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Dedicate

Dedicated to the memory of my dear daughter Joumana-Daher

At just 15 years of age a beautiful soul in Joumana-Daher (called
also VAEDEHI) passed on May 26, 2020.
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An Epilog

This is joint work with my PhD student, Mr. Othman Tyr of
University Hassan Il in Casablanca. In this short talk, | will
describe some results in his PhD dissertation. | have chosen:
@ g-Analog of Titchmarsh's theorems [8].
@ g-Version of equivalence theorem between a K-functional and
modulus of smoothness [9].

@ g-Approximation theory "direct and inverse theorems for
Jackson" [10].
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Summary

@ Introduction

@ Preliminaries and notations used in g-theory
@ Notations used in g-theory
@ The g-Jackson integrals and g-derivatives
@ The Rubin’s g-differential operator
e g-Harmonic analysis associated with the g-Dunkl operator
@ The g-Dunkl operator
@ The g-Dunkl transform
@ The generalized g-Dunkl translation operator

@ Our news results in the g-Dunkl analysis on Rq
@ g-Titchmarsh's theorem
@ g-Direct and g-inverse theorem of Jackson
@ g-Equivalence theorem between a K-functional and modulus
of smoothness
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Introduction

Introduction

o Lipschitz condition
Lipr(c, p) = {f € LP(R) : ||7of — f|p = O(h®),as h — 0}

where 7,f = f(. + h) is the usual translation and 0 < o < 1.
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Introduction

Introduction

o Lipschitz condition
Lipr(c, p) = {f € LP(R) : ||7of — f|p = O(h®),as h — 0}

where 7,f = f(. + h) is the usual translation and 0 < o < 1.

@ In 1937, Titchmarsh characterized the set of functions in
LP(RR) satisfying the estimate, namely we have

Theorem A (E.C. Titchmarsh, Theorem 84)

Let 0 < o <1 and assume that f € LP(R). If f € Lipr(c, p), then
its Fourier transform f belong to L?(R) for
p <g< P

pt+ap—1 ~p—1
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Introduction

Introduction

@ Cas p = 2. Titchmarsh characterized also the set of functions
in L2(R) satisfying the Lipschitz condition by means of an
asymptotic estimate growth of the norm of their Fourier
transform, namely we have
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Introduction

Introduction

@ Cas p = 2. Titchmarsh characterized also the set of functions
in L2(R) satisfying the Lipschitz condition by means of an
asymptotic estimate growth of the norm of their Fourier
transform, namely we have

Theorem B (E.C. Titchmarsh, Theorem 85)

Let @ € (0,1) and assume that f € L2(R). Then, the following
statement are equivalents:

(i) f € Lipg(a,2),

(ii) /|A2N|f(>\)| dA=O(N"2) as N — oo,

where f stands for the classical Fourier transform of f.
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Introduction

Introduction

@ In 1974, M.S. Younis studied in his PhD Thesis, theorems A
and B on compact groups.
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Introduction

@ The roots of the approximation theory go back to the theorem
discovered by K. Weierstrass in 1885. In 1911, Jackson gave a
simple and elegant proof of the Weierstrass Theorem. He
found what's called Jackson's direct inequality. In 1912,
Bernstein also proved the inverse of Jackson's inequality in
some special cases.
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Introduction

@ Modulus of smoothness play a basic role in approximation
theory. For a given a positive real number § and a positive
integer m, the classical modulus of smoothness is defined for a

function f € L2(R) by
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@ Modulus of smoothness play a basic role in approximation
theory. For a given a positive real number § and a positive
integer m, the classical modulus of smoothness is defined for a
function f € L2(R) by

wm(f,0) = sup ||AFf]2,
0<h<6

where
APf = (mh — E)™f,

E being the unit operator in L2(R) and 7, stands for the usual
translation operator given by 7,f(x) = f(x + h).
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Introduction

@ Modulus of smoothness play a basic role in approximation
theory. For a given a positive real number § and a positive
integer m, the classical modulus of smoothness is defined for a
function f € L2(R) by

wm(f,0) = sup ||AFf]2,
0<h<é
where
APf = (mh — E)™f,

E being the unit operator in L2(R) and 7, stands for the usual
translation operator given by 7,f(x) = f(x + h).

@ The modulus of smoothness are the main elements of the
direct and inverse theorems of approximation theory.
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Introduction

An outstanding result of the theory of approximation of functions
on R, which establishes the equivalence between modulus of
smoothness and K-functionals, can be formulated as follows:
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Theorem C (P.L. Butzer and H. Behrens 1967)

There are two positive constants C; and (5 such that for all
f € L2(R) and 6 > 0, we have
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Introduction

An outstanding result of the theory of approximation of functions
on R, which establishes the equivalence between modulus of
smoothness and K-functionals, can be formulated as follows:

Theorem C (P.L. Butzer and H. Behrens 1967)

There are two positive constants C; and (5 such that for all
f € L2(R) and 6 > 0, we have

Gwm(f,0) < Kn(f,0™) < Guwm(f, ).

where Kp,(f,0) is the classical K-functional introduced in 1963 by
J. Peetre, defined by

Km(f,0) = inf{||f — gll2 + 0|[D"gl|2; & € Wy},
with W17 be the Sobolev space constructed by the operator

_d
D—E-
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Introduction

Our objective

The aim of this talk is to extend these results: "Titchmarsh's
theorems 84 and 85", " Jackson's direct and inverse theorems" and
"Equivalence theorem between a K-functional and modulus of
smoothness" to the g-harmonic analysis associated with the
g-Dunkl operator introduced by N. Bettaibi and al. in 2007.
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Preliminaries and notations used in g-theory Notations used in g-theory
The g-Jackson integrals and g-derivatives

The Rubin's g-differential operator

Throughout this presentation we will fix 0 < g < 1.
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Preliminaries and notations used in g-theory Notations used in g-theory

The g-Jackson integrals and g-derivatives
The Rubin's g-differential operator

Throughout this presentation we will fix 0 < g < 1.
We introduce the following sets
o Ry ={*q",ncZ}, RY ={q",n € Z} and R, = R, U {0}.
@ For all a € C, the g-Pochhammer symbols, also called the
g-shifted factorials are defined by:
n—1

(a:9)0=1, (&9)n= H(l —aq'), n=1,2,....
1=0

@ We denote

[x]g = 11—_61;7 x€C, [n]g!= kl;[l[k]q = ((1617—62;"7

neN.
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Preliminaries and notations used in g-theory Notations used in g-theory

The g-Jackson integrals and g-derivatives
The Rubin's g-differential operator

Throughout this presentation we will fix 0 < g < 1.
We introduce the following sets
o Ry ={*q",ncZ}, RY ={q",n € Z} and R, = R, U {0}.
@ For all a € C, the g-Pochhammer symbols, also called the
g-shifted factorials are defined by:

n—1
(@q)o=1 (aq)a=[[(1-a¢"), n=1,2,..
=0
@ We denote
1-q 2 (9,9)n
[X]q: 1_q7 XEC) [n]qlzg[k]q:m7 neN.

The g-gamma function is given by

Mg(x) = m:o(l — ), x#£0,-1,-2,.....
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Preliminaries and notations used in g-theory Notations used in g-theory
The g-Jackson integrals and g-derivatives

The Rubin's g-differential operator

@ The g-Jackson integrals are defined by

a +OO
/0 F(x)dgx = (1= q)a ¥ q"F(aq"),
n=0

+00 oo
| fdx=(1=a) 3 aF(a")

n=—oo

+00 +oo
[ fdex=(-a) X a"IF(a") + F(-q")]

- n=—o00
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Preliminaries and notations used in g-theory Notations used in g-theory

The g-Jackson integrals and g-derivatives
The Rubin's g-differential operator

@ The g-Jackson integrals are defined by

a +OO
/0 F(x)dgx = (1= q)a ¥ q"F(aq"),
n=0

+00 oo
| fdx=(1=a) 3 aF(a")

N . n=—o00
| fdex = (1=a) 3 4" [(a") + F(=a)].

o The g-derivatives D,f and D/ f, are also known as the
Jackson derivatives are defined by

f(x) — f(gx) f(g—'x) — f(x)
(1-gx ’ (1-g)x
D,f(0) = f'(0) and DFf(0) = g 1f(0) provided f'(0) exists.

39/79
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Preliminaries and notations used in g-theory Notations used in g-theory
The g-Jackson integrals and g-derivatives

The Rubin’s g-differential operator

e The Rubin's g-differential operator is defined in by
f(g~'x) + F(—q~'x) — f(gx) + f(—gx) — 2f(—x)

if 0
Dgf (x) = 2(1—g)x fx 70,
Iimoaqf(x), (in Rq) if x =0.

x—
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Preliminaries and notations used in g-theory Notations used in g-theory
The g-Jackson integrals and g-derivatives

The Rubin’s g-differential operator

e The Rubin's g-differential operator is defined in by
f(g~'x) + F(—q~'x) — f(gx) + f(—gx) — 2f(—x)

if 0
Dgf (x) = 2(1—g)x fx 70,
Iimoaqf(x), (in Rq) if x =0.

x—

Remark that if f is differentiable at x, then Iimlaqf(x) = f'(x).
q—
We can see that

Oqf (x) = D;fe(x) + Dgfo(x).
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Preliminaries and notations used in g-theory

g-derivatives
perator

e The Rubin's g-differential operator is defined in by

flaix) + F(=g7x) — F(ax) + A=) = 2F(=x) e g
Oqf (x) = 2(1—g)x ’
)I(i_r)noaqf(x), (in Rq) if x =0.

Remark that if f is differentiable at x, then Iimlaqf(x) = f'(x).
q—

We can see that

Oqf (x) D;fe(x) + Dgfo(x).

e We denote by L5 +(Ry), p € [1,+00], the set of all real functions
on R, for which

+o0 1/p
(/ |f(x)|p|x|20‘+1dqx) < +oo if 1< p< oo,

e;ssup\f(x)| < 400 if p=+o0.
x€Rq

I

‘q,p,a =
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The g-Dunkl operator
g-Harmonic analysis associated with the g-Dunkl operator The g-Dunkl transform

The generalized g-Dunkl translation operator

e Fora > —%, the g-Dunkl operator is defined by

Aga(F)(x) = Og[Haa(FI(x) + [20 + 1]qf(x);xf(—x)7
where

Hoo [ =fot fors fot g?OT,.
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The g-Dunkl operator
g-Harmonic analysis associated with the g-Dunkl operator The g-Dunkl transform

The generalized g-Dunkl translation operator

e Fora > —%, the g-Dunkl operator is defined by

Aga(F)(x) = Bg[Haa(FI(x) + 20 + 1]qf(x);xf(—x)7

where

Hoa: f=fotfors fot gL,

o Note that if a = —1, Ag o = 95
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The g-Dunkl operator
g-Harmonic analysis associated with the g-Dunkl operator The g-Dunkl transform

The generalized g-Dunkl translation operator

e Fora > —%, the g-Dunkl operator is defined by

Aga(F)(x) = Og[Haa(FI(x) + [20 + 1]qf(x);xf(—x)7
where

Hoa: f=fotfors fot gL,

o Note that if a = —1, Ag o = 95
o The g-differential-difference equation:
Ngo(f) =iXf, f(0)=1.
has as unique solution, the function W, ,(\.) defined by
iAx
Vg a(Ax) = ja(Ax, 67) + e jar1(AX, G2), R
q.a(AX) = Jja(Ax, q )+[2a+2]q1 +1(Ax,q%),  x € Ry,
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The g-Dunkl operator
g-Harmonic analysis associated with the g-Dunkl operator The g-Dunkl transform

The generalized g-Dunkl translation operator

where j,(., g?) is the normalized third Jackson's g-Bessel function

given by
. 0 . Te(a+1)g ) x \2"
Il @) = 2 () 1 (1 )
s qz(a—i—n—|— ) q2(n+ ) +q
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The g-Dunkl operator
g-Harmonic analysis associated with the g-Dunkl operator The g-Dunkl transform

The generalized q-Dunkl translation operator

where j,(., g?) is the normalized third Jackson's g-Bessel function
given by

Ja(x q2) - i(_l)n rq2(04+ l)qn(nJrl) < X )2n
alX, s rqg(a+n+1)rq2(n+1) 14+gqg

The function W, o(A.) admits the following properties.
Theorem 1 (N. Bettaibi, 2007)

i) Forall \,x € R, W ,(Ax) = Wga(—Ax).

i) Forall \,x € R, AgaWVga(Ax) = iAWqq(Ax).

i) If = —3, then Wq,(\x) = e(ix, ¢°).

iv) Forall A € Rq, Vg 4(A.) is bounded on @q and we have

Wga(Ax)] < Vx € R,

4
(9,9)0’
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The g-Dunkl operator
g-Harmonic analysis associated with the g-Dunkl operator The g-Dunkl transform
The generalized g-Dunkl translation operator

Definition 1 (N. Bettaibi 2007)

The g-Dunkl transform F3“ is defined on L}, ,(R,) by

FE(F)N) = Cqa / F(X)Wq.a(—Ax)|x[2H dgx, VA € Ry,

(14+q)“

where Cooq = ————.
P A p(a+1)
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The g-Dunkl operator
g-Harmonic analysis associated with the g-Dunkl operator The g-Dunkl transform
The generalized q-Dunkl translation operator

Definition 1 (N. Bettaibi 2007)
The g-Dunkl transform F3“ is defined on L}, ,(R,) by

FE(F)N) = Cqa / F(X)Wq.a(—Ax)|x[2H dgx, VA € Ry,

(14+q)“

where Cooq = ————.
P A p(a+1)

It satisfies the following properties:
o Ifa=-1/2, ]-“g’o‘ is the q2-ana|ogue Fourier transform

f(., q2) given by

L) = (21r+2("1))2 /_O:o F(x)e(—idx, ¢%)dyx.
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The g-Dunkl operator
g-Harmonic analysis associated with the g-Dunkl operator The g-Dunkl transform
The generalized q-Dunkl translation operator

Definition 1 (N. Bettaibi 2007)
The g-Dunkl transform F3“ is defined on L}, ,(R,) by

FE(F)N) = Cqa / F(X)Wq.a(—Ax)|x[2H dgx, VA € Ry,

P A p(a+1)
It satisfies the following properties:
o If a=—1/2, F} is the g*>-analogue Fourier transform
(., q?) given by
~ (1
f(\q°) = —|—q ) / e(—iXx,q )d

e On the even functions space, F5* coincides with the g-Bessel
5

M o
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The g-Dunkl operator
g-Harmonic analysis associated with the g-Dunkl operator The g-Dunkl transform

The generalized g-Dunkl translation operator

e L! — [*°-boundedness:
For all f € L} ,(Rq), we have F3°(f) € L3, (R,) and

4c
IFZ(F)lgo0 < 72 llg,1.0-
(9,9)
b oo
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The g-Dunkl operator
The g-Dunkl transform

The generalized g-Dunkl translation operator

g-Harmonic analysis associated with the g-Dunkl operator

e L! — [*°-boundedness:
For all f € L} ,(Rq), we have F3°(f) € L3, (R,) and
4cga

‘Fq@ f u)g f lLa-
IFp" (F)lla, (q,q)oo” llq.1,

e Riemann-Lebesque Lemma:
For all f € L}W(Rq), we have
lim FA(f)(\) =0.

[A| =00
AER,
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g-Harmonic analysis associated with the g-Dunkl operator The g-Dunkl transform

The generalized g-Dunkl translation operator

e L! — [*°-boundedness:
For all f € L} ,(Rq), we have F3°(f) € L3, (R,) and

4c
IF5* (Fllg,0 < € ;)a [ f1lq,1,a-
b oo

e Riemann-Lebesque Lemma:
For all f € L}W(Rq), we have
lim FA(f)(\) =0.

[A| =00
AER,

e ¢-Plancherel formula:
The g-Dunkl transform F* is an isomorphism from L2 ,(Rg)
(resp. Sq(IRq)) onto itself and satisfies the following
g-Plancherel formula:

IF5(A)llq2a = [flgza forall feLg,(Rg).
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The generalized g-Dunkl translation operator

e g-Inversion formula:
Let f be a function in L} ,(R,), such that 7*(f) belongs to
Lé’a(Rq). Then

) = oo | FEONANVaalWAPTdo
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g-Harmonic analysis associated with the g-Dunkl operator The g-Dunkl transform

The generalized q-Dunkl translation operator

e g-Inversion formula:
Let f be a function in L} ,(R,), such that 7*(f) belongs to
L:;,’a(]Rq). Then

f(x) = cqa /_ N FEAEY AW ga(A) AP N

Proposition 1 (g-Hausdorff Young inequality)

Let f € LBo(Ry), p > 1, then FIY(F) € LA 4(Ry). If 1< p <2,
then

IFE*(Olla.pra < Collfllg.p.a

2_1
c — < 4Cq,a )P
(9, @)oo
is a positive constant and the numbers p and p’ above are
conjugate exponents: 55 /79

where




The g-Dunkl operator
g-Harmonic analysis associated with the g-Dunkl operator The g-Dunkl transform
The generalized g-Dunkl translation operator

The generalized g-Dunkl translation operator is defined for
fel2,(Rg) and x,h € Ry by

Ty (F)(x) = Cq,a/_ F5H(F)AN)Vq.a(Ax)Waa(An) AT dgA,

TSF) = f.
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g-Harmonic analysis associated with the g-Dunkl operator The g-Dunkl transform

The generalized g-Dunkl translation operator

It satisfies the following properties.
Theorem 2 (N. Bettaibi 2010)
i) For all x, h € Rq, we have T%(f)(x) = T"°(f)(h).

i) If f e L2 ,(Rq), (resp. Sq(Ry)) then T (f) € L7 ,(Rq)
(resp. Sg(Rq)) and we have

4
T(f o < —|fllg2a, VheR,.
[ TH " (F)llq.2, (@.0)~ 1lg.2, q
iii) For all x, h, A € Rq, we have
Tﬁ’a(wq,a()‘-))(x) = Vg,a(AX)Wga(Ah).

iv) For f € Lf,}a(]Rq) and x, h € Rq, we have

FEHTI)AN) = Vq a(AR)FH(F)(N).
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g-Titchmarsh’s theorem
g-Direct and g-inverse theorem of Jackson
Our news results in the g-Dunkl analysis on Ry g-Equivalence theorem between a K-functional and modulus of sm

Lemma 1:

The following inequalities are fulfilled:
i) For all x € Ry, there exist a constant C > 0 such that

11— V()] < Clxl

i) The inequality
1= Vga(x)| =c

is true with x > 1, x € Rq, where ¢ > 0 is a certain constant.
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Lemma 1:

The following inequalities are fulfilled:
i) For all x € Ry, there exist a constant C > 0 such that

11— V()] < Clxl

i) The inequality
1= Vga(x)| =c

is true with x > 1, x € Rq, where ¢ > 0 is a certain constant.

Definition 3:

Let 0 < § < 1. A function f € L§ o(R,), p > 1 is said to be in the
g-Dunkl-Lipschitz class, denoted by q-DLip(9, p, @), if

| TEF — fllgpa = O(R’), ash— 0.
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g-Titchmarsh’s theorem

g-Direct and g-inverse theorem of Jackson
Our news results in the g-Dunkl analysis on Ry g-Equivalence theorem between a K-functional and modulus of sm

e g-version of Theorem A (Titchmarsh's theorem 84)

Theorem 1: (R. Daher and O. Tyr 2020)

Let f belongs to L5 (Ry), 1 < p <2 and let f also belongs to
q-DLip(d, p, ). Then FL*(f) belongs to Lga(Rq), where

2pa+ 2p p
<pB<p =—.
2p+2a(p—1)+dp—2 fsp p—1
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e g-version of Theorem A (Titchmarsh's theorem 84)

Theorem 1: (R. Daher and O. Tyr 2020)

Let f belongs to L5 (Ry), 1 < p <2 and let f also belongs to
q-DLip(d, p, ). Then FL*(f) belongs to Lga(Rq), where

2pa+ 2p
2p+2a(p—1)+dp—2

_P
p—1

<p<p =

e g-version of Theorem B (Titchmarsh's theorem 85)

Theorem 2: (R. Daher and O. Tyr 2020)

Let 0 < & < 1 and assume that f € L2 ,(Rg). Then the following
statement are equivalents:

(1) f € g-DLip(5,2, ).
@) [ IFEOOIPAR A = 0 ), as r— oo,
[Al=r

6179




g-Titchmarsh's theorem
g-Direct and g-inverse theorem of Jackson

Our news results in the g-Dunkl analysis on Ry g-Equivalence theorem between a K-functional and modulus of sm

o We define the generalized modulus of smoothness
w,(,?)(f, 8)q,2 of order m in the space L2 ,(Rq) by the formula

wl(‘l?)(f75)q72 = sup ||Ahmf||q,2,a7 60>0,f¢€ Lia(RQ)v
0<h<é ’

where
AFF(x) = (T = NMF(x).
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o We define the generalized modulus of smoothness
w,(,?)(f, 8)q,2 of order m in the space L2 ,(Rq) by the formula

wl(‘l?)(f75)q72 = sup ||Ahmf||q,2,a7 60>0,f¢€ Lia(RQ)v
0<h<é ’

where
AFF(x) = (T = NMF(x).

@ The Sobolev space W', ,(Ry) constructed by A, is defined
by
Wi o(Rg) = {f € L3 ,(Rg) : N, f€L5 (Ry), j=1,2,...,m},

where
0 f=f MNa.f=A qa(/\ of), j=1,2,....m
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Definition 1:

A function f € L2 ,(Rg) is called a function with bounded
spectrum of order o > 0 if FA“f(\) = 0 for |A\| > o. The set of

all such functions is denoted by I,g?é,).
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Definition 1:

A function f € L2 ,(Rg) is called a function with bounded

spectrum of order o > 0 if FA“f(A) =0 for || > 0. The set of

all such functions is denoted by I,g?é,).

| \

Definition 2:
The best approximation of a function f € Lg,a(Rq) by functions in

I((f‘g is the quantity

Er(flazai=inf |If —gllgza:
g [e3

q,0

A
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e g-version of Jackson's direct theorem:

Theorem 1: (R. Daher and O. Tyr 2020)

Let f € L2 ,(Rq), m € N, then the following inequality holds for
any o > 0O:

Ea(f)q,2,a < Clwg?)(fv 1/U)q,2a (1)

where c¢j is a positive constant.
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e g-version of Jackson's direct theorem:

Theorem 1: (R. Daher and O. Tyr 2020)

Let f € L2 ,(Rq), m € N, then the following inequality holds for
any o > 0:

Ea(f)q,2,a < Clwfﬁé)(f, ]-/U)q,2a (1)

where c¢j is a positive constant.

Theorem 2: (R. Daher and O. Tyr 2020)

Assume that f,Ag of, ...,/\g’af, d € N, belong to Lfm(Rq), where
NAg,o is the g-Dunkl operator. Then

E,(f)g2a < cza—dwﬁg)(/\g”af, 1/0)q2,

where ¢ is a positive constant.
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e g-version of Bernstein's Theorem

For f € I&q’g) and s € N, we have the inequality

INgafllg2a < °[Ifllg2a-
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e g-version of Bernstein's Theorem

For f € I&q’g) and s € N, we have the inequality

INgafl

g2.a < 0°||f]

q,2,a-

e g-version of Jackson's inverse theorems

Theorem 4: (R. Daher and O. Tyr 2020)

For every function f € L2 ,(Rq) and every n € N*, we have

1 G . m—
om (Fi7) <230+ )™ E(faza,
N/ g2 nmj:O

where ¢3 = c3(m, «, q) is a positive constant.
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Theorem 5: (R. Daher and O. Tyr 2020)
Suppose that f € L2 ,(Rq) and

Z./ _] q,2oz<OO

Then f € W, ,(Ry) and for every n € N* and we have

1
k A fa )
( T q,2,a

n

1 ] m— A .m—
<K |20+ E(gza+ Y /" E(faza |,
=0 Jj=n+1

where K = K(k, a, q) is a positive constant.

70/79



g-Titchmarsh's theorem
g-Direct and g-inverse theorem of Jackson

Our news results in the g-Dunkl analysis on Ry g-Equivalence theorem between a K-functional and modulus of smc

Definition 1:

The K-functional constructed by the spaces L2 ,(Rq) and

Wy o(Rq) is defined by

K (f,(5, L?],Q(RQLW(TZQ(RQ))
= inf {|If — gllz5 + 6lAT8ll208 & € Wiha(Re) )

where f € L2 ,(Rq) and § > 0.
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Definition 1:

The K-functional constructed by the spaces L2 ,(Rq) and

Wy o(Rq) is defined by

K (f,(5, L?],Q(RQLW(TZQ(RQ))
= inf {|If — gllz5 + 6lAT8ll208 & € Wiha(Re) )

where f € L2 ,(Rq) and § > 0.

@ For brevity, we denote

KE(F,8)q2 = K (£,0,12 ,(Rq), Wi, 1 (Rq) ) -
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Theorem 1: (R. Daher and O. Tyr 2020)

There are two positive constants C; and C such that

C(f,8)q2 < KII(F,0™)q2 < Gwi(f,8)q.0,

for all f € L2 ,(Rq) and & > 0.
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