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Consider a Riemannian symmetric space X = G/K of non compact type where G
is a semisimple Lie group and K a maximal compact subgropu of G. Let Ax stand
for the Laplace-Beltrami operator on X.
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It has been proved that every eigenfunction of Ax has a holomorphic extension to
an open G-invariant neighbourhood of X inside the complexification X¢ of X.
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Consider a Riemannian symmetric space X = G/K of non compact type where G
is a semisimple Lie group and K a maximal compact subgropu of G. Let Ax stand
for the Laplace-Beltrami operator on X.

It has been proved that every eigenfunction of Ax has a holomorphic extension to
an open G-invariant neighbourhood of X inside the complexification X¢ of X.

If Gc and K¢ stand for the complexifications of G and K respectively, then
Xc = G¢/ Kc has a natural complex structure and contains X as a totally real
submanifold.
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Consider a Riemannian symmetric space X = G/K of non compact type where G
is a semisimple Lie group and K a maximal compact subgropu of G. Let Ax stand
for the Laplace-Beltrami operator on X.

It has been proved that every eigenfunction of Ax has a holomorphic extension to
an open G-invariant neighbourhood of X inside the complexification X¢ of X.

If Gc and K¢ stand for the complexifications of G and K respectively, then
Xc = G¢/ Kc has a natural complex structure and contains X as a totally real
submanifold.

Inside X¢ there is a particularly simple G -invariant open neighbourhood & of X
first proposed by Akhiezer and Gindikin and studied quite a lot in recent years by
Krotz and Stanton known as the complex crown.
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Consider a Riemannian symmetric space X = G/K of non compact type where G
is a semisimple Lie group and K a maximal compact subgropu of G. Let Ax stand
for the Laplace-Beltrami operator on X.

It has been proved that every eigenfunction of Ax has a holomorphic extension to
an open G-invariant neighbourhood of X inside the complexification X¢ of X.

If Gc and K¢ stand for the complexifications of G and K respectively, then
Xc = G¢/ Kc has a natural complex structure and contains X as a totally real
submanifold.

Inside X¢ there is a particularly simple G -invariant open neighbourhood & of X
first proposed by Akhiezer and Gindikin and studied quite a lot in recent years by
Krotz and Stanton known as the complex crown.

Krotz and Schlichtkrull have shown that every eigenfunction of Ax has a natural
holomorphic extension to £
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In the simple case of rank one symmetric spaces of non-compact type, the lwasawa
decomposition G = NAK allows us to identify X = G/K with a solvable group.

S. Thangavelu (11Sc) Holomorphic extensions 18-20, August 2020 3/22



In the simple case of rank one symmetric spaces of non-compact type, the lwasawa
decomposition G = NAK allows us to identify X = G/K with a solvable group.

In the above decomposition, N turns out to be a H-type group and A, being
identified with R, has a natural action on N as dilations. Then the semidirect
product S = NA can be identified with the symmetric space X.
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In the simple case of rank one symmetric spaces of non-compact type, the lwasawa
decomposition G = NAK allows us to identify X = G/K with a solvable group.

In the above decomposition, N turns out to be a H-type group and A, being
identified with R, has a natural action on N as dilations. Then the semidirect
product S = NA can be identified with the symmetric space X.

In this setting, eigenfunctions of Ag are functions on N X A. If u(n,a), n € N,
a € A, is an eigenfunction, we are interested in the holomorphic extendability of
n— u(n, a), for a fixed.
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In the simple case of rank one symmetric spaces of non-compact type, the lwasawa
decomposition G = NAK allows us to identify X = G/K with a solvable group.

In the above decomposition, N turns out to be a H-type group and A, being
identified with IR™, has a natural action on N as dilations. Then the semidirect
product S = NA can be identified with the symmetric space X.

In this setting, eigenfunctions of Ag are functions on N X A. If u(n,a), n € N,
a € A, is an eigenfunction, we are interested in the holomorphic extendability of
n— u(n, a), for a fixed.

We expect that for each a there exists an open set (), inside the complexification
N¢ of N to which all eigenfunctions of As holomorphically extend.
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In the simple case of rank one symmetric spaces of non-compact type, the lwasawa
decomposition G = NAK allows us to identify X = G/K with a solvable group.

In the above decomposition, N turns out to be a H-type group and A, being
identified with IR™, has a natural action on N as dilations. Then the semidirect
product S = NA can be identified with the symmetric space X.

In this setting, eigenfunctions of Ag are functions on N X A. If u(n,a), n € N,
a € A, is an eigenfunction, we are interested in the holomorphic extendability of
n— u(n, a), for a fixed.

We expect that for each a there exists an open set (), inside the complexification
N¢ of N to which all eigenfunctions of As holomorphically extend.

In a recent joint work with Luz Roncal we have shown that this is the case for
certain eigenfunctions of the Laplace-Beltrami operator Ag.
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Let us begin with the real hyperbolic space H = G/K where G = SO.(n, 1) and
K = SO(n). Here SO.(n, 1) is the identity component of the group SO(n, 1).
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Let us begin with the real hyperbolic space H = G/K where G = SO.(n, 1) and
K = SO(n). Here SO.(n, 1) is the identity component of the group SO(n, 1).

In the case of H, the lwasawa decomposition G = NAK is given by N = R",
K = SO(n) and A= R4. Thus we can identify H with the upper half-space
R7"! = R” x R} equipped with the Riemannian metric g = p~2(|dx|2 + dp?).
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Let us begin with the real hyperbolic space H = G/K where G = SO.(n, 1) and
K = SO(n). Here SO.(n, 1) is the identity component of the group SO(n, 1).

In the case of H, the lwasawa decomposition G = NAK is given by N = R",
K = SO(n) and A= R4. Thus we can identify H with the upper half-space
R7"! = R” x R} equipped with the Riemannian metric g = p~2(|dx|2 + dp?).

We denote by Ag the Laplace-Beltrami operator associated to this metric. As this
operator does not behave well with conformal change of metrics, we replace this

. 2_ . .
with the new operator Lg(w) = —Agw — 7 L w, which is conformally covariant.
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Let us begin with the real hyperbolic space H = G/K where G = SO.(n, 1) and
K = SO(n). Here SO.(n, 1) is the identity component of the group SO(n, 1).

In the case of H, the lwasawa decomposition G = NAK is given by N = R",
K = SO(n) and A= R4. Thus we can identify H with the upper half-space
lRfrl = R" x R equipped with the Riemannian metric g = p~2(|dx|? + dp?).

We denote by Ag the Laplace-Beltrami operator associated to this metric. As this
operator does not behave well with conformal change of metrics, we replace this

. 2_ . .
with the new operator Lg(w) = —Agw — 7 L w, which is conformally covariant.

By letting gop = p2g and making use of the conformal covariant property of L, we
calculate

n+3

Lew=p2 Lg(p

n—1
2

w) = —p"2 PP (B +3})(p "2 w).
A simple calculation shows that

-1
4

w.

Ly = —p2 (Aw+ag)w +(n— l)papw -
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Real hyperbolic space

2 . . .
As —Ag = Lg+ 7 4_1, the eigenfunction equation

—Agw =y(n—7v)w, y=(s+n)/2

becomes

n2—52

4

Lew = —p2(A+82)w+(n—l)papW: ( Jw.
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Real hyperbolic space

2 . . .
As —Ag = Lg+ 7 4_1, the eigenfunction equation

—Agw =y(n—7v)w, y=(s+n)/2

becomes
2 2 n? — 52
Legw = —p* (A +05)w + (n —1)pdpw = ( 2 Jw.

Defining u = p_% w we easily check that w satisfies the above equation if and
only if u satisfies the equation

(A+32+ 1=

S. Thangavelu (I1Sc) Holomorphic extensions 18-20, August 2020 5/22



Real hyperbolic space

2 . . .
As —Ag = Lg+ 7 4_1, the eigenfunction equation

—Agw =y(n—7v)w, y=(s+n)/2

becomes

n2—52

4

Lew = —p2(A—|—8§)w+(n—1)papW: ( Jw.

Defining u = p_% w we easily check that w satisfies the above equation if and
only if u satisfies the equation

1—s

(A+35+ dp)u = 0.

This establishes the connection between certain eigenfunctions of A, and
solutions of the so called extension problem for the Laplacian on R"..
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The extension problem for the Laplacian

By the extension problem for the Laplacian A on IR” we mean the initial value
problem, for s > 0,

(A+a2+ ?E)p)u(x,p) —0, u(x0)=f(x), xER" p>0.
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The extension problem for the Laplacian

By the extension problem for the Laplacian A on IR” we mean the initial value
problem, for s > 0,

(A+a2+ ?E)p)u(x,p) —0, u(x0)=f(x), xER" p>0.

A solution of the above is explicitly given by u(x, p) = p°f * @s o (x) where @5, is
the generalised Poisson kernel

—n/ZF(%) |2
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The extension problem for the Laplacian

By the extension problem for the Laplacian A on IR” we mean the initial value
problem, for s > 0,

(A+a2+ ?E)p)u(x,p) —0, u(x0)=f(x), xER" p>0.

A solution of the above is explicitly given by u(x,p) = p°f * Ps,p (x) where Psp is
the generalised Poisson kernel
r(ats nts
ppl) = 2 TUS) (2 g2y

T(s)]

We observe that the generalised Poisson kernel has a holomorphic extension

(%) n+s

T _nts
Psp(z) =11 W(p2+z5+z§+...+zﬁ) 2, (1)
to the tube domain

Qp={z=x+iycC":|y| <p}. (2)
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Holomorphic extension of the Poisson integral

It then follows that for f € L2(IR™) the solution u(x, p) also has a holomorphic
extension u(z, p) to )p.
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Holomorphic extension of the Poisson integral

It then follows that for f € L2(IR™) the solution u(x, p) also has a holomorphic
extension u(z, p) to )p.

The Fourier transforms of the Poisson kernels ¢s , are given by the Macdonald
functions K 5. We let I, stand for Bessel functions of second kind and define a
weight function

) 1= cos pIED (Kera(ple]) 2 52220080, Q
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Holomorphic extension of the Poisson integral

It then follows that for f € L2(IR™) the solution u(x, p) also has a holomorphic
extension u(z, p) to )p.

The Fourier transforms of the Poisson kernels ¢s , are given by the Macdonald
functions K 5. We let I, stand for Bessel functions of second kind and define a
weight function

Is+n/2-1(201¢])
(20(g[)stn/2-1"

We define H3(IR™) to be the Sobolev space of all tempered distributions f whose
14

Fourier transforms f are functions for which

£ = [ IF@)Pwp(@) dE < e

wo(8) == cns(pl2])* (Ks2(pl1))? 3)

We let T, stand for the operator taking f into the holomorphic extension of the
solution u(x, p) = p°f * @5 (x). We are interested in characterising the image of

HE under this map.
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A weighted Bergman space

For any s > 0 we define the weighted Bergman space Bs((),) consisting of all
holomorphic functions F on ), for which
2. s-1
FI2. = —"/ Fx+ iy, 2(1_£) dx dy < oo.
IFll5, == p 0p| (x+iy.p)l ), y
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A weighted Bergman space

For any s > 0 we define the weighted Bergman space Bs((),) consisting of all
holomorphic functions F on ), for which
2. s-1
FI2. = —"/ Fx+ iy, 2(1_£) dx dy < oo.
IFll5, == p 0p| (x+iy.p)l ), y

Then the map T, : H;(IR") — Bs(()p) is unitary and we have the following
characterisation for solutions of the extension problem.
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A weighted Bergman space

For any s > 0 we define the weighted Bergman space Bs((),) consisting of all
holomorphic functions F on ), for which

2 s-1
y S
||F||Bs—p/ Foct iy )P (1 Ip|2)+ de dy < oo,

Then the map T, : H;(IR") — Bs(()p) is unitary and we have the following
characterisation for solutions of the extension problem.

A solution of the extension problem is of the form u(x, p) = f * p*@s p(x) for
some f € L2(R") if and only if for each p > 0, u(-,p) extends to Q, as a

holomorphic function, belongs to Bs(Q,) and satisfies the uniform estimate
lu(-,0)|lB, < C forall p > 0.
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Return to the real hyperbolic space

For any A € C which is not a pole of I'(22) we consider the kernels

nl)»

Patp) = o T

)

which play the role of the Poisson kernels when H is identified with the group
S=NA N=R", A=1R,.
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Return to the real hyperbolic space

For any A € C which is not a pole of T'(25 ”\) we consider the kernels

—

nl)»

("—‘2"—A)
r(—ir)°

Pr(x,p) = Tn/2

)

which play the role of the Poisson kernels when H is identified with the group
S=NA N=R", A=1R,.

Given a reasonable function f on R" we define its Poisson transform by

Paf(xp) = [ Palx=y,0)f (¥)P-a(y. 1)
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Return to the real hyperbolic space

For any A € C which is not a pole of T'(25 ”\) we consider the kernels

n—ilA
Palop) = L

nl)»

)

which play the role of the Poisson kernels when H is identified with the group
S=NA N=R", A=1R,.

Given a reasonable function f on R" we define its Poisson transform by

Paf(xp) = [ Palx=y.0) (1)P-a(y, D

In view the connection between eigenfunctions and solutions to the extension
problem, the Poisson transform P, f is an eigenfunction of the hyperbolic
Laplacian:

1
Ag(PAf) = —Z(n2 + APy f
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Complex hyperbolic spaces

We can now stae the following result on eigenfunctions of the hyperbolic
Laplacian Ay as a corollary to Theorem 1.

An eigenfunction w(x, p) of the Laplacian Ag with eigenvalue —%(nz — 52) is the
Poisson integral Pisf with f € L?(R", (1+ |y|?)~"**dy) if and only if w(x, p)
extends to ), as a holomorphic function, belongs to Bs(Q) and satisfies the
estimate ||w(-, p)||5, < Co("=9)/2 for all p > 0.
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Complex hyperbolic spaces

We can now stae the following result on eigenfunctions of the hyperbolic
Laplacian Ay as a corollary to Theorem 1.

An eigenfunction w(x, p) of the Laplacian Ag with eigenvalue — 3 (n? — s2) is the
Poisson integral Pisf with f € L?(R", (1+ |y|?)~"**dy) if and only if w(x, p)
extends to ), as a holomorphic function, belongs to Bs(Q) and satisfies the
estimate ||w(-, p)||5, < Co("=9)/2 for all p > 0.

We consider eigenfunctions of the Laplace-Beltrami operator on the complex
hyperbolic space X = G/K where G = SU(n+1,1) and K = SU(n). Here
SU(n) is the special unitary group, that is, the Lie group of n X n unitary matrices
with determinant 1.

S. Thangavelu (11Sc) Holomorphic extensions 18-20, August 2020 10 /22



Complex hyperbolic spaces

We can now stae the following result on eigenfunctions of the hyperbolic
Laplacian Ay as a corollary to Theorem 1.

An eigenfunction w(x, p) of the Laplacian Ag with eigenvalue — 3 (n? — s2) is the
Poisson integral Pisf with f € L?(R", (1+ |y|?)~"**dy) if and only if w(x, p)
extends to ), as a holomorphic function, belongs to Bs(Q) and satisfies the
estimate ||w(-, p)||5, < Co("=9)/2 for all p > 0.

We consider eigenfunctions of the Laplace-Beltrami operator on the complex
hyperbolic space X = G/K where G = SU(n+1,1) and K = SU(n). Here
SU(n) is the special unitary group, that is, the Lie group of n X n unitary matrices
with determinant 1.

As in the case of real hyperbolic case we identify X with a solvable group S = NA
where G = NAK is the Iwasawa decomposition.
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The Heisenberg group and its Lie algebra

The lwasawa decomposition of G = SU(n+ 1,1) is explicitly given by N = H",

K = SU(n) and A= Ry. Here H" is the Heisenberg group H” = C" x R
equipped with the group law

(2.0)(2,8) = (z+Zsa+a + S Im(z - 2)), (4)

where z,z € C" and a,a’ € R.
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The Heisenberg group and its Lie algebra

The lwasawa decomposition of G = SU(n+ 1,1) is explicitly given by N = H",

K = SU(n) and A= Ry. Here H" is the Heisenberg group H” = C" x R
equipped with the group law

(2.0)(2,8) = (z+Zsa+a + S Im(z - 2)), (4)

where z,z € C" and a,a’ € R.

It is convenient to use real coordinates: thus identifying IH” with R2"*+1 and
considering coordinates (x, u, ) we can write the group law as

(o0, )y v) = (b youb v G+ 5y —vex)).

S. Thangavelu (IISc)

Holomorphic extensions

18-20, August 2020 11/22



The Heisenberg group and its Lie algebra

The lwasawa decomposition of G = SU(n+ 1,1) is explicitly given by N = H",

K = SU(n) and A= Ry. Here H" is the Heisenberg group H” = C" x R
equipped with the group law

(2.0)(2,8) = (z+Zsa+a + S Im(z - 2)), (4)

where z,z € C" and a,a’ € R.

It is convenient to use real coordinates: thus identifying IH” with R2"*+1 and
considering coordinates (x, u, ) we can write the group law as

(o0, )y v) = (b youb v G+ 5y —vex)).

A a basis for the Heisenberg Lie algebra b, is give by the left invariant vector
fields
d 1 9 0 1 9

d
a—)g+§Uja—§' Yj—a—uj—yj@v T—a_g- ()

J
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A solvable extension of H".

The operator £ = —}7 4 (XJ2 + sz) is known as the sublaplacian and plays the
role of the Laplacian on the Heisenberg group.
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A solvable extension of H".

The operator £ = —}7 4 (XJ2 + sz) is known as the sublaplacian and plays the
role of the Laplacian on the Heisenberg group.

The group H" admits a family of automorphisms indexed by IR and given by the
non-isotropic dilations 8,(z, a) = (rz, r?a).
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A solvable extension of H".

The operator £ = —}7 4 (XJ2 + sz) is known as the sublaplacian and plays the
role of the Laplacian on the Heisenberg group.

The group H" admits a family of automorphisms indexed by IR and given by the
non-isotropic dilations 8,(z, a) = (rz, r?a).

As R} acts on H" as automorphisms, we can now form the semi-direct product
of H” with RT, S = H" x Ry where the group law in S is given by

(z,a,p)(w, b,p) = (z+ /pw,a+ pb+ %\/ﬁlm(z w),pp').
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A solvable extension of H".

The operator £ = —}7 4 (XJ2 + sz) is known as the sublaplacian and plays the
role of the Laplacian on the Heisenberg group.

The group H" admits a family of automorphisms indexed by IR and given by the
non-isotropic dilations 8,(z, a) = (rz, r?a).

As R} acts on H" as automorphisms, we can now form the semi-direct product
of H” with RT, S = H" x Ry where the group law in S is given by

(z,a,p)(w, b,p) = (z+ /pw,a+ pb+ %\/ﬁlm(z w),pp').

The Lie algebra s of the Lie group S can be identified with R2"+1 x R. And the
vector fields

Eo = pdp, Ej = \/0Xj, Envj = \/PYj, E2nt1 =0T,

for j =1,2,...., n are left invariant on S.
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The Laplace-Beltrami operator on S.

Equipping s with the standard inner product on R2"t2 these 2n + 2 vector fields

can be made to form an orthonormal basis for s. This induces a Riemannian
metric on s.
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The Laplace-Beltrami operator on S.

Equipping s with the standard inner product on R2"t2 these 2n + 2 vector fields
can be made to form an orthonormal basis for s. This induces a Riemannian
metric on s.

The Laplace-Beltrami operator on the Riemannian manifold S can be expressed in
terms of the vector fields E;. Indeed, we have

2n+1
As= )" I:'J-2 —(n+1)Eg = —pL + p?32 — (n+1)pad,.
j=0
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The Laplace-Beltrami operator on S.

Equipping s with the standard inner product on R2"t2 these 2n + 2 vector fields
can be made to form an orthonormal basis for s. This induces a Riemannian
metric on s.

The Laplace-Beltrami operator on the Riemannian manifold S can be expressed in
terms of the vector fields E;. Indeed, we have

2n+1
As= )" I:'J-2 —(n+1)Eg = —pL + p?32 — (n+1)pad,.
j=0

As in the case of the hyperbolic Laplacian A on R" x IRy we now consider the
following eigenvalue problem on S = NA:

—AsW(x,u,8,p) =v(n+1—)W(x,u,&p), 7= %(n—i— 1+s), s>0.
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Eigenfunctions of Ag

We define W and U in terms of W as follows:

ntl-s

W(x,u,8,0) =" 5 W(x,u,80) =p" T UQV2(x,u),271¢, \/2p).

An easy calculation establishes the following relation.
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Eigenfunctions of Ag

We define W and U in terms of W as follows:
— nt+l—s +
W(x,u g p)=p 2 W(xuip)=p

(2 1/2 lg \/7)

An easy calculation establishes the following relation.

Let s > 0. The function W is an eigenfunction of the Laplace-Beltrami operator
As with eigenvalue —y(n+1—1), v = 3(n+ 1+ s) if and only if the function
U defined as

ntl—s
2

Wix, .8 p) = o™ U@ Y2(x, 1), 272, 1/2p)

satisfies the equation

(-L+35+ ; ap+4p2a2) (x,u,&p) =0. (6)

S. Thangavelu (11Sc) Holomorphic extensions 18-20, August 2020 14 /22



Eigenfunctions of Ag

We define W and U in terms of W as follows:
—~ ntl-s 41
W(x u,gp)=p 2 W(xuép)=p 2 V2(x,u), 271, \/2p).

An easy calculation establishes the following relation.

Let s > 0. The function W is an eigenfunction of the Laplace-Beltrami operator
As with eigenvalue —y(n+1—1), v = 3(n+ 1+ s) if and only if the function
U defined as

ntl—s
2

Wix, .8 p) = o™ U@ Y2(x, 1), 272, 1/2p)

satisfies the equation

(-L+35+ ; ap+4p2a2) (x,u,&p) =0. (6)

Thus we are led to study the extension problem for the sublaplacian on the
Heisenberg group.
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The extension problem for the sublaplacian

By the extension problem for the sublaplacian £ on H"” we mean the following
initial value problem, for s > 0:

(—L+32+ %ap FIPRUCGuE ) =0, Ulxu.6.0) = F(2,0).
(7)
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The extension problem for the sublaplacian

By the extension problem for the sublaplacian £ on H"” we mean the following
initial value problem, for s > 0:

1-2 1
(—L+d2+ Tsap + 702 Ux u.8p) =0, Ulxu,8,0) = F(z.0).
()
A solution of this problem is explicitly given by convolution with a kernel @5, :
U(x,u, & p) = p*FxDsp(x,u,8), xueR", EeR, p>0,

ntl+s

)7 (02 + [x2+ [u2)2 + 16¢2) "

2n+1+$ <n+1+5

Csp(x08) = Ty 2
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The extension problem for the sublaplacian

By the extension problem for the sublaplacian £ on H"” we mean the following
initial value problem, for s > 0:

1-2 1
(—L+d2+ Tsap + 702 Ux u.8p) =0, Ulxu,8,0) = F(z.0).
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A solution of this problem is explicitly given by convolution with a kernel @5, :
U(x,u, & p) = p*FxDsp(x,u,8), xueR", EeR, p>0,

ntl+s

)7 (02 + [x2+ [u2)2 + 16¢2) "

2n+1+$ <n+1+5

Csp(x08) = Ty 2

We can show that the kernel ®s , and hence the solution has a homomorphic
extension to a domain in C" x C" x C.
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A weighted Bergman space

More precisely, for f € L2(IH") the solution U defined above holomorphically
extends to the domain (), /4 where

Q, = {(z, w,l) € c2n+l. | Im(z,w,{ — %(zv’v - WZ))| < r}. (8)
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A weighted Bergman space

More precisely, for f € L2(IH") the solution U defined above holomorphically
extends to the domain (), /4 where

Q, = {(z, w,l) € c2n+l. | Im(z,w,{ — %(zv’v - WZ))| < r}. (8)

We observe that the domain (), is invariant under the action of the Heisenberg
motion group G, = H" x U(n) which is the semi-direct product of H" and U(n).
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A weighted Bergman space

More precisely, for f € L2(IH") the solution U defined above holomorphically
extends to the domain (), /4 where

Q, = {(z, w,l) € c2n+l. | Im(z,w,{ — %(zv’v - WZ))| < r}. (8)

We observe that the domain (), is invariant under the action of the Heisenberg
motion group G, = H" x U(n) which is the semi-direct product of H" and U(n).
We consider O(C2"*+1), the space of all holomorphic functions on C2"*1 and

equip it with the L2 norm

||F||2=/Q |F(z,w,0)|? dz dw dC. 9)

0

We will denote by ﬁ(QP) the completion of O(C2"*+1) with respect to the norm.
It is easy to see that H () C O(Qp) N L2(Q).
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A function space on IH”

We introduce the following subspace of L2(H"). We let ¢} (z, w) stand for
Laguerre functions of type (n — 1) and set
Ki(n—1)!

¥i(p) = ktn=1) /|(y vl M gy (2iy, 2iv)dy dv di. (10)
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A function space on IH”

We introduce the following subspace of L2(H"). We let ¢} (z, w) stand for
Laguerre functions of type (n — 1) and set

A o k'(n—l)' 20 A .
YH0) = Gy /|<y,v,n>\sf ghiy.2v)dydvdy.  (10)

We say that f € H,(IH") if

/_0; (é 1752 %13 ¥k (p) ) du(2) < oo.
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A function space on IH”

We introduce the following subspace of L2(H"). We let ¢} (z, w) stand for
Laguerre functions of type (n— 1) and set

A o k'(n—l)' 20 A .
Y0 = oy 1)1 ey & ORI 200y dv . (10)

We say that f € H,(IH") if

[ (S 17 kB ¥ (0) du(d) < .
% k=0

Let p > 0. A function F from L?(Q),) belongs to H(QY) if and only if its
restriction f belongs to H,(IH"). Moreover,

o, JFew o) dzawac =Gy [~ (1 17 = 913 ¥h(e)) n(h)

0
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Gutzmer's formula for the Heisenberg motion group

In proving the above theorem we make use of the following result known as
Gutzmer's formula.
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Gutzmer's formula for the Heisenberg motion group

In proving the above theorem we make use of the following result known as
Gutzmer's formula.

Theorem 4

Let F be an entire function on C2"t1 and let f stand for the restriction of F to
H". Then we have the identity

| 1F(&- (2w, 0)) g

= o [ X ( 3 1 ey phIB e gl i 20) ) ()

—00

under the assumption that either the left hand side or the right hand side is finite.
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Gutzmer's formula for the Heisenberg motion group

In proving the above theorem we make use of the following result known as
Gutzmer's formula.

Let F be an entire function on C2"t1 and let f stand for the restriction of F to
H". Then we have the identity

| 1F(&- (2w, 0)) g

~ Do
= Cn/foo Ay =vx) u”( E ||fA *A (Pk||2ﬁ§02(21y, 2/v))dy(/\)

under the assumption that either the left hand side or the right hand side is finite.

We can now state the following result on the holomorphic extendability of
solutions of the extension problem for the sublaplacian.
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Holomorphic extendability of solutions of the extension
problem

For0 < s <1/2, let U(-,p) = p?*f * D o(-) where f € L2(H"). Then for any
0 < v < —14 /2 the solution of the extension problem (7) extends to Oyp as a
holomorphic function U, belongs to 7-[(Qw) and satisfies the uniform estimate
IV ol a,) < Co?/2|f|l2 for all p > 0.
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Holomorphic extendability of solutions of the extension
problem

For0 < s <1/2, let U(-,p) = p?*f * D o(-) where f € L2(H"). Then for any
0<y< -1+ \/5 the solution of the extension problem (7) extends to QW as a
holomorphic function U, belongs to 7-[(Qw) and satisfies the uniform estimate
IV ol a,) < Co?/2|f|l2 for all p > 0.

In order to strengthen the above theorem and also to obtain a converse we
introduce the space Hfr’p(]H”) for s, v > 0, as the completion of C6’°(]H”) with
respect to the norm

1F13, = [ (X 1F 2 @13 wi(p.70) ) du().
—® k=0
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Holomorphic extendability of solutions of the extension
problem

For0 < s <1/2, let U(-,p) = p?*f * D o(-) where f € L2(H"). Then for any
0 < v < —14 /2 the solution of the extension problem (7) extends to Oyp as a
holomorphic function U, belongs to 7-[(Qw) and satisfies the uniform estimate
IV ol a,) < Co?/2|f|l2 for all p > 0.

In order to strengthen the above theorem and also to obtain a converse we
introduce the space Hfr’p(]H”) for s, v > 0, as the completion of C6’°(]H”) with
respect to the norm

1F13, = [ (X 1F 2 @13 wi(p.70) ) du().
—® k=0

where w}(p, r) = 4S(C/\/4( )29 (r). Here 7 (r) are spherical functions on

H" and cl’(\pz(s) are given in terms of Kummer's hypergeometric functions.
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A Hardy space of homomorphic functions

We also introduce the following Hardy space on H". For s,y > 0, we define the
space H?(Q),,) consisting of holomorphic functions on Q,, for which

2 _ I~ N2
1P = o3P Jo (/|b|=r F(a+ ib) Pdor(5) ) da < .

With these notations, the proof of the Theorem 5 leads to the following result,
which is the Heisenberg analogue of a Theorem proved for R”.
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A Hardy space of homomorphic functions

We also introduce the following Hardy space on H". For s,y > 0, we define the
space H?(Q),,) consisting of holomorphic functions on Q,, for which

2 _ I~ N2
1P, = o2 f </|b|=r IF(a-+ib) 2do (b) ) da < co.

With these notations, the proof of the Theorem 5 leads to the following result,
which is the Heisenberg analogue of a Theorem proved for R”.

Theorem 6

For0 < s <1/2, let U(:,p) = p?*f x D5 () where f € H5, ,(H"). Then for any
0 < 7 < —14 /2 the solution of the extension problem (7) extends to Oyp as a
holomorphic function U(-,p), belongs to H?(Q,,) and satisfies the estimate
||U(-,p)||,:,2(0w) :NCSHfHH%,p(]H") for all p~> 0. Moreover, the map

To: H5 ,(H") — H?(Q,) taking f into U(-, p) is surjective.
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Characterisations of eigenfunctions of Ags.

The above results lead to the following characterisations of solutions of the
extension problem and eigenfunctions of Ag.

Theorem 7

A solution of the extension problem is of the form
U(x,u, &, p) = p>*f x D5 o(x, u, &) for some f € L2(H") if and only if there
exists vy > 0 such that for each p > 0, U(-, p) extends to Q,p as a holomorphic
function U(-, p), belongs to H(Qy,) and satisfies the uniform estimate

U(- ~ Q/2
| U( 'p)“H(Qw) < Cp¥/= for all p > 0.
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Characterisations of eigenfunctions of Ags.

The above results lead to the following characterisations of solutions of the
extension problem and eigenfunctions of Ag.

Theorem 7

A solution of the extension problem is of the form

U(x,u, &, p) = p>*f x Ds o(x, u, &) for some f € L2(H") if and only if there
exists vy > 0 such that for each p > 0, U(-, p) extends to Q,p as a holomorphic
function U(-, p), belongs to H(C)y,) and satisfies the uniform estimate

|0, g ) < Co®/2 for all p > 0.

Theorem 8

)
K
©
=
=
|
A\

Let 0 <s < 1. An e/genfunct/on W of the Laplace-Beltrami operator Ag on S

with eigenvalue ——((n +1)? — s2) can be expressed as the Poisson integral Pjsf

with f € L2 (H", (po,1(h ))2dh) if and only if there exists a 7y > 0 such that
W(-,p) € H(Q yvy/p) and satisfies the uniform estimate

WP, ,) < €O forallp > 0.
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Thanks for your attention
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