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Isotropic thermoelastic system (of type-lll) for u (displacement) and 6 (temperature)

Q C RY open and bounded domain with Lipschitz continuous boundary I,
Qr=Qx(0,T),Lr =T x(0,7).

POt — pAu— (A + p)V(V-u) +1Vh =p in Qr
pCs010 — KAO — (k x AO) + ToyV - Qwu = h in Qr

Convolution product
t
(k % 0)(x, t):/ K(t—$)0(x, s) ds, (x,t) € Qr
0

with (typically) k(t) = aexp(—bt), a,b > 0.
[ Biot, M. A. J. Appl. Phys. 27(3):240-253, 1956.



ISP 1. |Let p(x, t) = g(t)f(x) + p(x, t) with g(t) and p(x, t) given. Find f(x) from the final
time measurement
u(x,T) =&r(x), x€Q, (M1)

or from the time-average measurement
T
/ U(X, t) dt = £T(x)7 x € Q. (MZ)
0

Let h(x, t) = g(t)f(x) + h(x, t) with g(t) and h(x, t) given. Find f(x) from the

time-average measurement

]
/ O(x, ) dt = Pr(x), x € Q. (M)
0



Let k € C([0, T]) be strongly positive definite,

ifp € L?((0,7),L%(Q)). he L®((0, T),L*(2)). Uo € Hy(Q). Us € L?(Q) and V), € L*(R), then there is a
unique weak solution (u, 6) to (%)

ue C([o, TI,L3(Q)) NL*((0,T),Hy(Q)), G € L*((0,7),L%(RQ)),
Beu € L2 ((o, T),Hg(Q)*) ,

0 € C ([0, T],L2(Q)) N L2 ((0,T), HA(RQ)), b € L® ((o, 7), H;(Q)*)

itp € H' ((0, T),L3()), h € H' ((0, T),L3()), Uo € H*(2) NH3(RQ), Us € Hy(Q) and Vo € Hy(2) and
the PDEs are satisfied for t = 0, then there is a unique weak solution (u, ) to (%)
ue C([o, 7], H()), e C([o, T],L(R2)) NL* ((0, T),He(R)) ,
deu € L% ((0,7),L%(Q)),
0 € C([0,T],Hs()), a0 € L?((0, T),Hs(2))



Final time measurement u(x, T) = £7(x)

Theorem (ISP1 with measurement M)

Under conditions (i), assume g € C' ([0, T]) fulfills
g(t)y>0 and ¢'(t) >0, Vtelo,T]
(org(t) < 0,d'(t) < 0). Given €1 € L%(QQ), then there exists at most one triple
(u,6,17) € C ([0, T1,HY@) x C ([0, 7], Hy()) x L2(%)
with 8yu € C ([0, T],L3(Q2)) N L2 ((0, T), HE(2)) solving (¥) for which My holds.

Van Bockstal, K., Slodi¢ka, M.
Probl. Sci. Eng. 23(6):956-968, 2015

Inverse

Van Bockstal, K., Marin, L.
Comput. Methods Appl. Mech. Eng. 321:269-293, 2017



Time-average measurement fOT u(x, t) dt = &r(x).

Theorem (ISP1 with measurement M)

Under conditions (i), assume that g € C([0, T)) fulfills g(t) > 0 or g(t) < 0. Given
&1 € L2(Q), then there exists at most one triple

(u.6.1) € L2 ((0.T),Hy(Q)) x L ((0. T), H}(Q)) x L2(Q)

solving (¥) for which M, holds.



Time-average measurement fOT 0(x, t)dt = ¥r(x)
Theorem (ISP2 with measurement Ms)
Under conditions (ii), assume that g € C'([0, T]) satisfies either
g(t)>0 and ¢'(t) >0, foralte|o,T]
(org(t) < 0,d'(t) <0). Givent € L%(Q), then there exists at most one triple
(u,6,1) € C (o, 7], HY(2)) x C (fo, T], HY(%) x L3(%)

with du € C ([0, T],L3(Q)) N L? ((0, T), HH()) solving (¥) for which M5 holds.



Source functions

Find f, and fy simultaneously from the measurements M;, M;. Here we use

additional assumption that gy (t) = cgp(t) for some ¢ > 0.

Find f, and fy simultaneously from the measurements M, M; and the

additional measurement

. T
Pr(x) = /0 t0(x, t) dt. (My)

@ Hao, D. N., Thanh, P. X., Lesnic, D., lvanchov, M.
J. Comput. Appl. Math. 264:82-98, 2014



Measurements u(x, T) = &£7(x) and fo X, t)dt = ¢¥r(x)

Theorem

Under conditions (i), assume that gy, go € C'([0, T]) satisfy gy = cgp for some ¢ > 0 and
the monotonicity condition

go(t) >0 and gp(t) >0, foralte[o,T|.
Given &1 € L2(Q) and ¢1 € L3(Q), then there exists at most one solution
(u,0, fu, tg) € C ([0, T,H3()) x C ([0, T], H3(R)) x L3(Q) x L*(Q)

to (%), with du € C ([0, T],L3(Q)) N L? ((0, T),H(K2)) for which My and M5 hold.



Measurements fOT u(x, t)dt = &7(x), fOTQ(x, t)dt = 17r(x) and fOT t0(x, t) dt = 1hr(x)

Theorem

Under the conditions (i), assume that gy, go € C(]o, T]) satisfy gu = cgg for some ¢ > 0.
Given &1 € L2(Q) and 1,11 € L3(R), then there exists at most one solution

(u,0, fu, fy) € L% ((0, T),Hg(Q2)) x L2 ((0, T), Hy(2)) x LZ(Q) x L¥(Q),

to (%) for which My, M3 and My hold.



Implementation of ISP2 with measurement Ms, ¢7r(X) = fOT O(x,t)dt
Goal: find the unknown f(x) in the source term

h(x,t) = g(t)f(x) + r(x,t) with g, r known

under the time-average measurement /1.
FEniCSx computing platform (open-source) https://fenicsproject.org/

Docker image with a Jupyter Lab environment with the latest stable release of DOLFINx
https://github.com/FEniCS/dolfinx#installation


https://fenicsproject.org/
https://github.com/FEniCS/dolfinx#installation
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