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Abstract
In this paper, using some elements of the g-harmonic analysis associated to the
g-Dunkl operator introduced by N. Bettaib1 et al. in [1], for fixed 0 < ¢ < 1, the
notion of a g-Dunkl two-wavelet is introduced. The resolution of the identity for-
mula for the g-Dunkl continuous wavelet transform is then formulated and proved.
Calderon’s type reproducing formula in the context of the q-Dunkl two wavelet the-
ory 1s proved.

Introduction

Calderon formula [3] involving convolution related to the Fourier transform
1s useful 1in obtaining reconstruction formula for wavelet transform besides
many other applications in decomposition of certain function spaces. It is
expressed as follows:
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where

=102, al=o(), veem

Cy ¢ 18 @ constant depending on functions ¢, ¢ and * denotes a convolution
operation.

The aim of this paper is to give a g-version of Calderon’s type reproducing
formula (1) in the context of g-Dunkl harmonic analysis, more precisely, we
study similar question when 1n (1), the classical convolution * 1s replaced
by a generalized g-Dunkl convolution . ,, on the real line generated by the
q-Dunkl differential operator Ay o, o > —1/2.

Preliminaries and g-Notations

Throughout this paper we assume that « > —1/2and 0 < ¢ < 1.
1. We denote

Ry ={xq¢", n € Z}, ]R(;r ={¢", n€Z} and I@ =R, U {0}.

2. For complex number a, the g-shifted factorials are defined by:
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and we also denote forall x € Candn € N

z]q = g njq! = [1g x [2g-.. X [n]q = (iq,_qc);)zn

3. The g-Jackson integrals from 0 to a and from —oo to 400 are defined by
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4. We denote by LY (R,), p € [1,+00], the set of all real functions on R,
for which
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q,p,x — >

If

esssup|f(x)] < +oo if p = +o0,

r€R,

5. The g-Dunkl translation operator is defined for f €& L?]’a(Rq) and
T,y € R, by
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The g-Dunkl translation operators allow us to define a g-Dunkl convolu-
tion product *,  as follows: for all f, g € S4(R;), we have

O

f *q 9() = cqa / T (F) (=g )y gy, Va,y € Ry,
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provided the g-integral exists.

q-Dunkl Harmonic analysis associated with

1. The g-Dunkl operator A, , is defined by
fl@) — f(=x)

2T ’

Ag.a(f)(@) = 0g[Hq.o(f)](x) + 20 + 1]

where

Hoo  f=fe+ fors fot e,

with f. and f, are respectively, the even and the odd parts of f.
The g-Dunkl kernel 1s defined on R, by

12
20+ 2]

\Ijq,Oé<Z> — jOz(’Z) q2) T joHrl(Za QQ), S IRC])

where jo (., ¢°) is the normalized third Jackson’s g-Bessel function given
by
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2. the function ¥, (A.), A € C is the unique analytic solution of the g-
differential-difference equation:

( Aq,a(f) — i)\fa

 f(0) =1

3. The ¢-Dunkl transform .7-"1%’& is defined on L}LO&(RQ) by

O
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where
(1+q¢) ¢
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4. The ¢-Dunkl transform F} is an isomorphism from Sy(RR,) onto itself
and extends uniquely to an isometric isomorphism on ng o(Ry) with:

|75 (Fllg2.a = I fllg2.a-

5.If f € Lé’a(]Rq) such that F™(f) € Léyg(Rq), then the g-inversion
formula holds and we have
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q-Dunkl two-wavelet theory

Definition 1 (g-Dunkl wavelet)
A g-Dunkl wavelet is a square g-integrable function & on R, satisfying
the following admissibility condition
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Definition 2 (g-Dunkl two-wavelet)
Let v and v be in Lg’a(Rq). We say that the pair (u,v) is a q-Dunkl
two-wavelet on R, if for almost all A € R, we have

+00 N ~ d.a
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Definition 3 (The continuous g-wavelet transform)
Let h be a g-Dunkl wavelet on R, in L?]@(Rq). We define the contin-
uous q-wavelet transform associated with the g-Dunkl operator for all

f € L2 o(Ry) by
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where

1 T
ot = a® T (ha) () and ha(2) = s (5> . Vz eR,.

Theorem 1 (Parseval formula)
Let (u,v) be a g-Dunkl two-wavelet. Then for all f and g in Laa(Rq),
there holds
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Theorem 3 (Inversion formula) Let (u,v) be a g-Dunkl two-wavelet.
For all f in Lclljoé(IR{q) such that .F%O‘(f) belongs to Léja(Rq), we have
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Calderon’s type reproducing formula in the
context of the q-Dunkl two-wavelet

Theorem 1 (g-Calderon’s type formula) Let w and v be two g-Dunkl
wavelets in L?]@(]R{q) such that (u, v) is a q-Dunkl two-wavelet, Cq v 7#

0, and ]—"E])’a(u) and qu)’&(v) both belong to L, (R;). Then, for all f in
LCQLO((RQ) and 0 < € < § < o0, the function

0 p,+00
Cq. D dga
fg’(S()\) = = / ng,u (f)(a, x)”a,x(AHx’Q&JrldqxanJrg

belongs to L?]’Q(Rq), and satisfies

lim |0 — f

e—0, 0—00

q,2,00 — 0.

Conclusion

In this paper, using some new elements of g-harmonic analysis related to
the g-Dunkl transform Fg)’a introduced by in [1], we define and study the
g-Dunkl two wavelet and the continuous g-wavelet transform associated
with this g-harmonic analysis. In addition to several properties, we es-
tablish a Plancherel formula and an inversion theorem for this transform.
As applications, we prove a Calderon’s type reproducing formula in the
context of the g-Dunkl two wavelet theory.
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