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Choi matrix, PPT, and EB properties

Md := Md(C), {eij}di ,j=1: matrix units in Md .

Quantum channel = CP trace-preserving map Φ : Md → Md

The Choi–Jamio lkowski matrix of Φ : Md → Md is defined by

J(Φ) :=
∑d

i ,j=1 eij ⊗ Φ(eij) = (Φ(eij))1≤i ,j≤d ∈ Md ⊗Md .

(Choi 1975) Φ is CPTP ⇐⇒ J(Φ) ≥ 0 and (idd ⊗ Tr )(J(Φ)) = Id2 .

Definition

A quantum channel Φ : Md → Md is called

1 PPT (positive partial transpose) if J(Φ)Γ := (idd ⊗⊤)(J(Φ)) ≥ 0,

2 EB (entanglement-breaking) if J(Φ) =
∑

i Pi ⊗ Qi for Pi ,Qi ≥ 0.

EB =⇒ PPT, but PPT ≠⇒ EB unless d = 2.

(Gurvits 2003) Determining EB is NP-hard.
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Compact group symmetry

G : compact group.

Let

{
πA : G → UdA

πB : G → UdB

be unitary representations of G .

Definition

A linear map Φ : MdA → MdB is called (πA, πB)-covariant if

Φ(πA(g)ZπA(g)∗) = πB(g)Φ(Z )πB(g)∗ for ∀Z ∈ B(HA) and g ∈ G.

Covariance property can be captured through Choi matrix:

Φ is (πA, πB)-covariant ⇐⇒ [J(Φ), πA(g) ⊗ πB(g)] = 0 ∀ g ∈ G .

Decomposition of πA ⊗ πB into irreducible representations can
characterize the (πA, πB)-covariant maps.
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Example 1: Orthogonal covariance

Unitary covariance (= (U,U)-covariance)

Φ(U · U∗) = UΦ(·)U∗, ∀U ∈ Ud ⇐⇒ Φ(Z ) = pTr (Z)
d Id + qZ .

Conjugate unitary covariance (= (U,U)-covariance)

Φ(U · U∗) = UΦ(·)U⊤, ∀U ∈ Ud ⇐⇒ Φ(Z ) = pTr (Z)
d Id + qZ⊤.

Orthogonal covariance (= (O,O)-covariance)

Φ(O ·O⊤) = OΦ(·)O⊤, ∀O ∈ Od ⇐⇒ Φ(Z ) = pTr (Z)
d Id+qZ+rZ⊤.

Theorem (Vollbrecht and Werner 2001)

An orthogonal covariant quantum channel is PPT iff EB
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Example 2: Diagonal orthogonal covariance

Let DOd :=
{∑d

i=1 sieii
∣∣ si ∈ {±1}

}
∼= Zd

2 be the set of diagonal

orthogonal matrices.

Definition (Singh and Nechita 2021)

A linear map Φ : Md → Md is called DOC (Diagonal Orthogonal
Covariant) if

Φ(DZD⊤) = DΦ(Z )D⊤, D ∈ DOd , Z ∈ Md .

Proposition (Singh and Nechita 2021)

Φ is DOC if and only if there exists A,B,C ∈ Md such that

Φ(Z ) = ΦA,B,C (Z ) =
∑d

i ,j=1 AijZjjeii + B ⊙ Z̊ + C ⊙ (Z̊ )⊤,

where A⊙ B := (AijBij) is the Hadamard product and Z̊ := Z − diag(Z ).
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Example 2: Diagonal orthogonal covariance

ΦA,B,C is CP ⇐⇒

{
A ∈ Md(R+), B ≥ 0, C ∗ = C

AijAji ≥ |Cij |2, ∀ i ̸= j .

J(ΦA,B,C )Γ = J(ΦA,C ,B).

Theorem (Singh and Nechita 2021)

A DOC quantum channel ΦA,B,C is

1 PPT iff C ≥ 0 and AijAji ≥ |Bij |2, ∀ i ̸= j .

2 EB iff ∃V ,W ∈ Md×k for some k such that

A = (V⊙V )(W⊙W )∗, B = (V⊙W )(V⊙W )∗, C = (V⊙W )(V⊙W )∗.

REMARK:

There are many examples of DOC channels which are PPT not EB.

(Dickinson and Gijben 2014) Determining whether a given DOC
channel is EB or not is NP-hard.
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Random Stinespring quantum channels

(Stinespring representation) Any quantum channel Φ : Md → Md can
be represented by

Φ(Z ) = (idd ⊗ Trs)(VZV ∗) (∗)

for some isometry V : Cd → Cd ⊗ Cs .

Definition

A random Stinespring quantum channel Φ = ΦV is defined by (∗), where
V is a Haar-random isometry (i.e. unitarily invariant random isometry).

The probability distribution of ΦV depends on the parameters (d , s).
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Threshold phenomanon

QUESTION: What are the behaviors of

{
P(ΦV is PPT)

P(ΦV is EB)
for

asymptotic regimes d → ∞ and s = s(d)?

Theorem (Aubrun 2012)

For ∀ε > 0, we have

1 s ≤ (4 − ε)d2 =⇒ P(ΦV is PPT) → 0 as d → ∞,

2 s ≥ (4 + ε)d2 =⇒ P(ΦV is PPT) → 1 as d → ∞.

In particular, a sharp threshold occurs when s0 = 4d2
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Theorem (Aubrun, Szarek, and Ye 2014)
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Sang-Jun Park (CNRS) Random Covariant Quantum Channels 26th Feb. 2024, Ghent 11 / 21



Outline

1 Covariance and quantum entanglement

2 Random quantum channels

3 Random covariant quantum channels

Sang-Jun Park (CNRS) Random Covariant Quantum Channels 26th Feb. 2024, Ghent 12 / 21



Twirling operation

QUESTION: Can we define a natural probability on the set of
(πA, πB)-covariant quantum channels for unitary representations πA and
πB of a compact group G?

Proposition

For a linear map Φ : MdA → MdB , define TπA,πB
Φ : MdA → MdB by

(TπA,πB
Φ)(Z ) :=

∫
G
πB(g)∗Φ(πA(g)ZπA(g)∗)πB(g)dg,

where dg is a (normalized) Haar measure on G. Then

1 TπA,πB
Φ is (πA, πB)-covariant.

2 Φ is (πA, πB)-covariant ⇐⇒ TπA,πB
Φ = Φ.

In particular, we can regard TπA,πB
as a projection onto the set of

(πA, πB)-covariant maps.
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Random covariant quantum channel

RECALL: ΦV := (idd ⊗ Trs)(V · V ∗) where V : Cd → Cd ⊗ Cs is a
Haar-random isometry.

Definition (Nechita and P., in progress)

We define random (πA, πB)-covariant quantum channels (of parameters
(d , s)) by

Φ(d ,s)
πA,πB

:= TπA,πB
ΦV =

∫
G
πB(g)∗ΦV

(
πA(g) · πA(g)∗

)
πB(g) dg .

QUESTION: What is the limit

limd→∞ P(Φ
(d ,s)
πA,πB is PPT / EB)

for choices of (πA, πB) and regimes s = s(d)?
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Result: Random DOC channels

For a random stinespring channel ΦV , take DOC-twirling

ΦDOC := TDOCΦV =
1

|DOd |
∑

D∈DOd

D⊤ΦV (D · D⊤)D.

RECALL: ΦDOC = ΦA,B,C is PPT ⇐⇒

{
C ≥ 0,

AijAji ≥ |Bij |2 ∀ i ̸= j ,
where

Aij := J(ΦV )ij ,ij , Bij := J(ΦV )ii ,jj , Cij := J(ΦV )ij ,ji , 1 ≤ i , j ≤ d .
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V ∗
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Result: Random DOC channels

RECALL: ΦDOC = ΦA,B,C is PPT ⇐⇒

{
C ≥ 0,

AijAji ≥ |Bij |2 ∀ i ̸= j ,
.

Proposition (Nechita and P., in progress)

1 If s ∼ cd for some c > 0, then almost surely, we have,

∀ p ≥ 1, 1
dTr ((sC )p) →

∫
xpdSCc,c(x).

i.e., the empirical eigenvalue distribution
1
d

∑d
i=1 δλi (sC)

of sC converges to SCc,c in moments.

Here SCm,σ2 is the semicircle distribution of mean m and variance σ2:

d SCm,σ(x) = 1
2πσ

√
4σ2 − (x −m)21[m−2σ,m+2σ](x)dx .
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3 If s ≳ d1+ε for some ε > 0, then dC → 1 in moments.

4 If s ≳ dε for some ε > 0, we have

min
i ̸=j

d2
(
AijAji − |Bij |2

)
→ 1 almost surely as d → ∞.
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Result: Random DOC channels

Note that supp(SCc,c) = [c − 2
√
c , c + 2

√
c] ⊂ [0,∞) iff c ≥ 4.

Theorem (Nechita and P., in progress)

For any ε > 0, we have as d → ∞,

P(ΦDOC is PPT ) →

{
0 if s ≲ d1−ε or s ∼ (4 − ε)d ,

1 if s ≳ d1+ε or s ∼ (4 + ε)d.

In particular, threshold occurs when s0 = 4d.

Theorem (Nechita and P., in progress)

If s ≳ d2+ε for some ε > 0, We have

P(ΦDOC is EB ) → 1 as d → ∞.
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Results: Thresholds for other types of covariance

Group symmetry PPT property EB property Not EB property

(U,U)-cov. Always Always Never

(U,U)-cov. s0 ∼ const. s0 ∼ const. s0 ∼ const.

(O,O)-cov. s0 ∼ const. s0 ∼ const. s0 ∼ const.

DOC s0 ∼ 4d s ≳ d2+ϵ s ≤ (4 − ϵ)d

No symmetry s0 ∼ 4d2 s ≳ d3 log2 d s ≲ d3

(Stinespring) [Aub 12] [ASY14] [ASY14]

Further works:

EB properties of DOC channels in the regimes (4 + ε)d ≤ s ≲ d2

Other applications of random DOC channels (e.g. additivity violation
of classical capacities).
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Thank you for your attention!

Sang-Jun Park (CNRS) Random Covariant Quantum Channels 26th Feb. 2024, Ghent 21 / 21


	Covariance and quantum entanglement
	Random quantum channels
	Random covariant quantum channels

