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Right Clifford modules

@ Analysis in terms of 1st order operators
Dirac (R") Cauchy — Riemann (R™")

0="> ey D=0y+0
i

@ Linearity w.r.t. Rp g-scalars: if f(x) = Y, fa(x)ea, x € Q C R" then

of=0 = 8()\f) = Ze;e/eA)\;axij = (7)
Jii,A

Definition 3.1.

A right unitary module over R, 4 (right Clifford module) is a vector space V
with an algebra morphism R : R, 4 — End(V), a — R(a), s.t.

@ R(ab+ c) = R(b)R(a) + R(c);
@ R(1) = Id;
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Examples

‘i. V= (:n;
R(a)x = xa, x,ae Cp.

@ Vs a vector space of functions f : Q C R" — Ry g

R(a)yf=g9 x — R(a)f(x) = f(x)a=: g(x), xeQ,aeRpq.

Functions spaces of R, 4-valued functions are right Clifford modules.
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Banach right Clifford modules

Definition 3.2.

A function space V is a Banach right Clifford module when
@ Vs right Clifford module;
@ Vis a Banach space endowed with a norm || - ||;

@ there exists a constant C > 0 s.t. forall f € V, a € Rp g,

IR(a)f[l = lifall < Clall|f]],

where |a]* = 3, |aal®.

Example: LP(Q,C,) spaces, 1 < p < oo, with norm

1= 3 (f |fA(X)|de>”P < o0
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Hilbert right Clifford modules

Definition 3.3.

Given a Hilbert space ‘H endowed with a inner product (-,-) : H x H — C, we
say that
V:=H Rk Ro,n

is a Hilbert right Clifford module.

Two types of "inner products” on V :
@ Hermitean form

(f.g) = ZfAeAangeB = (fa,g8)y €e8.
AB

Remark that this form is sesquilinear, linear on the 2nd argument, but
not positive definite;

@ Inner product

(f,0) = [(f, gMo = 3" (fa, ga)y, € C.

A
5/22



Introduction to hypercomplex analysis

Clifford analysis

Functionals

Lemma 3.4. (Schwarz’ formula)
Forall f,g € V = L?(Q) ® Ry, a Hilbert right Clifford module, then

[(f, )| < 2"2|Ifll2llgll-

Given a Banach right Clifford module V we obtain its dual V* as the set of all
¢V — C, for which

f= ; faea — o(f) ;= /Q w(x)f(x)dx.

Theorem 3.5. (Riesz’ representation theorem - BDS, 1982)

For every continuous linear functional ¢ € V* there exists a unique g, € V
such that

f = o(f) == (g, ) ZeAeB[/QSDT(X)fB(X)dX].
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Reproducing kernels in Hilbert right Clifford
modules

Let K = K(-, ) be a reproducing kernel of H ® Rg p, i.e.
o Ky = K(X, ) € H ®Ro,n;
@ forall f € H ® Ro,n,

X (X) = (K, f) = /Q KOG f(y)dy, forall x € Q.

Reconstruction via interpolation spaces
@ Vu:=Span{Ky, x€Q,j=1,...,M} with

Vuou=>Y Kyg,  c=(cr,...,cm € (Cn)".
j

Q K:= [(Ky, Ky)]l=1
o allows for {u, u)) = c*Kg;

@ but what does it means K positive define?
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Quasi-determinants and Schur complements

The Gram matrix K is hermitean and we have the positivity of the all
sub-matrices Kn = [(K, Ky )]7j=1 where m < M.

This positiviness condition implies that the corresponding Schur
complements

A B 1 —-A'BY _ 10 A 0
c D 0 1 T\ CAT A 0 D-CA'B )-

———

quasi— determinant

are positive and, consequently, so are their quasi-determinants; further, they
satisfy the heredity principle.

This ensures that the quasi-determinant of the K is non-zero and the system
Ke=f

has a unique solution.
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Krein spaces

What about the case of signature spaces (real case)? Rp 4 (p, g # 0).

Quadratic space R”9 can be split into R”9 = RP? @ R%9.

Definition 3.6.

Given a right-linear module (V, (-, -))), that is, V. endowed with a sesquilinear
form (-, -)), we define its anti-module as (V, — (-, -))).

@ Obviously, if (-, -) is a positive form, i.e.
[{x,x»]o > 0, forall non-zero x € V,
then its anti-module is endowed with a negative form

[{x,x)]o <0, forall non-zero x € V.
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Clifford-Krein modules

Definition 3.7.

A right-linear module (V, (-, -)), (where (, -) is a sesquilinear form) is called
a Clifford-Krein right-module if

@ it admits a decomposition into a positive and a negative Hilbert modules
V=V,0eV_; (1)

Q .the decomposition is orthogonal with respect to the sesquilinear form,
- {vy,v_) =0, forevery (vi,v_)e Vo xV_. (2)

V.
@ The decomposition (1) is called a fundamental decomposition.
The positivity is induced from the secondary linear form (-, -) := [{-, -)]o;

@ A Clifford-Krein module is an inner product space which is
non-degenerate, decomposable, and complete. In general the positive
and negative modules V1 are infinite-dimensional right Hilbert modules
which are orthogonal to each other w.r.t. (-, -).
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A word of caution

Theorem 3.8. (Moore-Aronszajn Theorem)

A K :Q x Q — Rg,, be a Hermitean positive kernel. Then there exists a
unique reproducing kernel Hilbert module which has K as its reproducing
kernel.

In general, a Hermitean kernel is not a reproducing kernel of a Clifford-Krein
module.

Also, a given reproducing kernel may be associated to different Clifford-Krein
modules.
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A counter-example (courtesy of L. Schwartz)

Let V be a Banach bi-module that does not allow for a Hilbert structure, and
consider V' x V.

Then the kernel acting on (V' x V) x (V' x V) as
k((e1,e1),(ez,€2)) = ei(ez) +ex(er)
cannot be written as k = k. — k_.

If it would be possible, then V x V' = H, @ H_ and V could be endowed with
a Hilbert structure.

This means that a sesquilinear form can only induces a kernel if it can be
written as k = ki — ko with k1, ko positive kernels.

12/22



Introduction to hypercomplex analysis

Clifford analysis

Kolmogorov decomposition

When does a Hermitean kernel is a reproducing kernel of a Clifford-Krein
module?

Definition 3.9.
A Hermitean kernel K = [Ki i jes, Kij € L(Vi,V]), with K;; = K, admits a

i
Kolmogorov decomposition if there exists a Clifford Krein-module K and
operators V; € L(V},K), j € J, such that

Q@ Ky=ViV, ijel
Q K =v,Vv,

.

Theorem 3.10.
Let K be a Hermitean kernel then the following statements are equivalent

@ K has a Kolmogorov decomposition;
© K has a nonnegative majorant;
© K =K. — K_ for some Hermitean kernels K. > 0, K_ > 0.

In this case, the decomposition in point (3) can be chosen such that the only
Hermitean kernel M suchthat 0 < M < My is M = 0.
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Unique factorisation property

Definition 3.11.

A self-adjoint operator C € £(K) on a Clifford-Krein module has the unique
factorisation property if for any two factorisations

C = AA; = AA,

where A; € L(K;, K), with kerA; = {0}, for Clifford-Krein modules K;,j = 1,2,
there exists an isomorphism U € L(K1, K2) such that Ay = AxU.

V.

Let K be a Hermitean kernel with nonnegative majorant ¢ and Gram operator
K. Any two ¢-continuous Kolmogorov decompositions are equivalent if and
only if K has the unique factorisation property.
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Evaluations mappings

Let K be a Clifford-Krein module of functionals defined on a set Q and taking
values in a Clifford-Krein module V. Then

@ K has a reproducing kernel if and only if all evaluation mappings
E(x), x € Q belong to L(K,V);

@ the reproducing kernel is given by
K(x,y) =EMXEWY), xyeqQ,

and uniquely determined by the module K.

Remarks:

@ the existence of a reproducing kernel is equivalent to the existence of a
Kolmogorov decomposition with V; = E/".
@ The reproducing kernel Clifford-Krein module is not necessarily unique,
i.e. we can have two Clifford-Krein modules with the same reproducing
kernel.
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Uniqueness

Uniqueness of the RK Clifford-Krein module is obtained by imposing that the
Krein module has an essentially unique Kolmogorov decomposition.

If K(x,y),x,y € Qis a Hermitean kernel with values in L(K) (where K is a
Krein module), then the following statements are equivalent:

@ K(x,y) is the RK for some Krein module V of functions on Q.
@ K(x,y) has a nonnegative majorant £(x, y) on Q x Q.

Q K(x,y) = Ki(x,y) — K_(x, y) for some nonnegative kernels K+ (x, y)
on Q x Q.

Furthermore, under the above conditions we have

@ For a given nonnegative majorant £(x, y) for K(x, y) there is a Krein
module V with RK K(x, y) which is contained continuously in the Hilbert
module #, where K has a nonnegative majorant ¢(x, y).

@ There is a continuous self-adjoint operator J on #, such that
J:U(x,)f — k(x,-)f,x € Q,f € K. The module V is unique if and only if
J has the unique factorization property.

V.
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An example

The Clifford module L2(Q; Rp,q) := L?(R2) ®& Rp q, where Q C R”, endowed
with the sesquilinear form

<<f7 g>>2 = <fA7gB>L2(Q) éAeB
AB

=5 ([ 50gs(x)x ) eaeo

is a Krein module, with inner product
(f,9), == [(f, 9)elo
= Z (fa, 9a) 2(0) — Z (fa, 9a) 12(q) -

A:#Ateven A:#At odd

For each f € L(Q; Rp,q) := L?(Q) @r Rp,q We have the fundamental

decomposition
f= Z fAeA— Z fAeA.

A:#Ateven A:#At odd

=f, =f_
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Ultrahyperbolic Dirac operator

Consider the ultrahyperbolic Dirac operator
Op,q = Or — Ox,
which factorizes the ultrahyperbolic Laplace operator
g =Ar — Ay,
where T =37 ex;and X = -7 7 | eix;.

Additionally, we assume the ultrahyperbolic monogenic functions to be
a—homogeneous, that is,
{ éap,qu = 0,

Eu = au,
where E = 77 x,0; is the Euler operator. Then
U(T, X) = Opq[|TI* " F(IXI?)e Va(e) Vie(w)]

where f(7) = f(|X|?) satisfies a hypergeometric differential equation.
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RK Clifford-Krein module

Consider the reproducing kernel

o

kc(27 W) = Z \U)\,K(w27 62)\U>\,K(WW7 GW)CA,m
(A, x)eSUPP(C):|A|+]|x|=0

where W, . (w, €) := [A(rx) + weB(rx)]Va(e) Vi (w).
This kernel k; defines the RK Clifford-Krein module IC; containing all

functions

(oo}

f(z) = > Wk (wz, €2), (Was €w)) e

(M%) ESUPP(C):| Al+| =0
with £\ ., € Rp 4, for which it holds

o0

2 1l
118 = > el < oo

Crx
(M%) ESUPP(C):| Al +|x|=0 s
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Interpolation

We now consider the interpolation problem: Given the nodes and
values (z;, w;),j € I we want to construct a function f € K¢, such that
f(z) =w, forallj € J.

o0

w; = f(z) = Z Vaw(wzyez)fe  Fe € Rog.
(A,r)eSUPP(c):|A|+|x|=0

Theorem 3.14.

The interpolation problem has a unique solution f € H. whereby the
coefficients f, , satisfy f, ,, = f;j . — fr.. and f;j . fx. are solutions of

wh =V (W e))iifl e W = (Y (wg, €)1,
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