sikora

Macquarie University, Australia

Riesz transforms on a class of non-doubling
manifolds

(joint work with Andrew Hassell and Daniel
Nix)

Wednesday, 19 August
9:40-10:20




Adam Sikora

- Macquarie University, Australia
Abstract: q Y,
We consider a class of manifolds M obtained by taking the connected sum of
a finite number of N-dimensional Riemannian manifolds of the form (R™,4) x
(M, g), where M; is a compact manifold, with the product metric. The case

of greatest interest is when the Euclidean dimensions n; are not all equal. This Noncommutative conference
means that the ends have different ‘asymptotic dimension’, and implies that the B ———
Riemannian manifold M is not a doubling space. We completely describe the

range of exponents p for which the Riesz transform on M is a bounded operator on Be hauwmonic withv analysiy

LP(M). Namely, under the assumption that each n; is at least 3, we show that the
Riesz transform is of weak type (1, 1), is continuous on L? for all p € (1, min; n;),
and i1s unbounded on LP otherwise. When min; n; = 2 then the boundedness
range is the interval (1, 2].
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Bernard Helffer

Université de Nantes, France

Maximal estimates for the Kramers-Fokker-
Planck operator with electromagnetic field

(after Helffer-Nier, Karaki, Helffer-Karaki)

Wednesday, 19 August
10:40-11:20

Noncommutative conference
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Abstract: In continuation of a work by Z. Karaki on
the torus, we consider the Kramers-Fokker-Planck
operator (KFP) with an external electromagnetic
field on R%. We show a maximal type estimate on
this operator using a nilpotent approach for vector
field polynomial operators in connection with
induced representations of a nilpotent graded Lie
algebra. This estimate leads to an optimal

characterization of the domain of the closure of the

KFP operator.

Bernard Helffer

Université de Nantes, France

Noncommutative conference

18-20 August 2020, Ghent University
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Alessio Martini

University of Birmingham, UK

Spectral multipliers for spherical Grushin
operators

Wednesday, 19 August
11:20-12:00

Noncommutative conference
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Abstract: We consider degenerate elliptic
operators of Grushin type on the d-dimensional
sphere, which are singular on a k-dimensional
sphere for some k < d.For these operators we
prove a spectral multiplier theorem of Mihlin-
Hormander type, which is optimal whenever 2k is
not greater than d. The proof hinges on suitable
weighted spectral cluster bounds, which in turn
depend on precise estimates for ultraspherical
polynomials.

This is joint work with Valentina Casarino and
Paolo Ciatti.

Alessio Martini

University of Birmingham, UK
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Hans G. Feichtinger

University of Vienna, Austria

Invariant function spaces as double modules

Wednesday, 19 August
2:00-2:40




Abstract:

Hans G. Feichtinger
In this talk we would like to take a fresh look on double Banach modules B g

i.c. For simplicity, Banach spaces of tempered distributions which show invari-
ance under franslation and modulation. Hence Banach modules with respect
to convolution and pointwise multiplication. This setting has been considered
longago in |BdFe83] and more recently in [DiPiVil5-1] and [FeGu20]. These
Banach spaces are invariant under translation as well as under modulation, or
under the combined (!non-commutative) action of the reduced Heisenberg group

University of Vienna, Austria

(respectively the action of phase space R? x R via a projective representation), Noncommutative conference
known as Schrodinger representation. For these two module operations one can 18-20 August 2020, Ghent University

define a closure (hull) and kernel (essential part) operation. The talk will con-
centrate on the characterization of the resulting family of Banach modules which
can be arranged in the form of a diagram). In important role for these charac-
terizations is played by approximate units in Beurling algebras L. (R¢) on the
one hand, and in the corresponding Fourier-Beurling algebras on the other hand. #
While [DiPiVil5-1] concentrates on the minimal spaces (the closure of S(R?)) %
dual spaces are always maximal. Consequently the diagram reduces to just one 2%
space for the case of reflexive Banach spaces, while it can have up to 6 different
spaces for the choice B = Cy(R%) resp. L°°(R?). The author suggests to investi-
gate systematically the shape of this diagram for a large variety of Banach spaces
arising in Fourier Analysis. ' —_ T

Be hawmonic withvanalysiy
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Uwe Kahler

Aveiro University, Portugal

Quaternionic Volterra operators and triangular
representations

Wednesday, 19 August
2:40-3:20




Abstract:

One of the principal problems in studying spectral theory for
quaternionic or Clifford-algebra-valued operators lies in the fact
that due to the noncommutativity many methods from classic
spectral theory are not working. For instance, even in the simplest
case of finite rank operators there are different notions of left and
right spectrum. Hereby, the notion of a left spectrum has little
practical use while the notion of a right spectrum is based on a
nonlinear eigenvalue problem. In the present talk we will introduce
the notion of S-spectrum as a natural way to consider a spectrum in
a noncommutative setting. We will use it to discuss quaternionic
Volterra operators and triangular representation of quaternionic
operators similar to the classic approaches by Gohberg, Krein,
Livsic, Brodskii and de Branges. To this end we introduce spectral
integral representations with respect to quaternionic chains and
discuss the concept of P-triangular operators in the quaternionic
setting.

Uwe Kahler

Aveiro University, Portugal

Noncommutative conference
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Hartmut FUhr

Aachen University, Germany

Coarse geometric methods for generalized
wavelet approximation theory

Wednesday, 19 August
3:40-4:20




Abstract: Generalized wavelet systems arise from the
action of suitable semidirect products R X H on
L>(R%). Here H denotes a matrix group acting on
functions by dilations. The approximation theoretic
properties of these systems are coded in the associated
coorbit spaces, defined by imposing suitably weighted LP-
norms on the transform side. Understanding the
dependence of the scale of coorbit spaces on the dilation
group is one of the basic problems of the theory, and
generally not well understood. The talk translates this
qguestion into a problem from the domain of coarse
geometry. Under suitable technical assumptions on two
dilation groups Hy, H,, the dual action of these groups
induces a map ¢: H; = H,, and it can be shown that H;
and H, have the same scale of coorbit spaces if and only if
¢ is a quasi-isometry with respect to word metrics
defined on H; and H,. We present several applications of
this argument. (Based on joint work with Rene Koch and
Jordy van Velthoven).

Hartmut FUhr

Aachen University, Germany

Noncommutative conference

18-20 August 2020, Ghent University
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University of Illinois at Urbana-
Champaign, USA

Geometric measure theory and Fourier
analysis on the sub-Riemannian
Heisenberg group

Wednesday, 19 August
4:20-5:00




Abstract: | will discuss results in the geometry of sets,
measures and mappings in the Heisenberg group
equipped with a sub-Riemannian metric. | will start by
reviewing some older work, joint with Balogh, Durand
Cartagena, Faessler and Mattila, on dimension
distortion under horizontal and vertical projection
maps associated to canonical semidirect
decompositions of the Heisenberg group. Next, | will
survey more recent results on the densities of
measures and the classification of uniform measures--
in the spirit of classical theorems of Marstrand and
Preiss--in the Heisenberg group equipped with the
Koranyi metric. This work is joint with Chousionis and
Magnani. Finally, | will briefly outline a recent
approach to dimension estimates via energy integrals
using the Heisenberg group Fourier transform, as
formulated in Fourier coefficients language by
Bahouri-Chemin-Danchin. This latter approach has
been developed by my student Fernando Roman
Garcia in his recent PhD thesis (UIUC, 2020).

Jeremy Tyson

University of lllinois at Urbana-
Champaign, USA

Noncommutative conference

18-20 August 2020, Ghent University
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Anthony Dooley
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University of Technology
Sydney, Australia

On the non-commutative Kirillov formula

Thursday, 20 August
9:00-9:40




Abstract: The Kirillov orbit method associates to a
coadjoint orbit of a Lie group G an irreducible
representation of the group. One can calculate the trace
of this representation from the Fourier transform of that
orbit. However, if one starts not from the character, but
from a general matrix entry, the Fourier transform is an
interesting distribution on the Lie algebra. We describe
the distributions which arise, their support, singular
support and their convolutions.

Anthony Dooley

University of Technology Sydney,

Australia

Noncommutative conference

18-20 August 2020, Ghent University
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Gregory S. Chirikjian

NUS, Singapore And
Johns Hopkins University, USA

Degenerate Diffusions on Unimodular Lie
Groups

Thursday, 20 August
9:40-10:20




Abstract: In physical modeling problems, unimodular Lie groups
such as the rotation group and group of handedness-preserving
rigid-body motions of n-dimensional Euclidean space, SE(n),
play important roles. Degenerate diffusions on SE(n) (i.e.,
diffusion equations in which fewer second-order Lie derivatives
appear in the equation than the dimension of the group, d =
n(n + 1)/2), play important roles in DNA statistical mechanics
when n =3, and in phase noise in optical communication
systems and robotic state estimation when n=2. The presenter
has developed concepts of Gaussian distributions on these
groups to accurately describe short-time solutions, and has
applied existing methods of noncommutative harmonic analysis
for long-time solutions. These methods apply to other broad
classes of unimodular Lie groups as well. This will be reviewed
together with a new result that the presenter published recently
with coauthors: the cotangent bundle of a non-unimodular
matrix Lie group can always be endowed with a group operation
that makes the cotangent bundle a unimodular matrix Lie group.
An example from mathematical finance in which the cotangent
bundle of the affine group of the line illustrates this
(https://www.mdpi.com/1099-4300/22/4/455).

Gregory S. Chirikjian

NUS, Singapore And John
Hopkins University, USA

Noncommutative conference

18-20 August 2020, Ghent University
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Karlheinz Gréchenig

University of Vienna, Austria

New Function Spaces associated to
Representations of Nilpotent Lie Groups
and Generalized Time-Frequency Analysis

Thursday, 20 August
10:40-11:20




Abstract: We study function spaces that are
related to square-integrable, irreducible, unitary

representations of several low-dimensional:

nilpotent Lie groups. These are new examples of
coorbit theory and yield new families of function
spaces on R%. The concrete realization of the
representation suggests that these function spaces
are useful for generalized time-frequency analysis
or phase-space analysis.

Karlheinz Grochenig

University of Vienna, Austria

Noncommutative conference

18-20 August 2020, Ghent University
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Franz Luef

Norwegian University of
Science and Technology,
Norway

Gaussian Gabor frames and Kaehler
geometry

Thursday, 20 August
11:20-12:00




Abstract: The commutation relations for the time-
frequency shifts of the lattice points of a Gabor
system vyield to a skew-symmetric matrix that
encodes the noncommutativity of the Gabor
system. This skew-symmetric matrix induces a
symplectic form and Kaehler structures compatible
on the complex torus associated to the lattice. The
Gaussians associated to the compatible Kaehler
structures are parameterized by the Siegel upper
half space.

We study Gabor systems generated by these
Gaussians using tools from Kaehler geometry, such
as the Seshadri constant of the complex torus of
the adjoint lattice, to establish multi-variate

analogs of the Lyubarskii-Seip-Wallsten theorem.

This approach vyields as a consequence for the
univariate case analytic expressions for the frame
bounds in terms of eta and theta functions.

This is joint work with Xu Wang (NTNU).

Franz Luef

Norwegian University of
Science and Technology,
Norway

Noncommutative conference

18-20 August 2020, Ghent University

Be hawmonic withvanadysis



Noncommutative conference

18-20 August 2020, Ghent University

Be hawrmonic with analysis

Ingrid Beltita

Institute of Mathematics of the
Romanian Academy, Romania

C*-algebras of solvable Lie groups and their
finite-dimensional approximation properties

Thursday, 20 August
12:00 - 12:40




Abstract: We present some finite-approximation
properties of the C™*-algebras of certain simply
connected Lie groups. We prove that, if their

primitive ideal spectrum is T1, these C* -

algebras can be embedded in C*-algebras that are
inductive limits of finite-dimensional C* -
algebras. To this end, we show that if G is solvable
and its action on the centre of [G, G] has at least
one imaginary root, then there are nonempty open
and compact subsets of Prim(G).

This is joint work with Daniel Beltita (IMAR).

Ingrid Beltita

Institute of Mathematics of the
Romanian Academy, Romania

Noncommutative conference

18-20 August 2020, Ghent University
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Imperial College

London
rgl NAZARBAYEV
©) UNIVERSITY

Description

This open access book provides an extensive treatment of Hardy inequalities
and closely related topics from the point of view of Folland and Stein’s homo-
geneous (Lie) groups. The place where Hardy inequalities and homogeneous
groups meet is a beautiful area of mathematics with links to many other sub-
jects. While describing the general theory of Hardy, Rellich, Caffarelli-Kohn-
Nirenberg, Sobolev, and other inequalities in the setting of general homoge-
neous groups, the authors pay particular attention to the special class of strat-
ified groups. In this environment, the theory of Hardy inequalities becomes
intricately intertwined with the properties of sub-Laplacians and subelliptic
partial differential equations. These topics constitute the core of this book
and they are complemented by additional, closely related topics such as un-
certainty principles, function spaces on homogeneous groups, the potential
theory for stratified groups, and the potential theory for general Hormander’s
sums of squares and their fundamental solutions.

Content

Analysis on Homogeneous Groups;

Hardy Inequalities on Homogeneous Groups;

Rellich, Caffarelli-Kohn-Nirenberg, and Sobolev Type Inequalities;
Fractional Hardy Inequalities;

Integral Hardy Inequalities on Homogeneous Groups;

Horizontal Inequalities on Stratified Groups;

Hardy-Rellich Inequalities and Fundamental Solutions;

Geometric Hardy Inequalities on Stratified Groups;

Uncertainty Relations on Homogeneous Groups;

Function Spaces on Homogeneous Groups;

Elements of Potential Theory on Stratified Groups:

Hardy and Rellich Inequalities for Sums of Squares of Vector Fields.

Hardy Inequality

Classical Hardy inequality in the Euclidean space R":
C§°(R™), we have

forwrere (432) [ gPe

where the constant (n — 2)2/4 is sharp, | - | is the standard Euclidean norm,
and V is the standard gradient on R".

for all f €

Hardy inequality on homogeneous Lie groups G: forall f € C§5°(G
we have i g o i

/ IRf(z)ds > (2_)—) ‘fl(‘:|.>,| )

JG & G x|?

where the constant () —

G, | - | is any homogeneous qua<i—norm on homogeneous Lie groups G, and
i)

R is the radial derivative, R f(z) := - r

s\{0}),

2)? /4 is sharp, Q is the homogeneous dimension of

Hardy Inequalities on Homogeneous Groups

Michael Ruzhansky'?# and Durvudkhan Suragan®

Tmperial College London, ?Ghent Analysis & PDE Center, Ghent University, *Queen Mary University of

London, “Nazarbayev University

100 Years of Hardy Inequalities

G.H. Hardy and Harald Bohr (from Wikipedia page)

G.H. Hardy reported Harald Bohr as saying ’all analysts spend half their
time hunting through the literature for inequalities which they want to
use but cannot prove’.

Ferran Sunyer i Balaguer Prize

This monograph is the winner of the 2018 Ferran Sunyer i Balaguer
Prize, a prestigious award for books of expository nature presenting the latest
developments in an active area of research in mathematics. As can be attested
as the winner of such an award, it is a vital contribution to literature of analy-
sis not only because it presents a detailed account of the recent developments
in the field, but also because the book is accessible to anyone with a basic
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Abstract

We present the sharp LP-estimates for pseudo-
differential operators on arbitrary graded Lie
groups proved by the authors in [1]. The re-
sults are presented within the setting of the global
symbolic calculus on graded Lie groups by using
the Fourier analysis associated to every graded
Lie group which extends the usual one due to
Hormander on R”. The main result extends the
classical Fefferman’s sharp theorem on the LP-
boundedness of pseudo-differential operators for
Hormander classes on R" to general graded Lie
groups, also adding the borderline p = 4.

Introduction

 The investigation of the L” boundedness of
pseudo-differential operators is a crucial task
for a large variety of problems in mathematical
analysis and its applications, mainly due to its
consequences for the regularity, approximation
and existence of solutions on LP-Sobolev
spaces.

o There is an extensive literature on the subject,
in particular, devoted to operators associated
with symbols belonging to the Hormander
classes S%(R" x R"), (see for instance, J.J.
Kohn and L. Nirenberg [5], L. Hormander [4]
and C. Fefferman [2]).

* Our main goal is to extend a classical and
sharp result by C. Fefferman [2] and to provide
a critical order for the LP-boundendess of
pseudo-differential operators on graded Lie
groups based on the quantization procedure
developed by the third author and V. Fischer
in [3].

® Our main estimate recover the sharp Fefferman
theorem on R”, adding the critical case p = 4.

Fourier analysis on nilpotent Lie
groups

o Let G be a simply connected nilpotent Lie group
and let G' be its unitary dual.

o Let expg; : g = G, be the exponential mapping
on G. The Schwartz class on G, is defined by
those f € C™(G), such that f o exp € #(g),
with g o~ RIm(G),

The Fourier transform of f € #(G), at 7 € G, is
defined by:

e, Pseudo-differential
conference

BE HARMONIC WITH ANALYSIS

‘- Tr(m(x)o(x, ﬂ)f(r())d/l(rr)

Make a difference: pseudo-differentiate
Integrate with mind but psewdo-differentiate with heart

Pseudo-differential operators on
graded Lie groups

® Roughly speaking, a pseudo-differential
operator is a continuous linear operator on
#(G), defined by the (quantization) formula:

In such a case, we say that o is the symbol
associated with Op(c). We have denoted by
dp(r) the Plancherel measure on G.

* A Rockland operator is a left-invariant
differential operator R which is homogeneous
of positive degree ¥ = vg and such that, for
every unitary irreducible non-trivial
representation 7 € G, w(R) is injective on
H: og(w) = w(R) is the symbol associated
to R.

e [t can be shown that a Lie group G is graded
if and only if there exists a differential
Rockland operator on G.

® The basic example of graded Lie group is the
Heisenberg group H".

LP-IP, H'-L' and L*-BMO-boundedness of pseudo-differential operators

Theorem (Fefferman type estimates on Graded Lie groups)

into LP(G).

Let G be a graded Lie group of homogeneous dimension Q. Let A = Op(o) : C*(G) — 7 (G) be a

pseudo-differential operator with symbol o € S, 7'(G x G), 0 <6 < p < 1,6 # L. Then,

e (a)if m= Qq_,‘"’, then A extends to a bounded operator from L>*(G) to BMO(G), from the Hardy
space HY(G) to L'G), and from LP(G) to LP(G) for all 1 < p < cc.

o (b) If m>m,:=Q(1—p) 11, — 3. 1< p<oo, then A extends to a bounded operator from LP(G)

Hormander classes on graded Lie
groups

Hérmander classes on the phase space G x G can
be defined by using Rockland operators. Indeed,
the Hormander class of order m, and of type (p, d),
S)5(G x @), is defined by those symbols o satisfying
symbol inequalities of the kind:
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Ab: t

We present the boundedness of global pseudo-
differential operators on smooth manifolds ob-
tained in 3]. By using the notion of global sym-
bol [6, 7] we extend a classical condition of Har-
mander typ e LP-Li

of global operators. First we investigate L~
boundedness of pseudo-multipliers in view of the
Hormander-Mihlin condition. Later, we concen-
trate to settle L7-L7 boundedness of the Fourier
multipliers and pseudo-differential operatars for
the range 1 < p € 2 < g < oc. Finally, we
present applications of our boundedness theorems
1o the well-posedness properties of different types
of nonlinear partial differential cquations.

L-pseudo-differential operators on

manifolds with boundz

o An L-pseudo-differential operator is o
continuous linear operator
A: CF(M) — CFE(M), defined by
Afta) =Y uele)mlz, (), £ € Dom(A).
=4
In this case, the function m : M x I =+ C. is
called the L-symhol assaciated with A.
# Denate by L° the densely defined operator
given by Loug = Aeue, €.
* An L-psendo-differential operator A is called

ANALYSIS
PDE

GHENT
ANALYSIS
PDE

UGENT

 There exist —00 < 1), 7% < oo, satisfying
Ileeloan S I el orn S A
for 1 < p < oc.
o The operator VL satisfies the
Weyl-cigenvalue counting formula

Introduction

«The resuls for pseud
operators in their own right are interesting and
important but also these serve as crucial tools
to tackle several important problems of
mathematies, in particular, of nonlinear PDEs.
We refer [8, 7] and references therein for
available extensive literature on these topics.

* Our main purpose is to extend seminal and
classical result of L. Hormander on LP-LY
boundedness for psendo-differential operators
[5] to manifolds using the nonharmonic Fourier
analysis and global quantization developed the
last two authors [6] (see also [4]). Recently,
LP-L% boundedness results for Fourier
multipliers have been established in [1, 2] in the
context of unimodular locally compact groups.

«To prove LP-L9 boundedness of global
operators we establish and apply the
Paley-inequality and Hausdorff-Young-Paley
inequality in the setting of nonharmonic
analysis.

L-psendo-multiplier if there exists a continuous
function 7,, : M x R — C, such that for every
€T and x € M, we have

m(z,€) = Tl |Ael). So, A is given by

AL(2) = Tl VIFL)[(2) 2= 3 el ADTE)
@

N = Y =0(9,A- 0,
£ETeler

where @ > 0. If Q' > Q. then N(A) = O[AY),
A — 00, so that we assume that @ is the
smallest real number with this property.

L-boundedness of L-pseudo-multipliers operators on

Theorem (Hérmander-Mihlin (H-M) theorem for pseudo-multipliers)

Let M be a smooth manifold with boundary and let A : C(M) — C(M) be an L-pseud iplit

Applications to non-linear

equations

We apply our L*-L# boundedness to establish the
well- pasecdnesss properties the solutions of nonlin-
ear equations in the space L(0,T; L*(M)).
 [n the nonlinear stationary problem case, we
consider the following equation in L*(A)
Au=|Bul"+ f,
where A, B : L*(M) — L*M) are lincar
operators and 1 < p < oo,

In the case of the nonlinear heat equation, we
study the Cauchy problem in the space
L=(0,T; LA(M))

ui(t) = [Bu()l" = 0,u(0) = ua,
where B is a linear operator in L*(M) and
1<p<oo.

oIn the non-linear wave equation case, we study
the following initial value problem (IVP)

ue(t) = b{t)| Bu(t)|" =0,
u(0) = o, wf0) =y,
where b is a positive bounded function
depending only on time. B is a lincar operator
in (M) and 1 < p < 0.

Let us assume that 7,, satisfies the following Hérmander condition,
R =
millud = S = b mi Ly, LI s
(17l -7.“’2\:" EIC- Y e Yoty < oo,

Jor s > max{1/2,% + Q + (Qun/2)}. Then A =T, : I(M) = LP(M) extends to a bounded lincar
operator for all 1 < p < oc.

References

R.. Ruzhansky, M., Nursul
ttlewood, Hausdorff-Young-Paley

Fourier analysis associated to a
model operator L on M

® Let L be a psendo-differential operator (need not
be elliptic or self-adjoint) of order m on the
interior M of a smooth manifold with boundary
M in the sense of Hormander.

o Assume that some boundary conditions (BC) are

fixed and lead to a discrete spectrum with a
family of eigenfunctions yielding a Riesz basis in
LA(M).

o The discrete spectrum is {A € C: £ € T) of L
with corresponding eigenfunctions in L*(M)
denoted by ug which satisfy the boundary
conditions (BC).

® The conjugate spectral problem is

Ltve = Avgin M, forall € € 7,
which we equip with the conjugate boundary
conditions (BC)". We further assume that the
functions ug, v¢ are normalised and the systems
{ug}eer and {vg}¢er are bi-orthogonal.

o The space CF(M) := M, Dom(L¥), where
Dom(L¥) := {f € LA(M)| L € Dom(L), j =
0,1,-++ .k — 1}, so that the boundary condition
(BC) are satisfied by the operators L.

®The L-Fourier transform of f € C*(M) is
defined by

(Bl = 70 = [ ey
M

* We refer to [6, 4] for more details.

L'-Li-boundedness of L-Fourier multipliers operators on A/f

Theorem (Hérmander theorem for L-Fourier multipliers)

Let 1 < p<2<q< oo and assume that

ap|Melesan| o g 1ellinin)
<t ([|ugll i an et {[Juell e~
Suppose that A : C(M) — CF(M) is an L-Fourier multiplier with L-symbol o4 on M, that is,
A satisfies

<00.

FUANE) = 0arl§)FLfE). forall{ €T,

where 041 : T — C is a function. Then we have

> ]l iy el

| All oy, 1oy < sups
0

=

Joa L@z

Li-boundedness of L-pseudo-differential operators on

Theorem (Hormander theorem for L-pseudo-differential operators)

Let 1 <p <2< q<oc and assume that
lvellzxgary lreelfeiany
ek lluellerae) el
Suppose that A : (M) — C¥(M) is a continuous linear operators with L-symbol a4z - M x T —
C, where M is a compact manifold (with or without boundary), satisfying

<oo and suL) < 0.
€€

maxc{ el s Vel gy} < 00,

lloaln = sup_s
ot %

wr
1ALl

0

Jor all |3 < M| 41, where 0, denotes the local partial derivative. If 9M # 0, let us assume
additionally that supp(os.1) € {(3.€) € M xT :y € M\VY} where V C M is an open neighbourhood

of the boundary M. Then A admits a bounded extension from LY(M) into LY(M).
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Abstract Remark

Main Result

The harmonic oscillator Qyg, on the Heisenberg group H,, has a purely discrete spectrum spec(Qg,) C
(0,00). The number of its eigenvalues, counted with multiplicities, which are less or equal to A = 0 is
asymptotically (as A — oo) given by

The power Y52 intimately related to the homoge-
neous structure of b,.o: the nominator 6n + 3 is
the homogenous dimension of the first two strata
g1 b g2 € b0, while the denominator 2 is the ho-
mogeneous degree of — Ly

We present a notion of harmonic oscillator on the
Heisenberg group H,,. This operator forms a natural
analogue of the harmonic oscillator on R™.

Introduction

n2°

NA)~ X7,
and the magnitude of the eigenvalues is asymptotically equal to

s
tions: the harmonic oscillator on H,, should be a Ap ~ kwws for k=1,2,....
negative sum of squares of operators related to the Moreover, the eigenvectors of Qg, are in S(H,,) and form an orthonormal basis of L*(H,,). i1 Aiseasidan & Dynin

sub-Laplacian on H,,, essentially self-adjoint with Pseudodifferential operators on the Heisenberg group.
purely discrete spectrum, and its eigenvectors should 0 e S R B B

be smooth functions and form an orthonormal basis
of L?>(H,). This leads to a differential operator on
H,, which is determined by the Dynin-Folland Lie
algebra, a stratified 3-step nilpotent Lie algebra.

Our ansatz is based on a few reasonable assump- References

2] Véronique Fischer, David Rottensteiner, and Michael Ruzhansky.
Heisenberg-Modulation Space on the Crosstoads of Coorbit Theory and
Decomposition Space Theory.

_ 1 - 2 I Prep 0
) E3 (’(Al ST )Qx.‘ = https org/abs/1812.07876

her and Michael Ruzhansky.
Quantization on nilpotent Lic groups, volume 314 of Progress in Mathematics.
Birkhiuser/Sp Cham], 2016
[4] Gerald B. Folland
Heisenberg groups
er ) Orono, ME, 1992), volum

Ansatz Figure 1: The Harmonic Oscillator on H,.

2 7. Dekker, New York
/. Jenkins, and J. Ludwig.

Our approach is motivated by the following three Definition
o g : H p § - ) nvalues for positive, Rockland operators.
realizations of the classical harmonic oscillator Qg« sroc. Amer. Math, Soc.. 94(4):T18-720. 1985

[6] David Rot - and Michael Ruzhansky:
Harmonic and Anharmonic Oscillators on the Heisenberg Group.

on R": The Dynin-Folland Lie group H,, > = R2"+2 5 H,, acts on fe LZ(H,,) by the unitary irreducible representation
(R1) the negative sum of squares —A + | (m(z,y,2)f)(t) = eiz i tiey) f(t-x),

derivatives of order 1 and coordinate x . ;
R ‘ ¢ where t - 5z and ¢ -  denote the H,,-group products of the corresponding coordinate vectors.
multiplication operato

> of partial

7] David Rottensteiner and Michael Ruzhansky.
The Harmonic Oscillators on the Heisenberg Group.
2 = 3 o For the basis { X1, ..., Y5,.1, Z} of its Lie algebra b, » we define the harmonic oscillator on H,, by Preprint. 7 .- F \cad. Sci. Par
(R2) the Weyl and Kohn-Nirenberg quantizations on o ; c e (X0)2 el N2 e (5 2 I T bz 12095
. S 2 . =dm(— L) = —dadm — ... —dm < — dm (Y- & [8] A. F. M. ter Elst and Derck W. Robinson.
R™ of the symbol o(z, &) := |&|” + |z|” with H, ( H,..) ( 1) ( “)”) ( s 1) Spectral estimates for positive Rockland operators.
x, & € R"; where — Ly, , is the sub-Laplacian on H,, 5. Its natural domain includes the smooth vectors H®* = S(H,). In Algebraic groups and Lie groups, volume 9
(R3) the image dp,(—Lg,) of the negative

sub-Laplacian —Lyg, on H,, under the

infinitesimal Schrodinger representation dp, (of
Planck’s constant equal to 1) of the Heisenberg
Lie algebra b,,.

The Schrodinger representation p; of H,, acting on
L?(R") and the associated Lie algebra representa-
tion, naturally acting on S(R™), clearly relate each
of the realisations (R1) - (R3) to the others. One can
expect that similar realisations should be available

for the canonical harmonic oscillator on H,,.

(R1") the differential operator —Lyg, + :
(R2") i) the Dynin-Weyl quantization on H,, of the

(R3') the image dn(—Lg

Interpretation

The essentially self-adjoint differential operator Qy,
on H,, admits analogues of (R1) — (R3):

2 =
2n+1»

symbol o(x, &) := & + - - - + &3, + w3, with

(:II, ‘E) c R2n+1 R‘Zu +1

ii) the Kohn-Nirenberg quantization, in the sense
of [3], of the operator-valued symbol on H,, x ﬁ,,
o(z,pr) = —pa(X1)? — ... — pa(X2n)? + 23,4
.») of the sub-Laplacian Lg
on H,, 5, here by definition.

n,2

Methods

Qp, has purely discrete spectrum in (0, c0) by [5].
The asymptotic growth rate of its eigenvalues is ob-
tained via a powerful method developed in [8]. The
number of eigenvalues (with multiplicities), asymp-
totically behaves like the volumes of certain subsets
of the coadjoint orbit @, C b}, , corresponding to
representation 7 € H,,. The subsets in question are
determined (up to a multiplicative constant) by a
(any) homogeneous quasi-norm on g*. The flatness
of @, and a convenient choice of quasi-norm facili-
tate the computations substantially.

Michael Ruzhansky was supported by the FWO Odysseus 1 grant
G.0H94.18N: Analysis and Partial Differential Equations, by the EPSRC
grant EP/R003025/1 and by the Leverhulme Grant RPG-2017-151.

David Rottensteiner was supported by the FWO Odysseus 1 grant
G.0H94.18N: Analysis and Partial Differential Equations and the Austrian
Science Fund (FWF) project [l 3403].
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Weighted local smoothing effect for £,

Global weighted smoothing and Strichartz estimates for £

In what follows we shall present some recent results about the validity of smoothing and
Strichartz-type estimates for time-degenerate Schrédinger operators. These results have im
portant applications in the study of the local well-posedness of the initial value problem (IVP)
associated with the operators under consideration.

Time degenerate Schrédinger-type Operators

We shall consider the following classes of degenerate Schrédingertype operators
Lo =id +t"Ap + blt. x) - Vo, (1)
Lo= i+ (t)A,. (2
where a > 0, b(t, x) = (by(t. x).....bu(t. x)) is such that, forall j =1,....n, b e C([0.T].CPe(R")),
while ¢ € CY(R).

The class (1) was considered in [1] where both homogeneous and inhomogeneous weighted lo
cal smoothing estimates are derived. These estimates are also employed to obtain local well
posedness results for the associated nenlinear IVP {see [1]).

The class (2) was studied in [2] where global weighted homogeneous smoothing estimates are
proved by means of comparison principles. For the class (2) weighted Strichartz estimates are
proved in [2] where the application to the local well-posedness of the semilinear IVP is given.
The main difference between the operators of the form (1) and (2) and the other Schrédinger
operators studied so far is the presence of degeneracies. Specifically, the degeneracies are given
by the coefficient t* and ¢/(t) in (1) and (2) respectively.

Why to study smoothing and Strichartz estimates?

These estimates give us important information about the regularity properties of the solution
of the IVP. In particular:

= The homogeneous smoothing effect describes a gain of smoothness of the homogeneous
solution of the IVP with respect to the smoothness of the initial data.

= The inhomogeneous smoothing effect describes 2 gain of smoothness of the solution of
the inhomogeneous IVP with respect to the regularity of the inhomogeneous data.

= Strichartz estimates describe 2 gain of integrability instead of a gain of smoothness of the
solution of the IVP.

Additionally, these estimates are fundamental in order to prove the local well-posedness of
the corresponding semilinear and nonlinear IVP through the standard fixed point argument.

What are comparison principles? (Following [3])

We consider the IVP

u(lhx) =ugylx).

{i),u =it Agu+ib(t,x) - Vou+ fit.x)

When b = 0 one can preceed by using Fourier analysis. However, in the general case b # @, the
use of pseudo-differential cakulus is needed.

Theorem (F.-Staffilani)

Let up € H*(R"),s € R. Assume that, forall j = 1,....n, b; is such that b; € C{[0. T]. C;°(R"))
and there exists o > 1 such that

[Im &7b;(t.x)|. |Redibj(t. x)| £ t¥x)y o1l reRr™ @)

and denote by A{|z|) := {x} 7 and by A := {&}.
hen

Iffe L'([(L T): H*(R")) then the IVP (3) has a unique solution » € C([0. T): H*(R")) and
there exist positive constants C, C; such that

L gat] T
sup_[|u(t)]|s < €2 T ‘f'(;u‘,|,+/ |f[l)|‘df):
T Jo

0<

{iIfFfe LJ([n. T): H*(R" )} then the IVP (3) has a unique solution u € C([0. T): H*(R"}) and
there exist two positive constants €. C such that

2 S 172 12
sup |u.;:;|;+/ / e |4\" -‘-,,| Az} dt
0 < T JOo JR"

ol T
< ¢l ([Unff-*/ |fl'fl|f‘“)1
Jo

(i) IFA*=125 € L([0,T) x R":t~“A(|z|)~'dtdzx) then the IVP (3) has 2 unique solution
u € C([0. T): H*(R")) and there exist positive constants €, C3 such that
T 2
sup_ (a2 + / / o e e
o<t=T Jo Jee

-
T
< G (\u”|':+/ / t=A(|z]) '|A\'
Jo JR"

Local well-posedness results for £,

Question: Given two operators Fu(t.x. Dt. D;) and Py(t, x, Dy, D.) depending on two func
tions a and b respectively, is it possible to compare (in 2 suitable sense) the solutions of the
HIVP {homogeneous IVP) for P, and P, if a and b are comparable {in a suitable sense)?
This is essentially what the comparison principles we refer to do, that is, they translate a rela
tion between « and bin a relation between the solutions of the HIVP for P, and P,
Example (see [3]. Let a,a € C''(R) be real valued and strictly monotone on the support of a
measurable function y, and let o. 7 € CY(R). Then, if ¥& € suppy we have

lz &)l
[a’t&)[

for all p = o(x) smooth enough.

then [|x(Dz)o (D)™ Pl 2g2) < Clix(Dor( D Plo)| oy

The author has recsived funding from the Europsan Unions Harizen 2020

We consider the nonlinear IVPs

VP1 = {E(,u = 2uu|?

ufl), x) = ug(x),

VP2 = {E(,u =2t'u-u? gz a>0,

u(0),x) = ug(x).

Theorem (F.-Staffilani). Let £, be such that condition (4) is satisfied. Then the IVP1 is locally well
posed in H* for s > n/2.

Theorem (F.-Staffilani). Let £, be such that condition {4) is satisfied with o = 2N {thus A(|x|) =
IN)forsome N > 1, and s > n + 4N + 3 such that s — 1/2 € 2N. Let H} = {uy €
R"): M| Jug € H*(R" )}, then the IVP2 with 3 > a > 0, is locally well posed in Hj.

For operators of the form L, several comparison principles are proved in [2]. These are used
to obtain global smoothing estimates. We state below only one of them, namely the one corre
sponding to the suitable generalization of the standard {corresponding tothe case ¢/(t) = 1) global
homogeneous smoothing estimate. For more global smoothing estimates see [2].

Theorem (F.-Ruzhansky)

Let n > 1, ¢ € CY(R) be such that it vanishes at 0. Then, ¥x € R",

(i) If eis such that {t € R: £(t) = 0} is finite, then there exist a constant C > 0 such that, for all
g
sl'ljp |le/(£)|*/2| D |2 1) 8 |‘~"’"f','f' &y <Cllollzpn, Vee L2(R"):
(i) If eis such that the set {t € R:(t) = 0} is countable, then there exists 2 function & € C(R),
and a positive constant € such that, for all 5,

PR 11 1/2 12 ic U " oae= T2 \
sup [|{0()] /2| Dy Pl g gty < Cllpllpzmny, Voo € LZRY):
j :

where o = (x1,....2j_ 1,215 .2n).

Both global and local Strichartz estimates are satisfied by £.. Below we give the statement of the
local ones which are those employed to prove the local well-posedness of the semilinear IVP.

Theorem (F.-Ruzhansky)

Let ¢ € C}{[0,T]) be vanishing at O and such that #{t € [0.T]:¢/(t) = 0} = k = 1. Then, on
denoting by L{ L} = L9([0. T); L*(R"}), we have that for any (g. p) admissible pair (77’ +3= !3'-)
such that 2 < ¢, p < o0, the following estimates hold

()| /9492 il 0 1 < O, 4., B) ol 2

{1)A -
|4 %l zor2 < llell 2Ry

ot
/i s (e} - 3 ld
\|,-’u:|""fl/“ |(s)]|etelt) =)D g 5y ds 1312 < Cln.q.p.k) ||/ g IL;/L,;,_

t
IA/’ | (s)]erlett) .\~|4A'(,|:,»;‘l.\;\l'?_,_i < ('Lu.l[.p,k‘,'”l/|1u‘q'm‘l‘;, v

Local well-posedness of the semilinear IVP for £

We can now apply the previous results to obtain the local well-posedness of the semilinear IVP
{ Deu+id (A = ple’(t)||ulPtu, peR,

(5)
u(0,x) = ug(x). !
Theorem (F.-Ruzhansky). Let 1 < p < 2+ 1and ¢ € C'([0.+20)) be vanishing at O and it is
either strictly monotene or such that #{t € [0. T):</(t) = 0} is finite for any T < oo. Then for all
ug € L*(R") there exists T = T ||ug |2, n. pt. p) > O suchthat there exists a unique solution u of the
IVP (5) in the time interval [0.7] with u & C([0. T}: LAR")) () LE([0.T): L2 (R™)) and ¢ = .fl',’,' o
Moreover the map ug +—+ u(-, t}, locally defined from LY(R") to C([0. T); L(R™)), is continuous.
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Aim

* To prove Hardy-Littlewood inequality and
Paley inequality for compact hypergroups [8].

©To establish Hormander’s L7-L Fourier
multiplier theorem on compact hypergroups
for the range 1 <p <2< g < oo 8.

© Roughly, a hypergroup K is a locally compact
Hausdorff space with a convolution on the
space My(K) of regular bounded Borel
measures on K with properties similar to those
of group convolution.

 In non commutative setting, the analysis on
hypergroups provides a natural extension of
analysis on locally compact groups. While in
commutative setting, they extend the theory of
spherical functions and Gelfand pairs.

© Some of important examples are donble coset
spaces, the space of conjugacy classes on (Lie)
groups and the space of group orbits,

© In particular, the results presented here are
true for several interesting examples including
Jacobi hypergroups with Jacobi polynomials as
characters, compact hypergroup structure on
the fundamental alcove with Heckman-Opdam
polynomials as characters and multivariant
disk hypergroups.

® A compact hypergroup can be countable
infinite also ([6]). This property distinguishes
them from compact groups.

© Unlike locally compact abelian groups. the
support of the Plancherel measure on the dual
space may not be full space in the case of
commutative hypergroups.

© For more details on analysis on hypergroups
and several interesting examples, see [4, 10, 6].

 To establish Hausdorff-Young-Paley inequality
we first prove Paley inequality [2, 11] for
compact hypergroups (8] and then we use
weighted interpolation with Hausdorff-Young
inequality [9],

© An application of Paley inequality gives
Hardy-Littlewood inequality for compact
hypergroups.

» We obtain Hormander LP-L? boundedness of
Fourier multiplier [7] in context of compact
hypergroup with the help of the
Hausdorff-Young-Paley inequality.
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 Hardy-Littlewood inequality [5] was recently
lished for compact I spaces [2]
and for compact quantum groups [1, 11].
o L7- L7 boundedness of Fourier multipliers on
locally compact unimodular groups was proved
in [3] using von-Neumann algebra techniques.

H-L inequality for Conj(SU(2))

If1 <p<2and f € L7(Conj(SU)(2)), then we
have

3 @+ )P HFOP < Cllflinconiisora
lefNa

H-L for D-R hypergroups [6]

If 1 < p < 2 then there exists a constant C' =
C(p) such that

70)+ 3700 = a)a DI Fim)le < Cl oo

Hausdorff-Young-Paley inequality on compact hypergroups

Theorem (Hausdorff- Young-Paley (Pitt) inequality)

satisfies the condition

then we have

Z Q2 ("fi;z_“"s‘p(")

=ek

Let K be a compact hypergroup and let 1 < p < b < p' < oc. If a positive sequence @(7), 7 € K,

= supy k2 < o0,
ot

oK
w(m2y

1

b
13
P) SME 7\ fllsky-

Fourier analysis on compact
hypergroups

e Let K be compact hypergroup with normalised
Haar measure A. Denote by K the dual space
sting of irreducible inequivalent continuous
ntations of K equipped with the discrete
topology.
e Every m € K is finite dimensional but may not
be unitary in contrast to compact groups case.
® In commutative sctting also, the dual space K

may not have a hypergroup structure, in contrary

to abelian groups.

® Denote the dimension and hyperdimension of
7€ K by dy and k.

e For each m € K, the Fourier transform f of
f € LK) is defined as

i) = [ o) ixa),

where 7 is the conjugate representation of 7.

* We refer to [10, 4, 9] for more details on Fourier
analysis and representation theory of compact
hypergroups.

Non-commutative version of Hardy-Littlewood inequality

Theorem (Hardy-Littlewood inequality for compact hypergroups)

Jast, that is,

Then we have

Z kﬂp,l"‘"“’)

xck

ViG]

Let1 < p<2andlet K be a compact hypergroup. Assume that a sequence {jtz} e grows sufficiently

kz
Z — < o0 for somef > 0.
lpx?
=cR

4
S llercx)-

‘-boundedness of Fourier multipliers on compact hypergroups

Theorem (Hérmander theorem for Fourier multipliers)

symbol 0.4, that is, A satisfies

Then we have

Al ger-sivx) S supy
ey

Let K be a compact hypergroup and let 1 < p < 2 < g < 00, Let A be a left Fourier multiplier with

Af(m) =oa(m)f(x), m€ K.

¥
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Alssirat
I this paper, we first constnect & suilsbde Boshmisn space on which the
Ruzsacd- Wripht trmsefiorm czan b definel anl soms: desired propertics sz oh-
tained in the class of Bochmians. Some cosvergence reslts are also estab-
lished.

Introduction and preliminaries

The space of Bochmians is constrocizd using an alpgebraic approach
Uhat wtilx i amel i i il el
IF the: comstruction is applied 10/ function space and the muliplication
s imterpreded as convolation, the comstruction yields o space of gener-
alized functions, Those spaces provide a namral schiing for exiensions
of the Bessel-Wright transform newly introduced by Fitouhi et al. [3]
W cite bere, as bricfly as possible, sonse facts about hanmonic analysis
related o the Bessel-Wrright aperator A, . For mone details we nefer
o [ 3]
W cansider, an (1), oo the difference differentinl operatar indexed by
twin parameters e and

IS e 1
Bagflx) = S 2D O ) BBy o o
These operators anc very important in pure mathematics and cspecially
in special functions awd harmonic analysis. The Bessel-Wight opera-
o admils s ci iom wilh —A2 as the Bessel Wright
fumction

- ot DRE11) fay™
S rAz] %[_U“F(u P4 a(@ 414+ m) (T) (e,
wiibch is cven and i in ex and @ and coincides when o = 0 or
ﬂ—ﬂuimm“mimﬁuﬂhllm!imby

ofAe) = Et u"{ﬂ’j—;"’,](*‘) LBee).

Let I, = L{(U,m}dmdclh:chsaofmmmﬁclnm{m
[, o) for which || f]I% < oo, when:

Wit~ ([ rePaa)’ v <o,

1 koo = Iflloa = 58w o ol F2),
and dpfz) = 22

The Bessel Wright transform foe [ € 17 is defined by
FoalVP) v [ S g0)ias) 02

where c — s

The following twa definitions are necded for our resalis.
Defimition 0.1, The Mellin-type comsdution prohect of first kind is de-
fined by:

rxatn)= [ S e Tote)ds. w3

Definition 0.2 Lot o > —) and f,g € L'[0, 0o} Then we define the
produet @ of [ and g by te: intepral

J @y} = f Fistlolpdpealt), 0.0)
By using (0.5 and (0.4), we get the following proposation:

Propasition 0.1 Let [, g and h be integrable fanctions in L1, 00)
and let y = ). Then

Jeigx )y} - (f e29) e2 hiw)
Propasition 0.2, The Ressel Wright trangform K, s a bounded lin
ear opevator from 1.}, 0 G,

Generated Spaces of Boehmians

This class of | s W i ez regular
[Z]. The minimal structure necessary for the: ahstract construction of
Bochmian spaces consists of the following clements:
1. A topological vector space a
i, A commustative semigroap (b, o)
il An operation & : 0% b — o such thal, for cach = € @ and
s@mEh,

z(mes) — (zam)a
iv. A collcetion & ¢ 8™ such that:
aif 2,8 € a,(5n) © A, 2855 — 5 # 5 for all m, then oz — 53
b if [5n), {tn) € A, then (s e L) € A
The clemenis of A are called delta scquences. Denodc by Q the
el
Q = {{Zny #n) : T &, (0] & A Tybian = Erksin Vo, & N}
I (g 50 (Mna In) € G Tn*tm — T = s, n £ M, then we sy
that %, 5n) ~ (in,tn) . The relation ~ is an equivalence relation in
€. The space of equivalence classes in € is denoted by 8. The che-
ments of B are called Bochimians,
Betwoen a and 8, thore is a canonical cobedding exprossed =
Tk g
T+ -

The opertion + is extended 0 5 < bas follvws:

(4] o b 4] - [429]

W cstablish the following technical resali.
Lemma 0.1, Let [ & LA, 00) and € D{D, o). Then
Fra gl % 918 = (Fpu gy @ $H(A).

m@mgmmdhﬁcmlhnw9| By (EL (D, %), %, A)
aml e sprace By = B L1 (D, ), 8, A} We densite by A, the setal’
delta sequences (&n) of (1), 0c) with the following properties:

Frﬂa[ﬂ)ﬁt =1, (0.5)

[ it < m,

where m is & positive real number

supp dylr) =+ 1, asn —+ oo 0.7y
Let us o establish that @) i a Bochmian space. We prefer io omit
the proaf for Bg s its details arc simlar.
Theorem Q1. Let [ € LL(0,00) 4 € IO, 00) and o = 1 Then
b £ L {0, 00)
Theorem 0.2, Let f € LL{0,0) and gy, 10y € {0, 00, 0 > —4 Then
YRR RN L YL
i ff x (g % woh = (I 3 ) x (aba),
i, (AS) 2 = AL =) = [ % (W) A e ©
Theorem 0.3 Let fu —+ [ € LL{0,0) a5 n 3 o0 and ler 4 €
D, e0), >~ Then

Joxd 3 [xdaz nsoo

i LA, o).
Theorem 0.4, Lei [ £ LL{0, 00) and let (5) € A, o > ) Then

f b faan oo

in LLI0,a0).

A soquence of Bochmians (Cy) in By is said to be 8 convergent to &
Bochmian ¢ in % mdbyr:u—in,‘.ifduemimadin—w
(i) snch that

(Gn 2 B0, (¢ = By} € L), VEme N,

(G ) =+ (C % Bg) asm— ooy in .F..I‘,h'tﬁli.
A sequence of Bochmians () in ) is said 1o be A convergent 1o 8
Mmmgnm.mmwgﬂog.fmm.uum
l’-;n]Fﬁm"ﬂ{(n ) 3 dn € L Ve Mand (G — () 2 8y 30

asn b ooin L
tlnfollwmg penerate the jian space My,

'l‘lhnrt-I.S.IdIE LLi0, 00) and o & i, o0). Then [ @9 £

LD, o).

Theorem 0.6, Let [ € LL{10, oo} and sy, € D1}, oc). Then

LS @Gt ) = J @+ @y

i (Af) @y = A @) = @ (M), Ae C

Theorem 0.7, For [ € LLI0, 0o) and ), ¥ © D0, 00), the following

relarion is frue:

Ja{ o) = (f @)@y
Theorems 0.8. i Let fu, —+ [ in LL{0,00) ax n — oo and let
& D{0,00). Then fn @ ¢ 3 f@asn —+ oo

ii. Let fyy —+ [ in LY(0, o) and let (8) € AThen fy@ & — fas
n—% oo,

The Bessel-Wright Transform of a Boehmian

Let { © Wy and { —
Hessel Wri

. Then, for every o = 3 we define the
of s follows:

. _ [ Faadal
P ( (i)

m”}:’:},uamﬁm'&m%.
In addition, we now deduce the formula of exicasion of 1o 8) as

Fllows:
2 ([ia] =) -7z (] o+
It can he proved as follows: By virtse of (0.8) we can write

([(,r_]] g‘) ([LT" Ll‘nwl}D

Tence, Lemma 0.1 gives

() -()

The shelinitsm of the prxhsct = implics hat

oz (] 4) - ([ -

Thaus, it Follows from relation (11L8) that

22 ([i] <¢) -2 ([]) o+

() ) -

0.8}

([ x) -
Theorem 010, F*°, - B — By iy continuony with respect o the
ﬁ—cwqurwdﬂ.ﬂ—cmmr
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Introduction

In harmonic analysis, one of the most important es-
timates is the van der Corput lemma, which is an
estimate of the oscillatory integrals. This estimate
was first obtained by the Dutch mathematician Jo-
hannes Gaultherus van der Corput [1] and named
in his honour. While the paper [1] was published
in Mathematische Annalen in 1921, he submitted it
there on 17 December 1920 (from Utrecht). There-
fore, it seems appropriate to us to dedicate this pa-
per to the 100" anniversary of this lemma.

Let us state the classical van der Corput lemmas as

follows:

e van der Corput lemma. Suppose ¢ is a
real-valued and smooth function in [a, b]. If ¢ is a
smooth function and |q5“")(:1:)| > 1, k =1, for all
x € (a,b), then

b C
j" exp (iAp () (z)dx < NI A— o0, (1)

for k = 1 and ¢’ is monotonic, or k > 2. Here C'
does not depend on A.

Formulation of problem

The main goal of the present paper is to study van
der Corput lemmas for the oscillatory integrals de-
fined by (see [2], [3]) respectively:

Io,s(N) = [gFas (iXp(2)) ¢ (2)da, (2)
and

Zas(A) = [gFas (i Ag()) ¢(2)dz, (3)
where o« > 0, B = 0, ¢ is a phase and ¥ is an
amplitude, and X is a positive real number that can
vary. Here FE, ;3 (z) is the Mittag-Leffler function
defined as

E.p5(z) =

2k

22 =
“=0T(ak + B)’
with the property that

El‘l (Z) = C:.

a>0 BeR,

Main results for 7, 3

van der Corput lemmas on R: consider 7, 5 defined by (2).
Let ¢ : R — R be a measurable function and let v» € L'(R). Suppose that 0 < a < 1, 8 > 0, and
m = essinf,er |@(x)| > 0, then

[Ta,5(N)] <

M
= +/\m||1/)||u(ua>, A=,

where M does not depend on ¢, ¥» and A.
van der Corput lemmas on 7 = [a,b] C R, —o0 < a < b < +o0.
elet 0 < < 1, 8 > 0, ¢ be a real-valued function such that ¢ € C*(I), k > 1, and let 1» € C'(I). If
|p*)(x)| = 1 for all = € I, then
[Zas (W] < MipA~klogh(1+X), A =1,
where Mj. does not depend on A.

eLet —oo <a<b< +ooand I = [a,b] C R. Let 0 < e« < 1 and let ¢ be a real-valued function such
that ¢ € C*(I), k > 1. Let ¥ € C'(I) and |¢p®)(x)| > 1 for all z € I. Then

[Zoa (V)] < MV X =1, (5)

for £ = 1 and ¢’ is monotonic, or k& > 2. Here M. does not depend on .

van der Corput lemmas on R: consider Z, 3 defined by (3).
Let ¢ : R — R be a measurable function and let v» € L'(R). Suppose that 0 < a < 2, 8 > 1, and
m = essinf,cr |¢(x)| > 0, then

| ZasN)| < |llomy, A =1, O0<a<2 B8=a+l,

M
1+ Am

| Za,a(XN)] < =Yllowy, A=1, 0<a<2, 1<B8<a+l,

1+ Am)a
where M does not depend on ¢, 1 and A.
van der Corput lemmas on 7 = [a,b)] C R, —oco < a < b < +oc.
elet 0 < a < 2, B > 1, ¢ be a real-valued function such that ¢ € C*(I), k > 1, and let v» € C'(I). If
|¢®)(z)| = 1 for all = € I, then
|Zap (V)] < MpA—Flogh(1+A), A>1, 0<a<2, B=a-+l,
1Zas M| < MIAHL+ X", A2>1, 0<a<2 1<B<a+l,
where Mj. does not depend on A.
elet —co<a<b< +ooand I =[a,b] C R. Let 0 < o < 2 and let ¢ be a real-valued function such
that ¢ € C*(I), k > 1. Let v € C'(I) and |¢p®*)(x)| > 1 for all x € I. Then
[T e O =D s A= (6)

for k = 1 and ¢’ is monotonic, or k& > 2. Here M. does not depend on .

Main results for Z, 3

Remark

The case of &« = 1 in (5) and (6) corresponds to the
classical van der Corput lemma (1).

Conclusion

The main goal of the paper was to study van der
Corput lemmas for the integrals defined by (2) and
(3). Van der Corput type lemmas were obtained, for
the different cases of parameters v and 3.

As an immediate application of the obtained results,
time-estimates of the solutions of time-fractional
Klein-Gordon and Schrodinger equations and gen-
eralisations of the Riemann-Lebesgue lemma were
also considered in [2] and [3].
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Overview

Abstact: The license plate location plays an important role in license plate
recognition systems. As a premise of character recognition, the accuracy and
robustness of license location directly determine the performance of the en-
tire license plate recognition system. In many practical applications, license
plate recognition systems mostly work outdoors, and the captured images
inevitably suffer from different kinds of degradations caused by lighting,
weather, and complex backgrounds, and so on. In general, it is a challenging
problem under such a diverse, uncertain and complex environment and has
also attracted considerable attention in both academic and industrial fields.

Main Idea: In regard to the complex background in license images, we first
use an edge-aware filter, L -norm smoothing to remove the majority back-
ground textures but keep the license plate characters. Then, we take a series
of feature filtering steps based on the geometrical textures and structures to
furtherly to reduce the interference of pseudo-licenses. Finally, a simple pro-
jection location method is used to extract the position and size of the license
plates. The whole location procedure is:

Binaryimage

L

Edge detection

<y

Feature filtering

Contributions:

o Propose a practical license plate location system based on a series of fea-
ture extraction and filter steps.

o Use L image smoothing algorithm to remove the background noise.

o Use a binarized image for fast multiscale resolution analysis.

o Take full use of textural information and projection location method to
extract license plates.

Algorithm

L" Smoothing: In license plate images, license
characters have high contrast textures, while the
image background contains abundant low contrast
details. We use the Ly-norm smoothing filters to
suppress the details, which can be phased as,

srginE(f) = If =gl + MV Ellos 1y

where g and f are the source and target images in
RN, V is gradient operator, |-, is L*-norm, and
[I-[|o is so-called L-norm, counting the number of
non-zero elements of an vector, which leads to a
sparse regularization, and A is a weight scalar.
L"-norm minimization: The Eq.(1) is NP-hard to
solve, we instead introduce two auxiliary variables
h; and v; for the 2D discrete image, and rewrite it
as,

min E(f) Z (fi = 90)* + AC(h,v) =

+B((0zfi — ha)? + By fi — vi)?),

where C(h,v) = 1if |h;| + |v;| # 0, else 0. It is
clear that the solution of Eq. (2) approximates that
of Eq. (1) when 3 — +oc. We solve the Eq. (2)
minimizing (h, v) and f alternatively.

Experiments & Results

1. L"-norm smoothing

® Left: input image, right: L -norm smoothing result. It is clear that the low-contrast details are

significantly suppressed with L"-norm smoothing.

3. Feature filtering

4. Projection results

Feature Extraction for License Plate Location Based on L(-norm Smoothing

1. Computing f: By fixing h; and v; and minimizing
the function,

min ()= _(fi~ 9:f +B8(0cfi=hiF+@yfi—viP). )

The above function is quadratic and thus has a global
minimum. Here we use fast Fourier transform (FFT) to
accelerate the solver,
F(9)+B(F (0:)+F (h)+F (9,)+F (v))
F(1)+B8(F (02)# F (02)+F (0y)+F (0y))
where * is a component-wise multiplication, .# and
F~! denotes FFT and its inverse operators, and .7 (1)
is the Fourier Transform of 4 function.
2. computing (h,v): We solve (h, v) by minimizing

f=%Y bo@

l;li{lE[f):)\('(’r.v‘)+,i(((’),[, — hi)? + (B fi = vi)?), (5)

where C(h, v) returns the number of non-zero elements
of |0, fi| + |0, f:|. Eq. (5) can be spatially decomposed
and solved fastly, because each element /2, and v, can
be estimated individually. It reaches its minimum E*
under the condition,

(0,0), (8 fi + 8, £:)* <

A
hi,v; = B’

0, otherwise.

2. Binarized image

multiscale analysis for licenses.

Quantitative evaluation:

® The binarized image provides a
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! Beihang University, > Ghent University, ® Queen Mary University of London

Post-processing: To extract and locate the
license more accurately, we also introduce
the following post-processing steps:
Binarized image: Let / be an image, and
I is resized from I with a scale s, where
€S8 ={s8mn}={27",27"},, nez ATETOW
and column scales. If we rearrange the im-
ages {/.}.cs on a 2-D plane in descending
scales, anew image B = {I,} ¢, called bi-
narized image, is obtained, which provides a
multiscale analysis of license image.
Feature Filtering: By using the L’-norm
smoothing, a mass of local textures can be
removed and an optimal scale of the license
is also available with binarized image. We
further propose a feature filtering, that is,
edge extraction, removing long lines, struc-
ture analysis, and texture density analysis to
further remove the pseudo-licenses.
Projection Location: After the above steps,
the license is easy to locate, we use a very
simple projection location method to extract
the position and size information.
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Description

The aim of Spectral Geometry of Partial Differential Operators is to provide
a basic and self-contained introduction to the ideas underpinning spectral ge-
ometric inequalities arising in the theory of partial differential equations.
Historically, one of the first inequalities of the spectral geometry was the min-
imisation problem of the first eigenvalue of the Dirichlet Laplacian. Nowa-
days, this type of inequalities of spectral geometry have expanded to many
other cases with numerous applications in physics and other sciences. The
main reason why the results are useful, beyond the intrinsic interest of geo-
metric extremum problems, is that they produce a priori bounds for spectral
invariants of (partial differential) operators on arbitrary domains.

Content

I Function spaces

2 Foundations of linear operator theory

3 Elements of the spectral theory of differential operators

4 Symmetric decreasing rearrangements and applications

5 Inequalities of spectral geometry

5.1 Introduction

5.2 Logarithmic potential operator

5.3 Riesz potential operators

5.4 Bessel potential operators

5.5 Riesz transforms in spherical and hyperbolic geometries
5.6 Heat potential operators

5.7 Cauchy-Dirichlet heat operator

5.8 Cauchy-Robin heat operator

5.9 Cauchy-Neumann and Cauchy-Dirichlet-Neumann heat operators

Spectral geometry

Let us consider Riesz potential operators

/|'~l/

where 2 C R? is a set with finite Lebesgue measure.
Rayleigh-Faber-Krahn inequality: The ball 2* is the maximiser of the first
eigenvalue of the operator R, ¢, among all domains of a given volume, i.e.

(Raaf fy)dy, feL*), 0<a<d,

0< () <A\ (2%)

for an arbitrary domain Q ¢ R with || = [Q*].

Hong-Krahn-Szego inequity: The maximum of the second eigenvalue
A2(€2) of R, among all sets 2 C R with a given measure is approached
by the union of two identical balls with mutual distance going to infinity.
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Richard Feynman’s drum

The picture from planksip.org

It is proved that the deepest bass note is produced by the circular drum
among all drums of the same area (as the circular drum). Moreover,
one can show that among all bodies of a given volume in the three-
dimensional space with constant density, the ball has the gravitational
field of the highest energy.

Rex is minimising the strain energy by circling
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Abstract
In this work we extend the theory of global

pesdo-clilferential operalors on compact. Lie
groups to a subelliptic context. More precisely,
given a compact Lie group &, and the sub-
Laplacian £ associated Lo asystem of veetor Gelds
X — X, , X} sbislying the Hormander
condition, we introduce a (subelliptic] pseudo-
differential caleulus associated to £, based on the
malrix-valued guantisation process developed in

2.

|
Introduction

= In modern mathematics, the theory of
pseudo-differential operators is a powerful
branch in the analysis of linear partial
differential operators due to its interactions
with several areas of mathematics.

= For instance, from Uhe point of view of Lhe

theory of PDE, pssudo-dilferential operators

are used e

| o study the global flocal sobwbility of scveral partial
differential problema.

11 T umelerstonad e erpping, propertie: of cerbin
singular integral operators.

M1 T understand the propagation of singularities in
distribuilion theory, and in the construetion of
fundamental solutions and parametrices.

V. T il soane geswnednie: insurianls arsing in Che
e thenry,

* Here we: describe how in [1], we associate to

every sub-Riemannian strueture of a compact
Lie group a peendo-differential calenles.

Compact Lie groups

Cloesed rmanifold
Compact, Lie Gronp = +
topological group
& Examples: T, SU(n), Spin(n).

Fourier analysis on compact Lie
groups

# Il 7 i a compact Lie group, its unitary dual &
consists of all equivalenee classes of continuous
irreducible unitary representalions of G

» Unitary Representation: for each £ from the
equivalence class [£] & & we have

£ € HOM(G, U (Hy))

for some (finite-dimensional) veelor space
Hg = %, We denote by de = dim(I;) the
dimension of the representation £,

A= [0t an, el e el

Subelliptic pseudo-differential Acknowledgements

caleulus “I'he: authors thank J. Delgada, A. Cardona, 5. Fed-
The Laplacian generates an elliptic pseudo- erico, [ Rottensteiner, V. Kumar, and J. Wirth for
differential caleulus on every compact Lie group discussions.
[2]. The clliptic Hormander classes for this calou-
lus are denoted by 9;}{(,-.')( GJ T'he: theory can be
extended to sub-Riemannian structures induced
by any choice of a sub-Laplacian [1]. The subel- Cardona, D., Ruzhansky, M. Subelliptic
liptic classes are denoted by Sﬂt(c @), pscudo-differential operators and Fourier
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Pseudo-differential operators on
compact Lie groups

# Fvery continnous linear operator T' from
() to itsell admits a representation in the
[ollowing (guantizalion) formula:

TF(x) = 3 deTrlélx)alx, EF(€)],

[£lec

® The matrix-valued function a defined on the
phase space G x (7 15 called the symbol of a.
For every £, alx, £) == §(x)"(A€)(x) in a
matrix of size de % de.

Laplacian vs sub-Laplacian

#The positive sub-Laplacian L assnciated Looa
system of vector fields X = {X,--- , X3}
satisfying the Hormander condition, is defined
by L=-X{--..— XL

oIl X' = [Xy,---, Xp} is a basis of the Lie
alpehra g, of 7, the positive Laplacian Cg 8
dcﬁnedby£=—X1*—---—Xﬁ.

illlq;,ml operalons on compact, Lie: BrOupE,
preprint, available in ArXiv.
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Associated symbol classes and operators

Anarmonic oscillators and Schatten-classes of operators

We study a class of anharmonic oscillators within the framework of the Weyl-Hormander calcu-
lus. By associating @ Hormander metric to a given anharmonic oscillator we extend the so-called
Shubin classes associated to the harmonic oscillator and the corresponding pseudo-differential
calculus. Spectral properties of negative powers of anharmonic oscillators, as well as of the
operator itself, are derived.

Introduction

In the study of the Schrodinger equation id Ay + V(X)y the analysis of the energy levels
is often reduced to the corresponding eigenvalue problem for the operator —A + V(z).
Spectral properties of the anharmonic oscillator, on & or more generally on R”, with different
potentials V' have been studied (c.f. [1).[2],[4] ) by several authors in the last 40 years. However,
the exact solution of the eigenvalue problem is still unknown.

Here we consider a more general case on R" where a prototype is of the form

A=(=AY+|zf*, where kI>1 integers, (1)
and more generally we consider operators of the form
T =q(D)+p(z), 2)

where p, ¢ are special polynomials on R". In particular we write p € Pa,q € Py, for some
integers k.1 > 1, where we have defined

Pu = {p: R" = R, with deg(p) = 2k, and lim inf L’:' >0p .
¢ sfbo0 |

Therefore, for p € Py (and similarly for g}, there exists py > 0 such that

plr)+p >0, forevery reR".

Weyl-Hoérmander classes associated to the anharmonic oscillators

* In the case of the general anharmonic oscillator 7" as in (2} with (rescalled) symbol 7 we
have

(z,€) = plx) + (&) € S(MP*, ¢9),
where the Hormander metric ¢4, and the g-weight M™ are given by
dr? e
o+ o+ )+ g€ (w+w+ple) +a(©)
e
)

_1]_,'2’(111'. dt) = 0

MMz, €) = py + 4o + plz) +4l6)

* In the case of the prototype of the anharmonic oscillator A as in (1) the metric (3} is
equivalent Lo the metric

2 )

e

(e, de) = -+ -
9ol ) = et T e 7 1

* In the symmetric case where k = [ in (1) the metric associated to the operator A is
equivalent to

i P A e

which correspands to the symplectic metric defining the Shubin classes associated to the har
monic oscillator.

Let m € R. We say thal the function e € C*{R*) is in the class of symbols T7",(R"). if

(020 alz.€)| < Cosh(z. & -7, foral afeN,

where we have denoted Az, &) := (1 + [a** + |€%):. for k,1 > 1integers. The associated
operators are denoted by WEj,(R"), and in particular

VL) (R") = Op“(SEY(R")).
For example the prototype anharmonic oscillator A as in (1) is an operator in W57, (R").

Pseudo-differential calculus on &/

The following can be viewed as a consequence of the Weyl-Hormander calculus:

* The class of operators Uncz WEY;(R") forms an algebra of operators that is stable under
taking the adjoint.

= Let my,my € Rand let k,1 > 1integers. If a € X'} and b € T}, then there exists
¢ € B™™ such that Op™(a) o Op"(b) = Op“(c). Moreover, we have the asymptotic

formula ol
o

e~ Z%(D&'n)(ﬂ:b) .

* The operators in WE{, extend boundedly to L(R"). Furthermore, there exists C > 0 and
N € N such that if A =0p“(a) € Y], then
Al < Clallsy,x .
where ||« [|sy .. denotes the inherited seminorm in the class in the class of symbols
5, (R?)(= S(1,6).

Associated Sobolev spaces

Using the functional calculus on {the compact, positive operator) A as in (1), we define the

x
Afu= Z).;’(o,.u},_:o,, for ue Dom (.A’) .
=i

where (¢;)jex is an orthonormal basis of I2(R") made of eigenfunctions of A, and (Aj)jen the
corresponding eigenvalues.

Ihe Sobolev spaces related to A. denoted by AJ4(R"), for m € R, kI > 1, integers, is the
subspace S'(R") that is the completion of Dom (A7) for the norm

[lulla, = A% ull 2

Continuity Properties

The identification of the Sobolev spaces Af,(R") with suitable Sobolev spaces H(AM, g) in the
Weyl-Hormander setting, and the general theory yield:

* letm € Rand k,1 > 1integers. If a € Z7(R"), then
Op*(a): AL, R") ™ A"(R"), Vs €R.
More generally, equivalence of quantizations in our particular case yield:

* Fora € B4(R") (m € R, k.1 > 1) we have

cont

Op'(a) : AL (RY) =25 A"(R"), Vs€R,VreR.

For 1 < r < oo, we denote by S,(L(R")) the r-Shatten class of operators.
* Forg= g2 asin (3). and fora € S(\;*, g), p > £, we have

Op'(a) € S,{L(R"), forall reR.

* For the operator A as in (1), or more generally, for the operator T as in (2), and for
u> % (for k, 1 as in (1), or accordingly to the choices of p, ¢ as in (2)) we have

T A" € S,(LR")).

Eigenvalue asymptotics for negative powers of operators

The general theory on the Schatten-classes S,(L*(R")) and the Weyl-inequality (see (5] )

x
YIMIY <Y STy . r>o0,
J=l Nty J=l Ny’

egen. of T sing. val. of T

x

imply:

» For g = g asin (3), and for a € S(A;*,g), u > %, and for any 7 € R we have
N(Op'(a) =olj™*), a j-oo.

= For the operator A as in (1), or more generally, for the operator T as in (2), and for
> S5 (for &, as in (1), or accordingly to the choices of p,q as in (2)) we have

AA) =o(jT), 3 .

Rate of growth of the eigenvalues of the anharmonic oscillator A

let kI beasin (1) and r > ’L;nﬂ Then for every N € N there exists ¥ € N such that

Nj* < M(A), for j>Np.
Thus, the eigenvalues \;(A) are at least of growth
jt, as j-oeo.

Asymptotic expansions of A;(A) have also been studied in [1] and [2].
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! i Dunkt operators T, , on the
Mwwmdlmmkzdmﬂlmmluy
space 1 K2 (R). We bave determined simple sfficieat conditions for these op-
crutoes 1o be housdal oo these spaces. As applications we provide nocecary and
sullcicnt o S Dunkd-Cedso oper. ul sl fou Dkl
Flandy uperator o he houndeal o the homogensons weightal Her: spece K27

Introduction

Letp € L'(R). First of all, we will stast by recalling the definition of the
Dunki-HausdorT operstor (sce [4, 6,7, 8, 12])

Houfle) -~ [ famd G o
Whea a = —1/2, The operator Hy . is the famoos Hausdorff operator
Hofte) = [
from which several well known operators can be dedoced for suitable

choices of @, ¢.g., for 9{t) = §x(1,00)(t), the operator H,, reduces to the
standard Hardy averaging operator

i -1 [ s
while for (t) — x"“l((). it reduces to the adjoint of Handy averaging op-
crator

Hf(x) /m @a.

For more details of its histors P backgroand and some appli
cations, the reader can sec a recent survey articke [11] by E Liflyand which
contains the man results on Hausdordl operators in vanous seltings sod
biblsography up 2013,

1 Boundedness of 7, on the homogeneous
weighted Herz space K/7.

LetfeRO<p< too,and 1 < g < oo, The homogeneous weighted
Ihmeﬁthmmﬂmu!byaﬂlhfmﬂhms[eLﬂ(l)h‘,
such thal

oo 1
. Mol -
Mtz = (30 2598y )" < v,
k——o0

where y,, is the charactenistic function of the set

Ae (zel,?t 'SIZIS?‘) for k€ Z,
and LR )uee is the space Iy, (R, |=f*** 1dx)
Note that K49(R) — LY(R).

The main resull of this subsection is the following .

Theorem Ileta > - fe R 1 <p< fo0, 1 < g < too,andpa
measurable lunction on R such that

Craitp [‘ Je(eeHe E 1 o,
0

Dunkl-Hausdorff operators on K’?(R) and H K/»N

a,q a,q

Radouan Daher' and Faouaz Saadi’

Then, the Dunkl-HausdordT operator 7., is bounded from K,':ﬁ(ll] w
wscll, e,

Ftewso Wl oy = Comnst ol Nl gzigy:

il
If ¢ is supporied in the interval [0 1], then He p reduces to the Dunki-
Cesaro operator Cy ., defined by

1
ot - [ B, zcw,

(sec |4, 1))
Su’t‘ary_. Mary 1.

Leto> -, ACRY, | < p< too, | < g < oo, and @ a non-negative
measurable function defined on ), 1|

Then, the generslized Cesino operstor Cry o is boanded (rom h}?}’,'(l) w
isclf af and only if

1 ]
ok L AP Ve - o
W it) X(L'T”K‘),Ihm (0.1) is of the following form:

1 x
Ha(e) ~ gz ||| 1Oal6).

In this case, Ha, 4 reduces Lo the Dunkl-Handy operator for which we de-

duce this result. '

Corollary 2. Letr = = 1 < p< joo, | g < loo0< f< | ‘—Il

#
and o{l) = -———'-"l'“-‘"’A

“Then, the Dunkl- Hardy operatar Ho,;, is hounded from K25(R) to itself
and we have

1
WHeesof | g tziey <

= YTy |i',llll|lkﬁ<“:'

2 Boundedness of 7, , on the Dunkl Herz-type
Hardy space 1/ K/3"(R).

lxlquI!.N(-N.ﬂ(-l.U<p< too, and T < g < oo . The Herz-
type Hardy space 11 K22 (R) is the space of distributioas f ¢ S'(R) such
that G w(f) € KA%(R). Morcover, we have

Ity = NGty

hﬂtwl,wmminlhmﬂkf:‘"(l),mﬂ2: 1
1 /g. Now, we tum 1o the atomic characterization of the space HR&,"N(R).
leto > -7! l<qg<ooand §>1 1/q Amcasurable function a on
R is called a (central) (/5; g)-atom if it satisfies:
1. suppa C [—r,r], for a conain r = 0,

2fallgn <7 At ¥,

3. folm)rtdpalz) =0k =0,1,--- 25 + 1,

where s is the integer part of (o £ 1)(8 — 14 1/q).

Theorem2leta > 5, 0 <p < oo, 1 < g < too, > 1-1/q.
and N € N; N > 2(25 1 3 1 0). Then £ € HKLSY(R) if and only if
there exist, for all § € N\ (0}, an (7;q)-atom a; and A; C C, such that
3% P < coand £~ 37T, Aja;. Moreoves,

g e
WA g pozamegy ~ inF () _lll,l")
=
where the infinimum is taken over all atomic decompositions of f . The
main result of this subscction is the following theorem.
Theorem3leta > 5l 0<pglcg<on =1 Ilgmd N e N
N =225 43t a)
B <p<| et
G [ #5011 1 g )
R
If for some o = L,,J,(.', Cpo = 00, then
[ R e
@)Forp |, let
C - / e AV ) gy,
R
Iy < oo, thea
II’ln‘p(/)""Kf‘\‘LN =i HRS™

We now retum o the example of the Dunkl-Cesiro operator Co o
Corollary3Leta = 5 0<pEl<g=cof=1-1/qad NeN
N>22s 131 a)

(i) Forll < p < 11t

| - <
Cpw = /,, VD)1 -4 | o ) de.

I for soone o > '_FZ_(?’ = Opr < 00, then
Wersel Mgz = MMty
GiyForp = 1, Jet
1
o / Aot 110 ey,
o

¢ < oo, then

||('v-m(!)||,,,‘»“.- SN gy gz
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Conclusion

We had introduced and stadied recently i [4, 6, 7, 8] the Dunkl HausdoriT
operators on the weighted Lebesgue spaces LL(R), Dunkl-type Hardy
spaces HA(R). Dunkl-type spaces of functions of’ bounded mean oscilla-
ton BMOL(R), and Dunkl-type Soboley spaces WE(R). Gasmi and his

in |10} & duced @ new weighted Herz spaces iated
with the Dunkl operators on R. Ao they characterize by atomic decos-
positions the commesponding Herz-lype Hardy spaces.  Motvated by thas
results, this paper aims o investigate the Dunkl-Hausdordl operators on
these spaces in the spinit of those in [5]. As applications we provide nec-
essary and sufficicnt conditions for Dunkl-Cesliro operator and sufficicot
conditions for Dunkl-Hardy operator to be bounded on the homogencous
weighted Herz space KA.
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Introduction

We consider
{D,u— Atz D,Ju | Bit,x, Dot f{tx), (L) e [0.7] xRY,

ulpg=w, 2€R"

where n > 1, m > 2and Dy = —ih, Dy = -if,. We assume that At,r, D,

michael.ruzhansky@ugent.be

Solution representations and regularity results

In the case of A = A(x. ;) mngmdanm m(Hnnnmnmmmmrmnlmumlm
part, the sol s of (1

operators. Here, we state the pnm.p.ﬂ prdi g lo(m\lloolml 12020 for the details

and proofs.

Theorem 2. Consider (1) with A = Alr. ;) and I{1. x. 1)) satisfying properties described above

(agjit, 2, D)),y s a0 m x m matrix of mnﬂnuous!\ time dependent pseud
1) and that Bt r, D) = (by;(t, 2, D,)) 0
(0,2, 99,17, We

operators of order 1, ¥
an m % m matrix of pseudo-differential operators of order 1, ie., b,
also assume that the matrix A is upper triangular and hyperbolic, i

Alt,2,De) = Alt, 2, Dy} + Nt x,Dy)

= diag(Ay(t.2, Dy}, Malt, 2, Dy .. Aultoe. D) + N(t.2,D,

with real eigenvalues Ay (1.7 £). Aol 7,

At x.€) of Ait,z.€) and

0 agalt, =, De) ayslt,x, De)
axit,x, Dy
P |
0 m imitox. D)
0 0

aymlt,e, D)
agy L,z Dy)

Furthermore, we introduce the following twa hypotheses:

(H1) For the coefficients of the lower order term Bt, x. Dy ):
the lower arder terms b belong to C([0.T], /=) for i >
(612 Foc cxna thecoens,we asume hat A does ot depend on o, A = Afz, D) and s
isfies: there exists 1 & N such that if A(x, €] = Ay(x.£) for some j.k & {1,...,m) and
A;(x.&) and Alr,€) are not identically t‘qu-ll near (x [ then there exists some N < M
such that

M &) = Mir€) = HYO) = {0 oo (A Al - Hirn§) £, (H2)

where the Poisson bracket {-. -} in 1/;\“' is iterated N times,

Well-posedness

In Garetto et al. [2018), we prove a well-posedness result for (1) under hypothesis (H1):
‘Theorem 1. Consider the Cauchy problem (1), where Alt.«.D;) oud Bit.. D) are as de-
scribed in the introduction and Bit, x, D) satisfies (H1). If now ) € H*'5 YY) and f; ¢
0.7 HYYY) for k = 1....m, then (1) has a unique almulnlpm Sobolew solution u, ie.,
g € CLOTL ™) fork = 1,....m.

This theorem is proved by making use of the triangular form, solving the last equation and
then iteratively building the solution of the system from the solutions to scalar equations.
For each Ajof A, wed, by G and ;9 the respecti solution to

Dgw = Aflte, D= byt x, Die, o f Do = Aj(t, 2, Dehe+ byt x, Do+ g(t,7)
wi0.x) = 0z). 2nd 3 w(o,x) = 0.

The operators G and G, can be microlocally represented by Fourier integral operators

Gt ,f. ML o, €€

: ¢
Gigit,x) ,//.‘”‘”5 Ayt 5.2, €170, dSds = /e‘,u_,w,‘. r)ds,

Ej(t, s)g(n, x) = PN A (o, 0, €, ENIE

with (¢, 5., €) solving the eikonal equation

{n,;, MOEVe2d 2,6 = 0,5,

The amplitudes A, _j(t,»,z.€) of order —k, k € ing A; ~ T 4, 4, and they satisfy
the \»u.\l mns;-omquauons with initial u.\m.m - ~,.md we have aj(t,x,£) = A;(L,0,x,6),
‘The components of the solution « of (1) is given by a composition of the operators described
above together with principal part coefficients and lower order cocfficients. That is where
hypothesis (H1) comes into play. For example in the case i = 2., we get
wy = U Gyl + b))
b

ufl‘m(

That then gives

One then gets to the final result by setting up a fixed point problem to which Banach’s fixed
point theorem can be applied. A general time interval (0.7 can be iteratively covered since
the estimates invalved for the G's do only depend on the cocfficients and not the initial data.

and let in addit 1) and (H2) be satisfid. Let uyand  have components 16} and f, respectively,
with u) € W™V RY) and f; € C0, 19, 0™ for j < 1,....m. Then, for any N € N, the

components uj, j = 1.......m, of the solution v are given by

wyltx) = 3 (G700 + () of + (RGP 6+ 5,00) A
o
where Ry, Sy € L(H*Cil0.7], H*N-! and the operators W
LIC(0.T], H). C{[0. T, H*~"*1)) are integrated Fourier Integral Operators of order | —

Using the explicit solution representations, we get
Theorem 3. Lef p € (Ll and a = (n — 1|} 4|. Consider (1) under (H1) and (H2), Then,
for any compactly mppmlni iy € LI N 1o the solution u = uit, z) of the Cauchy problem (1)
satisfies u(t.-) € L2, for all t € 0.7 Moreover, there is a positive constant Cy- such that

b it Mgy, < Crllwlgs
] ;

Local estimates can be obtained in other spaces as well, for s ¢ R and a as above. In detail,
assuming 1 below is compactly supported, we have that u € 1), , implies u(f. -) € L; that

5 implies uit,<) € C* and, for | < p < ¢ <2 thatwc L' |, , , implies

Propagation of singularities

Operators of the form (] |, G, )*, which appear in the solution representation above in the
operators H}/, are of the general form
ok
Gi= // /n.ml Qdy...dy, HE) =
i

For these operators, we have @ ¢ £(H*, H** ¥}, where N(I) -+ 50 as{ -+ tox. The
singularities propagate along broken Hamiltonian flows.
LetJ = (iteeov st 1} 1 € ji €t ji # i 1. Prom the definition of H(7), we have that its
«canonical relation \’( T*R" x T*R" is given by

AF [ np €
and the #) are the transformations corresponding to a shift by  along the trajectories of the
Hamiltonian flow defined by the ;.

(z,p) = W .,:.} Vi=tlio.oaf o

5
ot

Let 4(t. z. ) be the corresponding broken Hamiltonian flow. It means that points follow
bicharacteristics of A, until meeting the characteristic of A;,, and then continue along the
bicharacteristic of A, etc.

Operators of the type @, can be rewritten as standard Fourier integral operators where the
domain of integration is not the whole space but a simplex. For those operators, following
arguments of Hormander, we get W F(Iu) < |J; A,(WF(u)). For details see Kamotski and
Ruzhansky [2007), Garetto et al. [2020).

Corollary 1. Lef 1 > 1, m > 2, and consider (1) with / Alz, D) under hypotheses (H1) and
(H2). Then, see abox wve an explicit representation of r the sofution u. Consequently, up to any
Sobolev vrdnhi‘;rmlmg on ), the wave front set of u; is given by

WF(uit, ) © (Un'/' Hy ) \) U(l&n P m,) @

with each of the wave front sets for terms in the right hand (2) given by the propagation along
the broken Hamiltonian flow as described above,
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Abstract

This work [2] is devoted to deriving the geometric Hardy inequalities on
the starshaped sets in Camot groups with some examples on Heisenberg and
Engel groups. Also, the geometric Hardy incqualitics are obtained on half-
spaces for general vector ficlds, with the exmaple on the Grushin plane.

Preliminaries

Sub-Riemannian manifold: Let M be a smooth manifold of dimension 7,
with a given family of vector fields { X} ,. n = N, defined on M and
satisfying the Hirmander condition. They induce a sub-Riemannian metric
{+, *}2¢ on the associated space H. = span(X(x),..., Xn(x)). The triple
(M, H, {-,-}3) is a sub-Riemannian manifold. Note that, unlike for Carnot
groups, in general, it is not possible to define dilations, translations, the ho-
maogeneous norm and the distance in the setting of general sub-Riemannian
manifolds. Let us denote the operator of the sum of squares of vector fields

by

N
£:=3%"Xi
k=1

where Vyx := (X,..., Xn).
Grushin plane: One of the important examples of a sub-Riemannian man-
ifold is the Grushin plane. The Grushin plane is the space B® with vector
fields a a

X _3'_J:|' and Xu—.'nﬂ—zz
Carnot groups: Let G = (R™, o,4,) be a stratified Lie group (or a homo-
geneous Carmnot group or just a Carnot group), with the dilation structure §,,
and Jacobian generators X, ..., Xy, so that V is the dimension of the first
stratum of G. Let us denote by ¢ the homogeneous dimension of G. We re-
fer to the recent book |4| for extensive discussions of stratified (Camot) Lie
groups and their properties.
Heisenberg groups: The Heisenberg group is the most common example of
a step 2 stratified group (Carnot group). The Lie algebra f of the left-invariant
vector fields on the Heisenberg group Hj is spanned by

a a a a

Xii=—+28—, Xg:=
U Yary N2

D
Arg I'ﬂrs’

with their (non-zero) commutator [ X, Xy] = —’1
Engel groups: The Engel group is a well-known ex ampll.'ul'a step 3 stratified
group (Carnol group). Let E be the Engel group, with the vector fields

22 9 (2

z  mrg)
2 dzs 2 12 7 dxy’

Geometric Hardy inequalities on starshaped sets
Michael Ruzhansky'+?, Bolys Sabitbek??, Durvudkhan Suragan®
!Ghent University, >Queen Mary University of London, *Al-Farabi Kazakh National University,

“Nazarbayev University

Definition (Starshapedness [1])

Let £ C G be a €' domain containing the identity e, Then {2 is starshaped
with respect to e if for every = € 02 one has

(Z(z)n(z)) = 0, 1
where n is the Riemannian ouler normal Lo éf2,
When the strict inequality holds, then €1 is said to be strictly starshaped with
respect to e,

Here the vector fields 4 are the infinitesimal generators of this groop auto-
morphism. This vector field Z takes the form

L L ,+2L:Eu
=1

Then forz' € RY and 2% € B withi = 2,...

(Z(2),n(a))

and Z(z) = (', 2@ .- 2, since n(z) =
neRNandnl® e RM, i=2,.. 5

+ -+ "L Trig— @

.7, wie have
=x'n' + 242y (2) ... r:n[r\"u{r}, [E)]
(', n®,...,n) with

Geometric Hardy inequality on the starshaped sets

Let £ be a starshaped set on a Carnot group. Then for every v € R and
p = 1 we have the following Hardy inequality

B e e |V {Z(z), n(z))|P "
LW;J{ING‘IZ (p—1)i| HJLiI(Z{m}‘nfmJ}IP |f[z}|{:r

o [ LiZ@).nlz))
u [(Z(z),n(z))F!

Jor every function [ € C5°(1).

|f () |Pdz,

Geometric Hardy inequalities on H* and E*

Let H® and E*be starshaped seis on the Heisenberg group Wy and the Engel
group. Then for every function [ € Cg°(H*), we have the following Hardy
inequalities

|(rs + 4z3na, ny — 4zyng)|*

)Pz, (5
|z1my + z2ne + 2zsns)? () dz, (5)

f VS (@)Pdr > § [

and for all -y € R, and f € C57(E*),

f [V {Z{x}, n(z)}l"'

(@) [f )Pz (6)

f Vi f () ek > — (o 4

I TaTly
+1 [ e n”‘ o) dz

E_:_Qa’ Queen Mary

University of London

N NAZARBAYEV
UNIVERSITY

Hardy inequality on the half-spaces of M
Let us define the half-space of a sub-Riemannian manifold by
" - (e, n(x)) > d},

where n = n(z) € R™ is the Riemannian outer unit normal to $(' and d
R. The Euclidean distance to the boundary é1 is denoted by dist(z, d62)

and defined by
dist(z, 1Y) = (z,n(z)) — d.

Let M be a sub-Riemannian manifold, let % C M be a half-space and let
X1,..., X be the general vector fields. Then for every v € R and every
p > 1, we have the following Hardy inequality

':_[J:C“

|V xeist(x, H0T)|?

dist(z, )P |fPdz

[, 19xspaz=— -1l +) [
ol a

Lo(dist(z, 0T)

SR N Frde
(VR cﬁﬂ(ﬂ:.aﬁ}"_l lfl !

for every function | € C5o(0H).

Note that above inequality was obtained for the Camot groups by the authors
in [3], but here we extend it to general sub-Riemannian manifolds.

Let 27 be a half-space in the Grushin plane 7. Then for every function
J € C5E(1r) and every p > 1, we have the following Hardy inequality

e 1)
(z1my + Tong
|V xdist(x, BT Anyndx,
(zimy + mamg — d)P

j VxflPdz > — (p— 1) (|7 +~nf il
it 1t

+(p—2hLl

[Pz
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Michael Ruzhansky'?, Bolys Sabitbek®?, Durvudkhan Suragan®

‘Q_s’ Queen Mary

University of London

!Ghent University, >Queen Mary University of London, *Kazakh National University, ‘“Nazarbayev @ NAZARBAYEV

UGENT

Abstract

This work [3] is devoted to present the geometric Hardy and Hardy-Sobolev
inequalities for the sub-Laplacian in the half-spaces of the Heisenberg group
with a sharp constant. This result answers a conjecture posed by S. Larson
in [2]. As a consequence, a geometric Hardy-Sobolev-Maz’ya inequality is
recovered.

Preliminaries on the Heisenberg group:

Let H" be the Heisenberg group, that is, the set R?"*! equipped with the
group law

"
of:=(z+T,y+ Gt +1+2) Fiyi — i),

i=1

where £ := (z,y,t) € H*, z := ) ¥ == (¥1,...,¥n), and
&1 = —£ is the inverse element of £ with respect to the group law. The
dilation operation of the Heisenberg group with respect to the group law has
the following form 8y (£) := (Az, Ay, A’t) for A > 0.
The Lie algebra h of the left-invariant vector fields on the Heisenberg group
H™ is spanned by
- d 9] 4 g 0
X x + 2y — pn and Y; := @ - "’(')_f

and with their (non-zero) commutator [X;, Y; ] = —4%. The horizontal gra-
dient of H" is Vg := (X1,...,- ), G

Let us define the half- space of the Heisenberg group by
H* = {¢

e H" : (£,v) > d},

where v := (v, v,,14) with v, v, € R" and v, € R is the Riemannian
outer unit normal to JH* (see [1]) and d € R. The Euclidean distance to the
boundary OH™ is defined by

dist(&,0H") := (€,v) —
Let us define .

P,
X;(€) = (0,..., L., 0,0,....0,2y),
N —

Then we have
(‘Xt(é) V) =

where § := (z,y,t) withz,y € R" and t € R, v := (v, vy, ).

Vpi + 2yivy, (Yi(&),v) = vyi — 2zi1,

University

Introduction

The Hardy inequality in the half-space on the Heisenberg group was shown
by Luan and Young in [4] as follows

5 +
/ \Vuui'dﬁz/ M\ |2de. 1)
H+t Ht+

An alternative proof of this inequality was given by Larson in [2], where the
author generalised it to any half-space of the Heisenberg group,

T (X)) + (Y€ )?,
: dist(€,0HT)2 |u|*dE,

1
L |V gul?de > 1

JH+ JH+

where X; and Y; (fori = 1 n) are left-invariant vector fields on the
Heisenberg group, v is the Riemannian outer unit normal to the boundary.
Also, there is the LP-generalisation of the above inequality

[ W > (22) [ DK@ (i

Conjecture posed by S. Larson

A more natural weight in the right-hand side of (2) would be

(2)

(0 (Xi(€), )2 + (Yi(&), )"
dist(€, 0H)P ’

LP-Hardy inequality on H"

Let H* be a half-space of the Heisenberg group H". Then for all functions
w e C{°(H) and p > 1 we have

/ |V yulPde > ('/

»
where the constant C' := (1’—;1) is sharp.

(S8 (Xa(6), v)? + (Yi(€),)?)"*
dist(€,0HT)P

[ulPdg, (3)

L*-Hardy inequality on H*

Let H™ be a half-space of the Heisenberg group H". Then for all functions
u € C§°(H) we have

/ \V;,11I2(I£2/ M\ur"d& 4)
Ju Ht

where the constant is sharp.
This corollary can be proved by considering p = 2
= (0;0,1):

, dist(&,0H1) = t and

|ulPdE.

©) UNIVERSITY

Hardy-Sobolev inequality on H

Let H be a half-space of the Heisenberg group H™. Then for every function
u € Cg(H') and 2 < p < Q with Q@ = 2n + 1, there exists some C; > 0
such that we have

1
P

(Tr, (Xu®).v)? + V(&) m»)™* ) :
|u|Pdg

>

Cy (/ |u[”.d£)F '

Qp/(Q — p) and the constant C' := (‘i)p .

dist(€, OHT )P

(/ |V rulPdg — ('/
H+ H+

where p* :=
7

Hardy-Sobolev-Maz’ya inequality

Let H' be a half-space of the Heisenberg group H™. Then for every function
u € C§°(H™), there exists some C' > 0 such that we have

(/ |V gru|2de — / MLM dg)" zc'(/ Juf®” (1{) ¥y
JH* JHT JHt

where 2* := 2Q/(Q — 2) with the homogeneous dimension Q = 2n + 1.
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