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Abstract
In this paper, we first construct a suitable Boehmian space on which the

Bessel-Wright transform can be defined and some desired properties are ob-

tained 1n the class of Boehmians. Some convergence results are also estab-
lished.

Introduction and preliminaries

The space of Boehmians i1s constructed using an algebraic approach
that utilizes convolution and approximate 1dentities or delta sequences.
If the construction is applied to a function space and the multiplication
1s interpreted as convolution, the construction yields a space of gener-
alized functions. Those spaces provide a natural setting for extensions
of the Bessel-Wright transtorm newly introduced by Fitouhi et al. [3].
We cite here, as briefly as possible, some facts about harmonic analysis
related to the Bessel-Wright operator A, 5. For more details we refer
to [3].
We consider, on (0, o) the difference differential operator indexed by
two parameters « and (3
d? 2(ax 1d Ao

Bopf(@) = Ty ¢ 2D () 20015y — p(0)). 01
These operators are very important in pure mathematics and especially
in special functions and harmonic analysis. The Bessel-Wright opera-
tor admits as eigenfunction with —\? as eigenvalue the Bessel-Wright
function

. = ., Tla+Dr(B+1) Az 2"
I, A7) = 7;)<_1> Dla+1+n)(B+1+n) ( 2 )  (AeC),

which is even and symmetric in « and 5 and coincides when o = 0 or
B8 = 0 with the normalized Bessel function given by

, e~ n Lla+1 AT
jalAz) = ) (=1) F(n(+;:+)1) ( 2

n=0

>2n, (A e C).

Let Lh, = L5(0,00) denote the class of measurable functions f on
(0, 00) for which || f||5 < oo, where

| flle = (/Ooof(w)pdua(x)y, if p < oo,

I flloo.a = I flloo = €55 supe(o 00y f(2)];
and dua(x) = 22 dz.

The Bessel-Wright transform for f € L}, is defined by

.F(a,ﬁ)<f)<)\) — Co /OOO f($)j@75(A$)dua($) (0.2)

1
20T (a+1)
The following two definitions are needed for our results.

where c, =

Definition 0.1. The Mellin-type convolution product of first kind 1s de-
fined by:

fxgly) = /O b flyz™Ha ™ g(z)dw. (0.3)

Definition 0.2. Let o > —% and f,g € L'(0,00).Then we define the
product ® of f and ¢ by the integral

0. @)
Fog) = [ futtual) 04)
By using (0.3) and (0.4), we get the following proposition:

Proposition 0.1. Let f, g, and h be integrable functions in L'(0, co)
and let y > 0. Then

f@gxh)y)=(f®g)h(y)
Proposition 0.2. The Bessel-Wright transform JF, (a, 5)is a bounded lin-

ear operator from L}X to Cy.

Generated Spaces of Boehmians

The class of Boehmians was introduced to generalize regular operators
[2]. The minimal structure necessary for the abstract construction of
Boehmian spaces consists of the following elements:

1. A topological vector space a
ii. A commutative semigroup (b, e)

111. An operation x : a X b — a such that, for each z € a and
S1,89 € b,
T * (5] @89) = (x*87)* s9.

iv. A collection A C bY such that:

a.ifx,y € a,(sp) € A, x es, =1yes,forall n, then x = y;

b.if (sy), (tn) € A, then (s, e t,) € A.
The elements of A are called delta sequences. Denote by () the
set

Q) = {(ana 5n) L Ip € a, <5n) E N, TpxSy = Tm*xSpVm, n € N}.

If (xn,Sn), (Yn,tn) € Q,Tn *tym = Yym * sSpVm,n € N, then we say
that (z,, sn) ~ (yn,tn) . The relation ~ is an equivalence relation in
(). The space of equivalence classes in () is denoted by 5. The ele-
ments of *5 are called Boehmians.

Between a and ‘B, there is a canonical embedding expressed as

R T * Sp
/4 o

Sn
The operation x is extended to 5 x b as follows:

If [@} € ‘B and ¢ € b, then {%} * ¢ = {(@*ﬂ .

(50) y

We establish the following technical result.
Lemma 0.1. Let f € L (0, 00) and v € D(0,00). Then

Flap)f X 0)N) = (Fapf @ U)N).

The spaces generated here are the space 51 = %1@(1)47 (D, x), x,A)
and the space By = Bo(LL, (D, x),®, A). We denote by A, the set of
delta sequences (d,,) of D(0, co) with the following properties:

/OO on(x)dr =1, (0.5)
0

/OO 0n(x)|de < m, (0.6)
0

where m 1s a positive real number

supp op(x) — 1, as n — oo. (0.7)

Let us now establish that 5 is a Boehmian space. We prefer to omit
the proof for ‘55 as its details are simlar.

Theorem 0.1. Ler f € LL(0,00), v € D(0,00) and o > —%. Then

f x4 € Ly (0,00)

Theorem 0.2. Let f € L (0, 00) and ¥1, 15 € D(0,0), a > —%.Then
i f X (Y1 +102) = [ X 1+ f X 4y,

ii. fx (1 X b)) = (f X P1) X (¢2),

ifi. (Af) X 1= Af x 1) = f x (Ap1),A €C

Theorem 0.3.Let f, — f € L.(0,00) as n — oo and let ¢ €

D(0,00), a > —%. Then

faxYy—fxXYas n— o0

in L1 (0, 00).
Theorem 0.4. Let f € L. (0,00) and let (6,) € A, o > —%. Then

fxXop— fasn — o0

in L1 (0, 00).
A sequence of Boehmians ((;,) in B is said to be ¢ convergent to a

Boehmian ¢ in ‘5 denoted by (,, £> (, if there exists a delta-sequence
(0y,) such that

(Cn X 0p), (€ % 83) € Ly, Vhk,n €N,

and
(Cn X 0p) — (( X 01.) asn — oo, in Lé, VEk € N.

A sequence of Boehmians ((;,) in 28 is said to be A convergent to a

Boehmian ¢ in ®51 denoted by (, i (, if there exists a delta-sequence
(6,) € A such that (¢, — ) x 6, € L, Vn € Nand (¢, — ¢) X 6, — 0
asn — oo in L.

Similarly, the following theorems generate the Boehmian space ‘5».

Theorem 0.5. Let f € L. (0,00) and ) € D(0,00). Then f @ 1) €
LL(0,00).
Theorem 0.6. Ler f € L. (0,00) and 11,19 € D(0, 00). Then

L f @Y1+ o) = @Y1+ f @,

ii. (M) @Y1=AMf@¢1)=f @ (M), AeC.

Theorem 0.7. For f € L (0, 00) and 11,15 € D(0,00), the following
relation is true:

f® (W1 x ) = (f @11) @ 9o.
Theorem 0.8. i.Let f, — f in LL(0,00) as n — oo and let
Y € D(0,00). Then fr, @ ¢ — f ® 1 asn — oo.

ii. Let f, — fin LL(0,00) and let (6,) € A.Then f, ® 6, — f as
n — oo.

The Bessel-Wright Transform of a Boehmian

Let ( € By and ( = [g”;] Then, for every a@ > —% we define the

generalized Bessel—WrighT{ transform of ¢ as follows:

m(E)- [ e

Theorem 0.9. F g eﬁ is an isomorphism from *B 1 into *B-.
In addition, we now deduce the formula of extension of x to *B; as

follows:
(2] o) (4]

It can be proved as follows: By virtue of (0.8) we can write

s ([ o) - (|2 )

Hence, Lemma 0.1 gives

2 ([25)) - ([Z])

The definition of the product X implie_:s that
- ge _
o ([(fn)] ) ¢> _{[Vapin)
o (wn) I (wn) |
Thus, it follows from relation (0.8) that

2 (]-) - ()=
“ (wn) @ (wn)
Hence, 1t 1s now possible to conclude that

([ 1) -

Theorem 0.10. fge . B — By is continuous with respect to the
0—convergence and AN—convergence.

X Q.
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