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Outline of talk

1. Topological graphs and their C*-algebras

2. Traces on topological graph C*-algebras

3. Loops in graphs

Ghent NCG Tracial weights on topological graph C*-algebras 2 /26



1. Topological graphs and their C*-algebras

2. Traces on topological graph C*-algebras

3. Loops in graphs

Ghent NCG Tracial weights on topological graph C*-algebras 3/26



Ghent NCG  Tracial weights on topological graph C*-algebras  4/26



Topological graphs

Definition

A topological graph E = (E°, E*, r, s) consists of
O two locally compact Hausdorff spaces E® and E*,
O a local homeomorphism s : E* — E°, and

O a continuous map r : E' — EO.
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Topological graphs

Definition

A topological graph E = (E°, E*, r, s) consists of
O two locally compact Hausdorff spaces E® and E*,
O a local homeomorphism s : E* — E°, and

O a continuous map r : E' — EO.

Definition

A map ¢ : X = Y is a local homeomorphism if it satisfies that for
every x € X there exists an open neighbourhood U of x with x(U)
open and ¢|y : U — ¢(U) a homeomorphism.
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Topological graphs

Example (Directed graphs)

Recall: A countable directed graph E = (E®, EY, r,s) is
O a countable set of vertices E° and edges ET,

O two maps r,s : E! — EO identifying the range and source of
an edge.
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Topological graphs

Example (Directed graphs)

Recall: A countable directed graph E = (E®, EY, r,s) is
O a countable set of vertices E° and edges ET,

O two maps r,s : E! — EO identifying the range and source of
an edge.

r—>

~ A directed graph is a second countable discrete topological
graph.
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Topological graphs

Example (Z-actions)

Let X be a locally compact Hausdorff space and let ¢ : X — X be
a homeomorphism. Then we can define a topological graph
Ex = (E2,E%, r,s) where
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Topological graphs

Example (Z-actions)

Let X be a locally compact Hausdorff space and let ¢ : X — X be
a homeomorphism. Then we can define a topological graph
Ex = (E2,E%, r,s) where

O ) =gk = X%,

O s=idx : Ex — E? and

Or=¢: E)1< — EB.
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C*-algebras of topological graphs

Construction (Katsura 2004)

We can associate a topological graph C*-algebra C*(E) to any
topological graph E.

Ghent NCG Tracial weights on topological graph C*-algebras 7 /26



C*-algebras of topological graphs

Construction (Katsura 2004)

We can associate a topological graph C*-algebra C*(E) to any
topological graph E.

The C*-algebra C*(E) is separable if and only if E® and E' are
second countable.

Ghent NCG Tracial weights on topological graph C*-algebras 7 /26



C*-algebras of topological graphs

Construction (Katsura 2004)

We can associate a topological graph C*-algebra C*(E) to any
topological graph E.

The C*-algebra C*(E) is separable if and only if E® and E' are
second countable.

1= We assume that E° and E! are second countable
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C*-algebras of topological graphs

Example (Directed graphs)
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C*-algebras of topological graphs

Example (Directed graphs)

Let E = (E® EY, r,s) be a countable directed graph, and consider
it as a topological graph with the discrete topology on E® and E*.
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C*-algebras of topological graphs

Example (Directed graphs)

Let E = (E® EY, r,s) be a countable directed graph, and consider
it as a topological graph with the discrete topology on E® and E*.
Then the topological graph C*-algebra C*(E) is the Cuntz-Krieger
graph C*-algebra.
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C*-algebras of topological graphs

Example (Z-actions)
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C*-algebras of topological graphs

Example (Z-actions)

Let X be a locally compact Hausdorff space and let ¢ : X — X be
a homeomorphism. Consider the associated topological graph

Ex = (EY, Ex,r,s) = (X, X, @, idx) .
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C*-algebras of topological graphs

Example (Z-actions)

Let X be a locally compact Hausdorff space and let ¢ : X — X be
a homeomorphism. Consider the associated topological graph

Ex = (EY, Ex,r,s) = (X, X, @, idx) .

Then the topological graph C*-algebra is isomorphic to the crossed
product C*-algebra of the homeomorphism ¢, i.e.

CH(E) = C(X) x, Z .
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C*-algebras of topological graphs

The following C*-algebras can be realised as topological graph
C*-algebras
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C*-algebras of topological graphs

The following C*-algebras can be realised as topological graph
C*-algebras

O All commutative C*-algebras.
O All approximately finite-dimensional (AF) C*-algebras.
O All Kirchberg algebras satisfying the UCT.

Can all nuclear separable C*-algebras satisfying the UCT be
realised as topological graph algebras?
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Vertices and paths

Let E = (E° EY, r,s) be a topological graph.
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Vertices and paths

Let E = (E° EY, r,s) be a topological graph.We call

= EO the space of vertices,
= E' the space of edges,

=> E* the set of finite paths, i.e. concatenations cjci - - - oy With
n €N and s(a;) = r(ajy1) for all i < n.
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Vertices and paths

Let E = (E° E%,r,s) be a topological graph.We call

-

-

-

EO the space of vertices,
E! the space of edges,

E* the set of finite paths, i.e. concatenations iy - - - v, with
n €N and s(a;) = r(ajy1) for all i < n.

E° the set of infinite paths ajc - - - with s(a;) = r(ajt1) for
all i.

4
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Groupoid C*-algebra

Theorem (Yeend 2007)

Let E = (E®, EY, r,s) be a second countable topological graph.
There exists an amenable locally compact second countable
Hausdorff étale groupoid Ge such that
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Hausdorff étale groupoid Ge such that

O C*(Ge) ~ C*(E),
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Groupoid C*-algebra

Theorem (Yeend 2007)

Let E = (E®, EY, r,s) be a second countable topological graph.
There exists an amenable locally compact second countable
Hausdorff étale groupoid Ge such that

O C*(Ge) ~ C*(E),
O the unit space g(EO) of Ge is homeomorphic to a subset OE of
E* U E*° equipped with a natural cylinder topology, and

O there exists a canonical groupoid homomorphism ® : Gg — 7.

® gives rise to an action of T on C*(E) which we denote the
gauge-action.
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Traces on topological graphs

Definition
Let A be a C*-algebra. We call a state 1) on A a tracial state if

(ab) = 1(ba) for all a,b € A.
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Tracial states on topological graphs

Let ;1 be a regular Borel measure on E°. We call 11 a
vertex-invariant measure if it satisfies

/ fords*ug/ fdu
El E©

for all positive functions f € C.(E®), and with equality when
supp(f) C EX,.
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Let ;1 be a regular Borel measure on E°. We call 11 a
vertex-invariant measure if it satisfies

/ fords*ug/ fdu
El E©

for all positive functions f € C.(E®), and with equality when

supp(f) C EQ,.

.

Definition
Let v be a regular Borel measure on OE.

.
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Tracial states on topological graphs

Definition

Let ;1 be a regular Borel measure on E°. We call 11 a
vertex-invariant measure if it satisfies

/ fords*ug/ fdu
El E©

for all positive functions f € C.(E®), and with equality when

supp(f) C EQ,.

.

Definition

Let v be a regular Borel measure on OE. We let o on
OE(C E* U E*) denote the shift map, ie. o(aiap---) =ao---.

.
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Tracial states on topological graphs

Definition

Let ;1 be a regular Borel measure on E°. We call 11 a
vertex-invariant measure if it satisfies

/ fords*ug/ fdu
El E©

for all positive functions f € C.(E®), and with equality when

supp(f) C EQ,.

.

Definition

Let v be a regular Borel measure on OE. We let o on
OE(C E* U E*) denote the shift map, ie. o(aiap---) =ao---.
We call v an invariant measure if it satisfies

v(o(A)) = v(A) for all Borel A C OE \ E° with o injective on A.
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Tracial states on topological graphs

Theorem (Schafhauser 2016)

Let E = (E°, EY, r,s) be a topological graph. There is a bijection
between

(1) The vertex-invariant probability measures j1 on E°.

(2) The o-invariant probability measures v on OE.

(3) The gauge-invariant tracial states on C*(E).

Ghent NCG Tracial weights on topological graph C*-algebras 16 / 26



Tracial states on topological graphs

Theorem (Schafhauser 2016)

Let E = (E°, EY, r,s) be a topological graph. There is a bijection
between

(1) The vertex-invariant probability measures y on E°.

(2) The o-invariant probability measures v on OE.

(3) The gauge-invariant tracial states on C*(E).

Ghent NCG Tracial weights on topological graph C*-algebras 16 / 26



Tracial states on topological graphs

Theorem (C. 2022)

Let E = (E°, EY, r,s) be a topological graph. There is a bijection
between

(1) The vertex-invariant regular measures y on E°.
(2) The o-invariant regular measures v on OE.

(3) The gauge-invariant tracial weights on C*(E).
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Traces on topological graphs

Conjecture (Schafhauser 2016)

Let E be a topological graph. All tracial states on C*(E) are
gauge-invariant when E is free.
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Traces on topological graphs

Conjecture (Schafhauser 2016)

Let E be a topological graph. All tracial states on C*(E) are
gauge-invariant when E is free.

v

Free is a simultaneous generalisation of the notion of condition (K)
for directed graphs and the notion of freeness for actions of Z.

A
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Traces on topological graphs

Conjecture (Schafhauser 2016)

Let E be a topological graph. All tracial states on C*(E) are
gauge-invariant when E is free.

€

Free is a simultaneous generalisation of the notion of condition (K)
for directed graphs and the notion of freeness for actions of Z.

Theorem (Katsura 2006)

Simplicity of the C*-algebra C*(E) implies that the topological
graph E is free.

.

Ghent NCG Tracial weights on topological graph C*-algebras 17 / 26



Traces on topological graphs

Theorem (C. 2018)

We can, loosely speaking, associate a non-gauge invariant tracial
weight to a o-invariant measure v on OE if and only if

Per(x) .= {k — 1 € Z | cX(x) = o'(x)} # {0} on a set of positive
v-measure.
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Loops
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Loops

Definition

Let E be a topological graph. We call o = a1 - - - ey € E* a loop if
|a] = n>1 and s(a) = r(a) where s(a) = s(ap) and
r(a) = r(az).
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Loops

Definition

Let E be a topological graph. We call o = a1 - - - ey € E* a loop if
|a] = n>1 and s(a) = r(a) where s(a) = s(ap) and
r(a) = r(az).

.

Definition
We call an element x € OE an eventually cyclic path if there exists
aloop a € E* and a B € E* with s(f) = r(«) such that

x = pfa™ .

A
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Loops

Definition

Let E be a topological graph. We call o = a1 - - - ey € E* a loop if
|| = n>1 and s(a) = r(a) where s(a) = s(a,) and
r(a) = r(az).

\,

Definition
We call an element x € OE an eventually cyclic path if there exists
aloop a € E* and a B € E* with s(f) = r(«) such that

x = Ba™ .

A

Observation

An element x € OE satisfies Per(x) # {0} if and only if x is an
eventually cyclic path.

A
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Eventually cyclic paths
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Eventually cyclic paths
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Eventually cyclic paths

*—>

The path cb is an example of a loop.
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Eventually cyclic paths

*—>

The infinite path acbcbcb - - - is an eventually cyclic path.
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Eventually cyclic paths

Definition (C. 2022)
Let E be a topological graph and let o be a loop in E. Set

Ex={BeE*|s(B)=r(a), B+# B aforsome '} .
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Eventually cyclic paths

Definition (C. 2022)
Let E be a topological graph and let o be a loop in E. Set

Ex={BeE*|s(B)=r(a), B+# B aforsome '} .

We call a loop o € E* summable if

O « is not on the form ~" fora~y € E* and a n> 1, and

O for all w € EO there exists an open neighbourhood V,, of w
with

H{x e E;|r(x) e Vu} <oo.
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Main results

Theorem (C. 2022)

Let E be a topological graph. All tracial weights on C*(E) are
gauge-invariant if and only if there does not exists a summable
loop « in E.
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Main results

Theorem (C. 2022)

Let E be a topological graph. All tracial weights on C*(E) are
gauge-invariant if and only if there does not exists a summable
loop « in E.

Theorem (C. 2022)

Let E be a topological graph. All tracial states on C*(E) are
gauge-invariant if and only if there does not exists a summable
loop « in E with |E}| < oo.
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Main results

Let E be a topological graph. If E is free, then all tracial weights
on C*(E) are gauge-invariant.
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Main results

Theorem (C. 2022)

Let E = (E° EY, r,s) be a topological graph. If E is free then all
tracial weights are gauge-invariant. This implies that there is a
bijection between

(1) The vertex-invariant regular measures j. on E°.
(2) The o-invariant regular measures v on OE.
(3) The tracial weights on C*(E).
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