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Dedicate

Dedicated to the memory of my dear daughter Joumana-Daher
At just 15 years of age a beautiful soul in Joumana-Daher (called
also VAEDEHI) passed on May 26, 2020.
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An Epilog

This is joint work with my PhD student, Mr. Othman Tyr of
University Hassan II in Casablanca. In this short talk, I will
describe some results in his PhD dissertation. I have chosen:

q-Analog of Titchmarsh’s theorems [8].
q-Version of equivalence theorem between a K-functional and
modulus of smoothness [9].
q-Approximation theory "direct and inverse theorems for
Jackson" [10].
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Summary
1 Introduction
2 Preliminaries and notations used in q-theory

Notations used in q-theory
The q-Jackson integrals and q-derivatives
The Rubin’s q-differential operator

3 q-Harmonic analysis associated with the q-Dunkl operator
The q-Dunkl operator
The q-Dunkl transform
The generalized q-Dunkl translation operator

4 Our news results in the q-Dunkl analysis on Rq
q-Titchmarsh’s theorem
q-Direct and q-inverse theorem of Jackson
q-Equivalence theorem between a K-functional and modulus
of smoothness
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Introduction

Lipschitz condition

LipR(α, p) = {f ∈ Lp(R) : ‖τhf − f ‖p = O(hα), as h→ 0}

where τhf = f (.+ h) is the usual translation and 0 < α ≤ 1.

In 1937, Titchmarsh characterized the set of functions in
Lp(R) satisfying the estimate, namely we have

Theorem A (E.C. Titchmarsh, Theorem 84)
Let 0 < α ≤ 1 and assume that f ∈ Lp(R). If f ∈ LipR(α, p), then
its Fourier transform f̂ belong to Lβ(R) for

p
p + αp − 1 < β ≤ p

p − 1 .
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Introduction

Cas p = 2. Titchmarsh characterized also the set of functions
in L2(R) satisfying the Lipschitz condition by means of an
asymptotic estimate growth of the norm of their Fourier
transform, namely we have

Theorem B (E.C. Titchmarsh, Theorem 85)
Let α ∈ (0, 1) and assume that f ∈ L2(R). Then, the following
statement are equivalents:
(i) f ∈ LipR(α, 2),

(ii)
∫
|λ|≥N

|f̂ (λ)|2dλ = O(N−2α) as N →∞,

where f̂ stands for the classical Fourier transform of f .
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Introduction
In 1974, M.S. Younis studied in his PhD Thesis, theorems A
and B on compact groups.

In 1986, M.S. Younis replaced O(hα) by Younis-Dini-Lipschitz
condition O

(
hα(log( 1

|h|))δ
)
as h→ 0.

These theorems A and B have recently been extended to:
N.C.S.S of rank 1 Th B [2005] (S.S. Platonov)
N.C.S.S of rank one [2016], Th A, Younis-Dini-Lipschitz
(Daher-El Ouadih)
NA-group (Damek-Ricci spaces), (Daher-El ouadih)
Bessel Hypergroup [2012] (Daher-El Hamma)
Dunkl and Jacobi-Dunkl setting [2012-2015] (Daher et Al.)
Compact homogeneous manifolds [2019]
(Daher-Ruzhansky-Delgado)
Daher-El ouadih [2017]. Th B for Fourier Jacobi expansion.
....etc.
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The roots of the approximation theory go back to the theorem
discovered by K. Weierstrass in 1885. In 1911, Jackson gave a
simple and elegant proof of the Weierstrass Theorem. He
found what’s called Jackson’s direct inequality. In 1912,
Bernstein also proved the inverse of Jackson’s inequality in
some special cases.

These direct and inverse theorems could be extended to other
settings as:
N.C.S.S of rank one [2019]. (Daher-El Ouadih)
Dunkl setting (multidimensional case) [2017] (Daher-El
ouadih)
q-Bessel setting [2018] (Daher-El ouadih)
By partial sums of Fourier-Jacobi series [2016] (Daher-El
ouadih)
In Jacobi setting [2019] (Daher-El Hamma)
.....etc.
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Modulus of smoothness play a basic role in approximation
theory. For a given a positive real number δ and a positive
integer m, the classical modulus of smoothness is defined for a
function f ∈ L2(R) by

ωm(f , δ) = sup
0<h≤δ

‖∆m
h f ‖2,

where
∆m

h f = (τh − E )mf ,

E being the unit operator in L2(R) and τh stands for the usual
translation operator given by τhf (x) = f (x + h).
The modulus of smoothness are the main elements of the
direct and inverse theorems of approximation theory.
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An outstanding result of the theory of approximation of functions
on R, which establishes the equivalence between modulus of
smoothness and K -functionals, can be formulated as follows:

Theorem C (P.L. Butzer and H. Behrens 1967)
There are two positive constants C1 and C2 such that for all
f ∈ L2(R) and δ > 0, we have

C1ωm(f , δ) ≤ Km(f , δm) ≤ C2ωm(f , δ).

where Km(f , δ) is the classical K-functional introduced in 1963 by
J. Peetre, defined by

Km(f , δ) = inf{‖f − g‖2 + δ‖Dmg‖2; g ∈ Wm
2 },

with Wm
2 be the Sobolev space constructed by the operator

D = d
dx .
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Our objective
The aim of this talk is to extend these results: "Titchmarsh’s
theorems 84 and 85", " Jackson’s direct and inverse theorems" and
"Equivalence theorem between a K-functional and modulus of
smoothness" to the q-harmonic analysis associated with the
q-Dunkl operator introduced by N. Bettaibi and al. in 2007.
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Notations used in q-theory
The q-Jackson integrals and q-derivatives
The Rubin’s q-differential operator

Throughout this presentation we will fix 0 < q < 1.

We introduce the following sets
Rq = {±qn, n ∈ Z}, R+

q = {qn, n ∈ Z} and R̃q = Rq ∪ {0}.
For all a ∈ C, the q-Pochhammer symbols, also called the
q-shifted factorials are defined by:

(a; q)0 = 1, (a; q)n =
n−1∏
l=0

(1− aql ), n = 1, 2, ....

We denote

[x ]q = 1− qx

1− q , x ∈ C, [n]q! =
n∏

k=1
[k]q = (q, q)n

(1− q)n , n ∈ N.

The q-gamma function is given by

Γq(x) = (q, q)∞
(qx , q)∞

(1− q)1−x , x 6= 0,−1,−2, .....
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The q-Jackson integrals are defined by∫ a

0
f (x)dqx = (1− q)a

+∞∑
n=0

qnf (aqn),

∫ +∞

0
f (x)dqx = (1− q)

+∞∑
n=−∞

qnf (qn),

∫ +∞

−∞
f (x)dqx = (1− q)

+∞∑
n=−∞

qn [f (qn) + f (−qn) ].

The q-derivatives Dqf and D+
q f , are also known as the

Jackson derivatives are defined by

Dqf (x) = f (x)− f (qx)
(1− q)x , D+

q f (x) = f (q−1x)− f (x)
(1− q)x if x 6= 0,

Dqf (0) = f ′(0) and D+
q f (0) = q−1f ′(0) provided f ′(0) exists.
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Notations used in q-theory
The q-Jackson integrals and q-derivatives
The Rubin’s q-differential operator

• The Rubin’s q-differential operator is defined in by

∂qf (x) =


f (q−1x) + f (−q−1x)− f (qx) + f (−qx)− 2f (−x)

2(1− q)x if x 6= 0,

lim
x→0

∂qf (x), (in Rq) if x = 0.

Remark that if f is differentiable at x , then lim
q→1

∂qf (x) = f ′(x).
We can see that

∂qf (x) = D+
q fe(x) +Dqfo(x).

• We denote by Lp
q,α(Rq), p ∈ [1,+∞], the set of all real functions

on Rq for which

‖f ‖q,p,α =


(∫ +∞

−∞
|f (x)|p|x |2α+1dqx

)1/p
< +∞ if 1 ≤ p < +∞,

ess sup
x∈Rq

|f (x)| < +∞ if p = +∞.
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The q-Dunkl operator
The q-Dunkl transform
The generalized q-Dunkl translation operator

For α ≥ −1
2 , the q-Dunkl operator is defined by

Λq,α(f )(x) = ∂q[Hq,α(f )](x) + [2α + 1]q
f (x)− f (−x)

2x ,

where

Hq,α : f = fe + fo 7→ fe + q2α+1fo.

Note that if α = −1
2 , Λq,α = ∂q.

The q-differential-difference equation:
Λq,α(f ) = iλf , f (0) = 1.

has as unique solution, the function Ψq,α(λ.) defined by

Ψq,α(λx) = jα(λx , q2) + iλx
[2α + 2]q

jα+1(λx , q2), x ∈ Rq,
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where jα(., q2) is the normalized third Jackson’s q-Bessel function
given by

jα(x , q2) =
∞∑

n=0
(−1)n Γq2(α + 1)qn(n+1)

Γq2(α + n + 1)Γq2(n + 1)

( x
1 + q

)2n
.

The function Ψq,α(λ.) admits the following properties.

Theorem 1 (N. Bettaibi, 2007)

i) For all λ, x ∈ R, Ψq,α(λx) = Ψq,α(−λx).
ii) For all λ, x ∈ Rq, Λq,αΨq,α(λx) = iλΨq,α(λx).
iii) If α = −1

2 , then Ψq,α(λx) = e(iλx , q2).
iv) For all λ ∈ Rq, Ψq,α(λ.) is bounded on R̃q and we have

|Ψq,α(λx)| ≤ 4
(q, q)∞

, ∀x ∈ R̃q.
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Definition 1 (N. Bettaibi 2007)
The q-Dunkl transform Fq,α

D is defined on L1q,α(Rq) by

Fq,α
D (f )(λ) = cq,α

∫ ∞
−∞

f (x)Ψq,α(−λx)|x |2α+1dqx , ∀λ ∈ Rq,

where cq,α = (1 + q)−α
2Γq2(α + 1) .

It satisfies the following properties:
• If α = −1/2, Fq,α

D is the q2-analogue Fourier transform
f̂ (., q2) given by

f̂ (λ, q2) = (1 + q) 1
2

2Γq2(12)

∫ ∞
−∞

f (x)e(−iλx , q2)dqx .

• On the even functions space, Fq,α
D coincides with the q-Bessel

transform.
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• L1 − L∞-boundedness:
For all f ∈ L1q,α(Rq), we have Fq,α

D (f ) ∈ L∞q,α(Rq) and

‖Fq,α
D (f )‖q,∞ ≤

4cq,α
(q, q)∞

‖f ‖q,1,α.

• Riemann-Lebesque Lemma:
For all f ∈ L1q,α(Rq), we have

lim
|λ|→∞
λ∈Rq

Fq,α
D (f )(λ) = 0.

• q-Plancherel formula:
The q-Dunkl transform Fq,α

D is an isomorphism from L2q,α(Rq)
(resp. Sq(Rq)) onto itself and satisfies the following
q-Plancherel formula:

‖Fq,α
D (f )‖q,2,α = ‖f ‖q,2,α for all f ∈ L2q,α(Rq).
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• q-Inversion formula:
Let f be a function in L1q,α(Rq), such that Fq,α

D (f ) belongs to
L1q,α(Rq). Then

f (x) = cq,α

∫ ∞
−∞
Fq,α

D (f )(λ)Ψq,α(λx)|λ|2α+1dqλ.

Proposition 1 (q-Hausdorff Young inequality)

Let f ∈ Lp
q,α(Rq), p ≥ 1, then Fq,α

D (f ) ∈ Lp′
q,α(Rq). If 1 ≤ p ≤ 2,

then
‖Fq,α

D (f )‖q,p′,α ≤ Cp‖f ‖q,p,α,

where

Cp =
( 4cq,α

(q, q)∞

) 2
p−1

is a positive constant and the numbers p and p′ above are
conjugate exponents:
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• q-Inversion formula:
Let f be a function in L1q,α(Rq), such that Fq,α

D (f ) belongs to
L1q,α(Rq). Then

f (x) = cq,α

∫ ∞
−∞
Fq,α

D (f )(λ)Ψq,α(λx)|λ|2α+1dqλ.

Proposition 1 (q-Hausdorff Young inequality)

Let f ∈ Lp
q,α(Rq), p ≥ 1, then Fq,α

D (f ) ∈ Lp′
q,α(Rq). If 1 ≤ p ≤ 2,

then
‖Fq,α

D (f )‖q,p′,α ≤ Cp‖f ‖q,p,α,

where

Cp =
( 4cq,α

(q, q)∞

) 2
p−1

is a positive constant and the numbers p and p′ above are
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Definition 2
The generalized q-Dunkl translation operator is defined for
f ∈ L2q,α(Rq) and x , h ∈ Rq by

T q,α
h (f )(x) = cq,α

∫ ∞
−∞
Fq,α

D (f )(λ)Ψq,α(λx)Ψq,α(λh)|λ|2α+1dqλ,

T q,α
0 (f ) = f .
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It satisfies the following properties.

Theorem 2 (N. Bettaibi 2010)
i) For all x , h ∈ Rq, we have T q,α

h (f )(x) = T q,α
x (f )(h).

ii) If f ∈ L2q,α(Rq), (resp. Sq(Rq)) then T q,α
h (f ) ∈ L2q,α(Rq)

(resp. Sq(Rq)) and we have

‖T q,α
h (f )‖q,2,α ≤

4
(q, q)∞

‖f ‖q,2,α, ∀h ∈ Rq.

iii) For all x , h, λ ∈ Rq, we have

T q,α
h (Ψq,α(λ.))(x) = Ψq,α(λx)Ψq,α(λh).

iv) For f ∈ L2q,α(Rq) and x , h ∈ Rq, we have

Fq,α
D (T q,α

h f )(λ) = Ψq,α(λh)Fq,α
D (f )(λ).
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Lemma 1:
The following inequalities are fulfilled:
i) For all x ∈ Rq, there exist a constant C > 0 such that

|1−Ψq,α(x)| ≤ C |x |.

ii) The inequality
|1−Ψq,α(x)| ≥ c

is true with x ≥ 1, x ∈ Rq, where c > 0 is a certain constant.

Definition 3:
Let 0 < δ < 1. A function f ∈ Lp

q,α(Rq), p ≥ 1 is said to be in the
q-Dunkl-Lipschitz class, denoted by q-DLip(δ, p, α), if

‖T q,α
h f − f ‖q,p,α = O(hδ), as h→ 0.
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• q-version of Theorem A (Titchmarsh’s theorem 84)

Theorem 1: (R. Daher and O. Tyr 2020)
Let f belongs to Lp

q,α(Rq), 1 < p ≤ 2 and let f also belongs to
q-DLip(δ, p, α). Then Fq,α

D (f ) belongs to Lβq,α(Rq), where

2pα + 2p
2p + 2α(p − 1) + δp − 2 < β ≤ p′ = p

p − 1 .

• q-version of Theorem B (Titchmarsh’s theorem 85)

Theorem 2: (R. Daher and O. Tyr 2020)
Let 0 < δ < 1 and assume that f ∈ L2q,α(Rq). Then the following
statement are equivalents:
(1) f ∈ q-DLip(δ, 2, α).

(2)
∫
|λ|≥r

|Fq,α
D (f )(λ)|2|λ|2α+1dqλ = O(r−2δ), as r →∞.
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We define the generalized modulus of smoothness
ω

(α)
m (f , δ)q,2 of order m in the space L2q,α(Rq) by the formula

ω(α)
m (f , δ)q,2 = sup

0<h≤δ
‖∆m

h f ‖q,2,α, δ > 0, f ∈ L2q,α(Rq),

where
∆m

h f (x) = (T q,α
h − I)mf (x).

The Sobolev space Wm
q,2,α(Rq) constructed by Λq,α is defined

by

Wm
q,2,α(Rq) := {f ∈ L2q,α(Rq) : Λj

q,αf ∈ L2q,α(Rq), j = 1, 2, ...,m},

where
Λ0

q,αf = f , Λj
q,αf = Λq,α(Λj−1

q,α f ), j = 1, 2, ...,m.
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h − I)mf (x).
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by
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q,2,α(Rq) := {f ∈ L2q,α(Rq) : Λj
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q,α f ), j = 1, 2, ...,m.
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Definition 1:
A function f ∈ L2q,α(Rq) is called a function with bounded
spectrum of order σ > 0 if Fq,α

D f (λ) = 0 for |λ| > σ. The set of
all such functions is denoted by I(α)

q,σ .

Definition 2:
The best approximation of a function f ∈ L2q,α(Rq) by functions in
I(α)

q,σ is the quantity

Eσ(f )q,2,α := inf
g∈I(α)

q,σ

‖f − g‖q,2,α.
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• q-version of Jackson’s direct theorem:

Theorem 1: (R. Daher and O. Tyr 2020)
Let f ∈ L2q,α(Rq), m ∈ N, then the following inequality holds for
any σ > 0:

Eσ(f )q,2,α ≤ c1ω(α)
m (f , 1/σ)q,2, (1)

where c1 is a positive constant.

Theorem 2: (R. Daher and O. Tyr 2020)
Assume that f ,Λq,αf , ...,Λd

q,αf , d ∈ N, belong to L2q,α(Rq), where
Λq,α is the q-Dunkl operator. Then

Eσ(f )q,2,α ≤ c2σ−dω(α)
m (Λd

q,αf , 1/σ)q,2,

where c2 is a positive constant.
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• q-version of Bernstein’s Theorem

Theorem 3:

For f ∈ I(q,σ)
α and s ∈ N, we have the inequality

‖Λs
q,αf ‖q,2,α ≤ σs‖f ‖q,2,α.

• q-version of Jackson’s inverse theorems

Theorem 4: (R. Daher and O. Tyr 2020)
For every function f ∈ L2q,α(Rq) and every n ∈ N∗, we have

ωm

(
f , 1n

)
q,2,α

≤ c3
nm

n∑
j=0

(j + 1)m−1Ej(f )q,2,α,

where c3 = c3(m, α, q) is a positive constant.

68 / 79



Introduction
Preliminaries and notations used in q-theory

q-Harmonic analysis associated with the q-Dunkl operator
Our news results in the q-Dunkl analysis on Rq

References

q-Titchmarsh’s theorem
q-Direct and q-inverse theorem of Jackson
q-Equivalence theorem between a K-functional and modulus of smoothness

• q-version of Bernstein’s Theorem

Theorem 3:

For f ∈ I(q,σ)
α and s ∈ N, we have the inequality

‖Λs
q,αf ‖q,2,α ≤ σs‖f ‖q,2,α.

• q-version of Jackson’s inverse theorems

Theorem 4: (R. Daher and O. Tyr 2020)
For every function f ∈ L2q,α(Rq) and every n ∈ N∗, we have

ωm

(
f , 1n

)
q,2,α

≤ c3
nm

n∑
j=0

(j + 1)m−1Ej(f )q,2,α,

where c3 = c3(m, α, q) is a positive constant.
69 / 79



Introduction
Preliminaries and notations used in q-theory

q-Harmonic analysis associated with the q-Dunkl operator
Our news results in the q-Dunkl analysis on Rq

References

q-Titchmarsh’s theorem
q-Direct and q-inverse theorem of Jackson
q-Equivalence theorem between a K-functional and modulus of smoothness

Theorem 5: (R. Daher and O. Tyr 2020)
Suppose that f ∈ L2q,α(Rq) and

+∞∑
j=1

jm−1Ej(f )q,2,α <∞.

Then f ∈W m
q,2,α(Rq) and for every n ∈ N∗ and we have

ωk

(
Λm

q,αf , 1n

)
q,2,α

≤ K

 1
nk

n∑
j=0

(j + 1)k+m−1Ej(f )q,2,α +
+∞∑

j=n+1
jm−1Ej(f )q,2,α

 ,
where K = K (k, α, q) is a positive constant.

70 / 79



Introduction
Preliminaries and notations used in q-theory

q-Harmonic analysis associated with the q-Dunkl operator
Our news results in the q-Dunkl analysis on Rq

References

q-Titchmarsh’s theorem
q-Direct and q-inverse theorem of Jackson
q-Equivalence theorem between a K-functional and modulus of smoothness

Definition 1:
The K-functional constructed by the spaces L2q,α(Rq) and
Wm

q,2,α(Rq) is defined by

K
(
f , δ, L2q,α(Rq),Wm

q,2,α(Rq)
)

= inf
{
‖f − g‖2,α,β + δ‖Λm

q,αg‖2,α,β : g ∈ Wm
q,2,α(Rq)

}
,

where f ∈ L2q,α(Rq) and δ > 0.

For brevity, we denote

K (α)
m (f , δ)q,2 = K

(
f , δ, L2q,α(Rq),Wm

q,2,α(Rq)
)
.
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Theorem 1: (R. Daher and O. Tyr 2020)
There are two positive constants C1 and C2 such that

C1ω
(α)
m (f , δ)q,2 ≤ K (α)

m (f , δm)q,2 ≤ C2ω
(α)
m (f , δ)q,2,

for all f ∈ L2q,α(Rq) and δ > 0.
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